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Potentials Depending on λ-distance
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Abstract

In this study we establish theorems on the restriction and continuity of the

generalized Riesz potentials with the non-isotropic kernels depending on λ-distance.
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1. Introduction

It is well known that the classical Riesz Potentials Iαϕ = ϕ ∗ |x|α−n are bounded
operators from Lp (Rn) to Lq (Rn) for 1

q
= 1

p
− α

n
, 0 < α < n, 1 ≤ p < q < ∞ [1]. For

these potentials, Y. Mizuta showed continuity and restriction properties [2],[3]. In this
article we define the non-isotropic generalized Riesz potential generated by λ-distance and
study the restriction and continuity properties of these potentials. The generalized Riesz
potential generated by λ-distance is the classical Riesz potential for λi = 1

2 , i = 1, 2, ..., n.
Here particular importance of the non-isotropic kernel is that it doesn’t have the classical
triangle inequality.

2. Preliminaries

The λ-distance between points x = (x1, ..., xn) and y = (y1, ..., yn) is defined by the
following formula given in [4]:
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|x− y|λ := (|x1 − y1|
1
λ1 + |x2 − y2|

1
λ2 + ...+ |xn − yn|

1
λn )

|λ|
n ,

where λ = (λ1, λ2, ..., λn), λk > 0, k = 1, 2, ..., n, |λ| = λ1 +λ2 + ...+λn. Note that this
distance has the following properties of homogeneity for any positive t:(∣∣tλ1x1

∣∣ 1
λ1 + ...+

∣∣tλnxn∣∣ 1
λn

) |λ|
n

= t
|λ|
n |x|λ , t > 0.

This equality gives us that the non-isotropic λ-distance has order of homogeneous function
|λ|
n . So the non-isotropic λ-distance has the following properties:

1 |x|λ = 0⇔ x = θ, θ = (0, 0, ..., 0);

2.
∣∣tλx∣∣

λ
= |t|

|λ|
n |x|λ;

3. |x+ y|λ ≤ 2

�
1+ 1

λmin

�
|λ|
n

(|x|λ + |y|λ).

Here, we consider λ-spherical coordinates by the following formulas

x1 = (ρ cosϕ1)2λ1, ..., xn = (ρ sinϕ1sinϕ2... sinϕn−1)2λn .

We obtain that |x|λ = ρ
2|λ|
n . It can be seen that the Jacobian Jλ(ρ, ϕ) of this transfor-

mation is Jλ(ρ, ϕ) = ρ2|λ|−1Ωλ(ϕ), where Ωλ(ϕ) is the bounded function, which only
depends on angles ϕ1, ϕ2, ..., ϕn−1. It is clear that, if λi = 1

2 , i = 1, ..., n, the λ-distance
is Euclidean distance.

Now for 0 < α < n, we shall consider the generalized Riesz potential with the non-
isotropic kernel depending on λ-distance

Iα,λf(x) =
∫
Rn

|x− y|α−nλ f(y)dy, (2.1)

where x ∈ Rn. Equality (2.1) is a well-known classical Riesz potential for λi = 1
2 , i =

1, ..., n. For a positive r and any x ∈ Rn, we denote the open λ-ball Bλ(x, r) with radius
r and a center x as

Bλ(x, r) = {y : |y − x|λ < r }.
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In this article we need the following Theorems given in [3].

Theorem 2.1 (Young’s inequality): Let 1 ≤ p, q ≤ ∞ and 1
r = 1

p + 1
q − 1 ≥ 0. If

f ∈ Lp(Rn) and g ∈ Lq(Rn), then

‖f ∗ g‖r ≤ ‖f‖p ‖g‖q .

Theorem 2.2 (Hardy’s inequalities): If f is a nonnegative measurable function on
R+ and r > 0, then

{∞∫
0

(
x∫
0

f(y)dy
)p

x−r−1dx

} 1
p

≤ p
r

(∞∫
0

[yf(y)]p y−r−1dy

) 1
p

and

{∞∫
0

(∞∫
x

f(y)dy
)p

xr−1dx

} 1
p

≤ p
r

(∞∫
0

[yf(y)]p yr−1dy

) 1
p

.

There are various ways of proving restriction and continuity of classical Riesz poten-
tials [3]. In this paper we study the restriction and continuity properties of generalized
Riesz potentials with the non-isotropic kernel depending on λ-distance for functions in
Lp.

3. Restriction properties

Our main aim is to give a proof of restriction of Iα,λ.

Theorem 3.1 Let 0 < |λ|
nλ1

(α− 1) < 1
p . Then

 ∫
Rn−1

∫
|x′−y′|λ<1

|Iα,λf(0, x′) − Iα,λf(0, y′)|p

|x′ − y′|n−2−(
|λ|
nλ1

(α−1)+1)p

λ

dx′dy′


1
p

≤M ‖f‖p

where x ∈ Rn and x = (x1, ..., xn) = (x1, x
′), x′ = (x2, ..., xn).

