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On Lifts of Paracomplex Structures

Mehmet Tekkoyun

Abstract

In this paper, we obtain vertical, complete and horizontal lifts of paracomplex
geometric structures on paracomplex manifolds to its tangent bundle. Also, we

obtain integrability on paracomplex tangent bundle.
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1. Introduction

The method of lift has an important role in modern differentiable geometry. With
the lift function it is possible to generalize to differentiable structures on any manifold to
its extensions. Vertical, complete and horizontal lifts of functions, vector fields, 1-forms
and other tensor fields defined on any manifold M to tangent manifold TM has been
obtained by Yano and Ishihara [9, 11], Yano and Patterson [10]. Vertical, complete and
horizontal lifts of geometric structures defined on any complex manifold M to its tangent
bundle TM had been obtained by Tekkoyun [5, 6, 7] and Civelek [5, 6]. In this study,
we obtain vertical, complete and horizontal lifts of differential geometric structures on
paracomplex manifolds to its tangent bundles. Also, we conclude integrability conditions
on paracomplex tangent bundle. Along this paper, all mappings and manifolds will be

understood to be of class differentiable and the sum is taken over repeated indices.
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1.1. Paracomplex manifolds

An almost product structure J on manifold M of dimension 2m is a (1, 1) tensor field
J on M such that J? = I. The pair (M, J) is called an almost product manifold. An
almost paracompler manifold is an almost product manifold (M, J) such that the two
eigenbundles T M and T~ M associated to the eigenvalues +1 and -1 of .J, respectively,
have the same rank. The dimension of an almost paracomplex manifold is necessarily
even. Equivalently, a splitting of the tangent bundle T'M of manifold M into the
Whitney sum of two subbundles on T*M of the same fiber dimension is called an
almost paracomplex structure on M. An almost paracomplex structure on manifold M
may alternatively be defined as a G- structure on M with structural group GL(n,R) x
GL(n,R).

A paracomplex manifold is an almost paracomplex manifold (M, J) such that the G-
structure defined by the tensor field J is integrable. ( z®, y*),1 < a < m is a real
coordinate system on a neighborhood U of any point p of M, and {(32)p, (8;%)17} and

dx®),, (dy®),} natural bases over R of the tangent space T, M and the cotangent space
P P P
Ty M of M, respectively. Then we can define

and

J*(dz®) = —=dy®, J*(dy*) = —dz”.
Let 2% = z%+jy®, 2% = 2°—jy®, 1 < a < m,j? = 1, be a paracomplex local coordinate
system on a neighborhood U of any point p of M. We define the vector fields as

() = 3o~ e (sl = 5 (oo + o),

and the dual covector fields as

(dz%), = (dz®),, +j(dy*)p, (d=%), = (dz), = §(dy")y,

which represent the bases of the tangent space T),M and cotangent space Ty M of M,

respectively. Then, using j2 = 1 we get

0 0 0 0

M) = g /) =i
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The dual endomorphism J* of the cotangent space T,y M at any point p of manifold M
satisfies J*2 = I. Hence, using j? = 1, it is found by

J*(dz®) = —jdz*, J*(dz") = jdz".

For each p € M, let T,M be set of tangent vectors Z, = Z%(32)p + Z (32 )p, then

T M is the union of these vector spaces. Thus, tangent bundle of a paracomplex manifold

M is (TM,7p, M), where canonical projection 7as is 7ar : TM — M (7:m(Z,) = p)
and, in addition this map are surjective submersion. Now, coordinates {z“,?a, z@,?“} ,

1 < a < m, are taken into account as local coordinates for T'M.

2. Lifts of Paracomplex Structures

2.1. Lifts of function

The wvertical lift of paracomplex function f € F(M)to TM is the function f¥ € F(TM)
given by

Y= foru,
where 7 : TM — M canonical projection. We have rang(f) = rang(f), since
f(Zp) = f(ru(Zp)) = f(p), VZ, € TM.

The complete lift of paracomplex function f € F(M) to TM is the function f¢ €
F(TM) given by

.0 w, O
fC :ZQ(%)’U _"_E(X(%)’U7

where we denote by (za,fa,z@,?a) local coordinates of a chart-domain TU C TM.

Furthermore, for Z, € TM we have

of of

F(Zp) = 2(2p) (55" (0) + Z(Zp)(555)" ()-

The horizontal lift of f € F(M) to TM is the function f* € F(T M) given by
=1 =Vf), (V) =V,
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where V is an affine linear connection on M with local components I'?, V f is gradient
of f and ~ is an operator given by

v:SL(M) — QL (TM).

S S

Thus, f* = 0 since

of

Y a, Of
920 pEg

v’)’f = Z/a( aza)v'

+ 7%

The vertical, complete and horizontal lifts of paracomplex functions obey the general

properties

i) (f9)'=1"9"(f+9)"=f"+g"
ii)  (f.9)°=[f9"+[".9°(f+9)°=f+4°
iii) (f.9)"=0,(f+9)" =0,

for all f,g € F(M).

2.2. Lifts of vector field

The vertical lift of a vector field Z € x(M) to TM is the vector field Z¥ € x(T'M) given
by

Z°(f) = (21)", VfeFM).

If 7 = Z“a‘za +7a% we have

+(7“)”i 1<a<m.

7V = (Za)v 62@7

9
0z«

The complete lift of a vector field Z € x(M) to TM is the vector field Z¢ € x(TM)
given by

Z(f)=(Zf), VfeFM).
Obviously, we obtain

0 —ay, O 3] —a
Zc = (ZQ)U@ + (Z )U— + (Za)c—, + (Z )C_/ 1 S « S m,
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where Z = Z¢ afa +Z° Bga'

The horizontal lift of a vector field Z € x(M) to TM is the vector field Z" € x(T M)
given by
2 = (Z)".

Obviously, we have

2" =7Dy+Z°Dy, 1< a,B<m

such that D, = afa —Fg% and D, = % —fg%,l < a,8 < m, where
_ o] 7Y 9
Z=0%5+7Z »=-

The vertical, complete and horizontal lifts of paracomplex vector fields have the

following general properties:

i) (X+Y) =X"4Y", (X+Y)=X4+Y° (fX)" = f*X", (fX)° = f X"+ fvXe
i) XU(fY)=0,X°(f") = XV(f) = (X[)", X(f) = (Xf),

i) [ XY, YY]=0,[XY, Y] =[XY"]=[X,Y]",[XY] = [X,Y],

iv) X(U):Sp{%v%}»X(TU):Sp{afavagavai’maga}

D () = oo () = g (o) = g () = o,
vi) (Z4 W)= Zh L Wh ZN(f) = (Zf)". (52)" = Do (52%)" = D,

forall fe F(M), X,Y,Z,W € x(M). Where 1 < o« < m and [,] is Lie bracket. The set
of local vector fields {Da,ﬁa, V,=2V,=:2 } is called an adapted frame to V.

0z« — 5z«

2.3. Lifts of 1-form

The wvertical lift of a 1-form w € x*(M) to TM is the 1-form w? € x*(TM) given by
w'(Z%) = (wZ)’, VZe x(M).
The vertical lift of the paracomplex 1-form w given by
W= wadz® + wW,dz*
is
W' = (wa)'dz" 4+ (Wy)"dz*, 1 < a < m.
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The complete lift of a 1-form w € x*(M) to TM is the 1-form w® € x*(TM) given by

wi(Z%) = (w2)°, VZ e x(M).

If w=w,dz® + ©0,dz%, we calculate

W = (Wa)%d2® 4 (@a)°dZ* + (o) dZ® + (Tn)'dZ*, 1 < a < m.

The horizontal lift of a 1-form w € x*(M) to TM is the 1-form wh € x*(T M) given

by

Wwh(Z") =0,W"(2°) = (WZ)°.

If w=wadz® + 0,dzZ* we obtain

W' = wan® + W 1<, B<m

such that n® = dz® + Fgaz“, 7% = dz* + fgafa.

The properties of vertical, complete and horizontal lifts of paracomplex 1-forms are

i)

i)
i)
w)

v)

w_,’_e)’u :wv_"_e’l)?(w_"_e)c:wc_i_eC?(fw)’U :f’Uw’U7(fw)’U :JL"U(J‘J’U7
Ww'(ZY) = 0,w(Z%) =w¥(Z°) = (wZ)",w(Z°) = (wZ)°,

x*(U) = Sp{dz*,dz*} , x*(TU) = Sp {dz*,dz",d=",dz" } ,

(dz®)¢ = dz®, (dz%)° = dz%, (dz®)" = dz®, (dz*)" = dz°%,

(w+ 0 =wh 4+ 60 W(Z") =0,W"(27) = (W2), (dz¥)" = n*, (dz%)" =7,

v

for all f € F(M), Z € x(M), w,0 € x*(M), where 1 < o < m and d denotes the

differential operator on TM. The dual coframe {9“ =dz*, 0" = d?a,n“,ﬁ“} is called

an adapted coframe to V.

2.4.

Lifts of tensor fields of type (1,1)

The vertical lift of a paracomplex tensor field of type (1,1) F € 3}(M) to tangent bundle
TM of a paracomplex manifold M is the tensor field F* € 3}(T'M) given by
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Clearly, we have

0
FU:(Fg) 0 ®d +(F)T®dza71§a,6§m7
dzP 950

where F = F -2, @ d2* + 7 0 @ dZ*.
The complete lift of a paracomplex tensor field of type (1,1) F € $1(M) to TM is the
tensor field F¢ € S}(T'M) given by

Fe(Z°) = (FZ)¢, VZ e x(M).

The complete lift of the paracomplex tensor field of type (1,1) F is

Fe=(Ff)" 52 B ® dz® + (FP)° 52 @ dz* + (FP)" 52 @ dz™

H(FDyy 2 2 © dz* + (Fﬁ)C% ® dz* + (Fﬁ)”% ® dz*
The horizontal lift of a paracomplex tensor field of type (1,1) F € $1(M) to TM is
the tensor field F* € 31(T'M) given by
FMZM) = (F2)", FMZY) = (F(Z))".

The horizontal lift of the paracomplex tensor field of type (1,1) F is

Fh_Fa7®dz“+(F@F5 FBFB)—F@@dz +F5—7;®dz
+F 8_B®dza+(F5F -1 Fﬁ)a_ﬁ®d§“+F W@d—“

where 1 < a, 8 < m.
With respect to the adapted frame, we have

F'=FPDy@ 0+ FPVyon® + FaDy 08 +FuVyon®
The general properties of vertical, complete and horizontal lifts of paracomplex tensor
fields of type (1,1) are

i) FU(ZY) =0,

i)  FU(Z°)=F(2")=(F(Z))",
i) F(Z°) = (F(2)),

w) FMZM)=(F2)",

v)  FMZ°) = (F(2))",
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for all F € $1(M) and Z € x(M).

2.5. Lifts of tensor fields of type (0,2)

The wvertical lift of a paracomplex tensor field of type (0,2) g € S9(M) to TM of a
paracomplex manifold M is the tensor field g” € SY(T'M) given by

g (FZ, W) + g% (Z¢, FW°) = 0,VZ,W € x(M).
The vertical lift of a paracomplex tensor field g given by
9 = gapdz® ® d2’ + g,5d=" ® dz°
is
9" = (gap)"dz"* @ dz" + (9,5)"dz" ® dZ°, 1 <, 8 < m.

The complete lift of a paracomplex tensor field of type (0,2) g € S3(M) to TM is the
tensor field g¢ € IY(T'M) given by

g (FZ W) +g°(Z°, F°W®) =0,VZ,W € x(M).
For the complete lift of a paracomplex tensor field g, we obtain

9° = (gap)°dz* @ dz° + (gap)"dz* @ d2° + (gap)'dz™ @ d2°
+(9,5) =" ® dZ° + (9,5)"dz" @ dz° + (g,5)"dz* ® dZ".

The horizontal lift of a paracomplex tensor field of type (0,2) g € I9(M) to TM is the
tensor field g" € SY(TM) given by

gh(FUZU,WU) _ O,Qh(ZU,FhWh) — O,Qh(FhZh,Wh) +gh(Zh,FhWh) — 07

for all Z,W € x(M).
We obtain

9" =gapl” @1’ +g,50" @7°, 1 <o, B<m,

for the horizontal lift of paracomplex tensor field of type (0,2) g with respect to the

adapted coframe.
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The general properties of vertical, complete and horizontal lifts of paracomplex tensor
fields of type (0,2) are

Z) gv( cye Wc) ’U(ZC FCWC) —
”) gc(F VA Wc) c( c FCWC) —
iii) g"(FvZY,Wv) =0,
iv)  g"(Zv, F'wh) =0,
v) g FMZh W)+ gh (2" PP =

for all g € S§(M) and Z, W € x(M).

2.6. Lift of para-Hermitian metric

The wvertical lift of paracomplex structure J given by J = j% R dz® —j% ® dz® is

0 0
J'=j—®dz" — j— ®@dz"
Tozm ©az ']6 o © 07
Since (JV)? = 0, JV is an almost tangent structure for tangent bundle TM. The
complete lift of J being a paracomplex tensor field of type (1,1) is

P ,
QRdzZ* — j— ® dz“.
oz

0 6 0

Because of (J€)? = I, J¢ is an almost paracomplex structure for tangent bundle 7M.

The horizontal lift of paracomplex structure J is

Jh —Jaza®d2 —i—.]I‘aaza@dz —_]FB—'—(X)CZZ —.](55——®d2
_JW@)CE&_ aaza®d2 +Jfﬁa_a®d +J§§W®d7’,

where 67 is the Kronecker delta. On account of (J")2 = 0, J" is an almost tangent

structure for T M.
Suppose that let g is an almost para-Hermitian metric on a paracomplex manifold

M. Thus, from vertical and complete lift properties we may obtain the equality

gU(Zc,Wc) +gU(Zc,JcWC) =0
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For almost an para-Hermitian metric g defined on M, since g” is an almost para-Hermitian
metric on tangent bundle T'M, the metric tensor gV is called a vertical lift of g on M. The
triple (T M, g, J¢) is called a wvertical lift of almost para-Hermitian manifold (M, g, J).

Similarly, from vertical and complete lift properties, it is possible to obtain equality
gC(ZC7WC) +gC(ZC7JCWC) — 0

Because ¢g¢ is an almost para-Hermitian metric on TM, we call g¢ complete lift of g
on M. We say that the triple (T'M, g¢, J¢) is the complete lift of almost para-Hermitian
manifold (M, g, J).

On account of g" being an almost para-Hermitian metric on tangent bundle 7'M, the
metric tensor ¢” is called a horizontal lift of g on M. From lift properties, one can easily

obtain the equality
gh(JUZU,WU) — O,Qh(ZU, Jhwh) — O,Qh(JhZh,Wh) + gh(Zh7 Jhwh) — 07

for all Z,W € x(M).The horizontal lift of almost para-Hermitian manifold (M, g, J) is
the triple (TM, g", J").

2.7. Lift of para-Kahler metric

Let M be a paracomplex manifold and T'M its tangent bundle. The vertical lift of almost
para-Kéhler form ® on a paracomplex manifold M to T'M is the paracomplex tensor field
®Y defined by

Y(Z°,W°) = g°(2°, J°W®), for all Z, W € y(M).

The complete lift of almost para-Kéahler form ® on M to TM is the paracomplex tensor
field ®¢ defined by

°(Z°, W) = g°(2°, J°W*), for all Z,W € x(M).

The horizontal lift of almost para-Kéahler form ® on a paracomplex manifold M to TM

is the paracomplex tensor field ®" given by
ot (zh Wh) = g"(Z", J"W) = (g(2Z, TW))"
for all g € SY(M) and Z, W € x(M).
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Vertical, complete and horizontal lifts of almost para-Kéhler form ® have the generic

properties
Z) @U(ZC7WC) — gU(Zc,Jch)
i) ®e(Z°, We) = g°(Z¢°, JCWe),
i) B2V, W) = gh(Z°, JSWe) = gh(Z¢, JW") = (g(Z, JW))?,
iv) (I)h(ZU,Wh) — gh(ZU,JhWh) — gh(Zh,JcWU),

for all Z,W € x(M).

An almost para-Hermitian manifold (resp. para-Hermitian manifold) (M, g, J) is said
to be an almost para-Kdihler manifold( resp. para- Kdhler manifold) if d® = 0. Similar to
the above definition, we can give as follows. An almost para-Hermitian manifold (resp.
para-Hermitian manifold) (T'M, g¢, J¢) is called an almost para-Kdhler manifold (resp.
para- Kahler manifold) if d®° = 0.

3. Integrability on Paracomplex Tangent Bundle

Let M be almost paracomplex manifold and T'M its tangent bundle. Let Z, W
be vector fields and J almost paracomplex structure on M. The Nijenhuis tensor Nj

endowed with paracomplex structure J on M is defined as

Ny (ZW)=—J[JZ,W]|—J|Z,JW]+[JZ,JW].

Then vertical and complete lifts of the tensor fields given above are given by Z¢, W¢
vector fields and by J¥ almost tangent structure on T'M. The wvertical lift of Nj is the

tensor Nj, being Nijenhuis tensor of J¥ and given by
N3 (Z¢, W) = =J° [J'ZC, W = JV [ Z¢, J°We] + [J*Z¢, J*'W]

where N is a Nijenhuis tensor of almost paracomplex structure J on M. Let J¢ be almost
paracomplex structure on T'M. The complete lift of N; is the tensor N¢. being Nijenhuis

tensor of J¢ and given by
NG (Z6, W) = [Z¢, W = JC[JZ¢, W€ — J¢[Z¢, JWE] 4 [JZ¢, T W]
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where N is a Nijenhuis tensor of J on M. Let J" be an almost tangent structure on 7M.

The horizontal lift of N is the tensor N fjh being Nijenhuis tensor of J" and is given by
Nh(zMwhy = [z" wh) = g [Jhzh W) = gt (28 g W + [ThZ, T

where N is a Nijenhuis tensor of almost paracomplex structure J on M.

Lemma 3.1 Let M be almost para-Hermitian manifold and TM its tangent bundle.
Given the x(M) Lie algebra and N€¢ Nijenhuis tensors of J° on TM, then TM is
paracomplex manifold if and only if N5.(Z¢,W¢) =0, Z,W € x(M).

Proof. Let TM be a paracomplex manifold. Then, we have

NS(Z°,W€) = [Z° W€ — J¢[J°Z°, W] — J°[Z°, W€ + [J°Z°, J°WF
= VW= Z—J VGeye W+ I iye JOZC
— TG JOWE + T e 26+ Ve ge JWE
— VGewe JZC.
Using (J¢)? = I, we get
NS (ZE, W) = JJVG)WE — T ) Z¢ — (O Ge g )W
+ Iy e J)ZE — TV Ge JOYWE + (TN Gepye ) Z€
H(VGeze SV = (Vewe ) Z°
= Ve, JIWE A+ T Ve , J) Z6 + [V e, JTWE
— [VSere » I Z°.

(VSege, JIWE = J¢ [V, JY I W€ if and only if N5.(Z¢,W¢) = 0. Thus, the proof is

complete. O

Hence one can easily obtain the following paracomplex extension of Newlander-

Niremberg theorem [2].

Theorem 3.1 An almost paracomplex structure J¢ is integrable if and only if its Nijen-

huis tensor N§. vanishes.
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Proposition 3.2 Let M be almost para-Hermitian manifold and T M its tangent bundle.
Given 7. covariant derivative, ®° para-Kdahler form and N¢ Nijenhuis tensor of J¢ on

TM, then one obtains the equality
296((VCXC JC)YC7 ZC)_,,_E;d@C(A)('C7 JCYC7 ZC)_,,_E;d@C(A)('C7}/'C7 ZC)_"_gC(]\[C(}/'C7 ZC)7 JCXC):(),

where X,Y, Z € x(M).
Proof. We get

29°((V5e SO, Z2°) = 29°(V ke (JY)%, Z) + 29°(V5 Y€, T Z°).

Then we have the equalities

QQC(VE(C (J}/)c7 Zc) — AX'cgc(JcY'c7 Zc) + JCYCQC(XC, Zc) _ chc(){'c7 chc)
+9°([X¢, JYC, Z9) + ¢°([Z¢, X€), JYC) + ¢g°(X€, [Z¢, Y],

and

QQC(chcYC7 JCZC) — A)(Cgc(}/'()7 JCZC) + }/’CgC(A)(C7 JCZC) _ JCZCgC(X(',‘?YC)
_‘_gc([XC?YC]?JCZC) _"_gc([JCZC?XC]?YC) _i_gC(A)(C7 [JCZC,YC]).

On the other hand we obtain

3dP(XC, Y, Z°) = X°BYYC,Z°) + Y D(Z° X) + Z°B°(X°,Y°)
—QO([X°, Y], Z°) — @°([Y, Z°], X°) — @°([2°, X], Y°),

and
3dPC(XC, JY¢C, JZ) = XeP(JYC, JZC) + JVDP(JZ¢, X€)
+JCZCPC(X ¢, JYE) — ([ X°, TV, JZ)
—Q([JY e, JZC), X¢) — ®e([J°Z°, X€], JYC),
and also
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g()(]\[()(}/'c7 ZC‘)7 JCXC) — @C([}/’C7 ZC],XC) _ @C(tjcl:t]C}/'C7 ZC],XC)
—OO(JYE, JOZC), XC) + [TV, J°Z¢], XO).

From the above equalities, proof finishes.

(9l
(10]

(11]
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