In order to prove the Theorem 3.1, we need the following Lemmas.
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Lemma 3.1 Let 0 < α < n. Then there is the following inequality.∣∣∣|x− y|α−nλ − |y − z|α−nλ

∣∣∣ ≤Mr |x− y|α−n−1
λ

where y ∈ Rn − Bλ(x, 2r) and M is a constant independent of x and y.

Proof. Let r = |x− z|λ , |x− y|λ = a, |y − z|λ = b and a 6= 0, b 6= 0. Thus
0 < a − r < b < a + r. Now we consider f(t) = 1

tβ , where t ∈ [a, b] (or t ∈ [b, a]) ,
n − α = β > 0. Then function f(t) is continuous and continuously differentiable in [a, b]
(or [b, a]) . Therefore, there is the following equality from Lagrange Theorem, that

|f(b) − f(a)| =
∣∣∣f ′ (ξ)∣∣∣ |b− a| ξ ∈ [a, b] [or ξ ∈ [b, a]] .

Here, |b− a| < r we have the inequality∣∣∣∣ 1
bβ
− 1
aβ

∣∣∣∣ =
∣∣∣∣−β 1

ξβ+1

∣∣∣∣ |b− a| ≤ β ∣∣∣∣ 1
ξβ+1

∣∣∣∣ r.
If a < ξ < b, then we have∣∣∣∣ 1

bβ
− 1
aβ

∣∣∣∣ ≤ β 1
aβ+1

r ≤Mr |x− y|α−n−1
λ .

If b < ξ < a, ξ ∈ (a − r, a), ξ = a− θr, 0 < θ < 1, then we have∣∣∣∣ 1
bβ
− 1
aβ

∣∣∣∣ = β
1

(a− θr)β+1
r ≤Mr |x− y|α−n−1

λ .

The proof is completed. 2

Lemma 3.2 If |λ|
nλ1

α < 1, then∫
|(z1, z

′)|α−nλ dz′ ≤M |z1|
|λ|
nλ1

α−1
.

The proof of this Lemma can be easily seen with change of variable

z2 = t2z
λ2
λ1
1 , ..., zn = tnz

λn
λ1
1

and using λ-spherical coordinates in the integral.
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Lemma 3.3 If |λ|
nλ1

(α− 1) < 1, then

∫
{x′: |x′|λ>2|z1|}

∣∣∣|(z1, x
′ + h′)|α−nλ − |(z1, x

′)|α−nλ

∣∣∣ dx′ ≤M |h′|λ |z1|
|λ|
nλ1

(α−1)−1
. (3.2)

Proof. From Lemma 3.1 we have the inequality

∫
{x′: |x′|λ>2|z1|}

∣∣∣|(z1, x
′ + h′)|α−nλ − |(z1 , x

′)|α−nλ

∣∣∣dx′ ≤ |h′|λ ∫
{x′: |x′|λ>2|z1|}

|(z1, x
′)|α−n−1
λ dx′.

Thus from Lemma 3.2 we obtain (3.2). 2

Proof of Theorem 3.1 We will adapt to our paper the proof given by Mizuta [3] for
the classical Riesz potential. Note that

Iα,λf(0, x′) =
∫
R1

∫
Rn−1

|(−z1, x
′ − z′)|α−nλ f(z1 , z

′)dz1dz
′

and

|Iα,λf(0, x′ + h′)− Iα,λf(0, x′)|

≤
∫
R1

( ∫
Rn−1

∣∣∣|(z1, x
′ + h′ − z′)|α−nλ − |(−z1, x

′ − z′)|α−nλ

∣∣∣ |f(z1 , z
′)| dz′

)
dz1.

Hence by Young’s inequality we have the inequality

‖Iα,λf(0, .+ h′) − Iα,λf(0, .)‖p ≤
∫
R1

( ∫
Rn−1

∣∣∣|(−z1, x
′ + h′)|α−nλ − |(−z1, x

′)|α−nλ dx′
∣∣∣)

×
( ∫
Rn−1

|f(z1 , z
′)|p dz′

) 1
p

dz1.
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In case α < 1, and in view of Lemma 2.2 and Lemma 2.3, we have

‖Iα,λf(0, .+ h′) − Iα,λf(0, .)‖p ≤ M
∫
R1

|h′|λ |z1|
|λ|
nλ1

(α−1)−1 ‖f(z1 , z
′)‖p dz1

≤ M |h′|λ
∫

|z1|<|h′|λ
|z1|

|λ|
nλ1

(α−1)−1 ‖f(z1 , z
′)‖p dz1

+M
∫

|z1|≥|h′|λ
|z1|

|λ|
nλ1

(α−1) ‖f(z1 , z
′)‖p dz1

= M [I1(h′) + I2(h′)].

Passing to the λ-spherical coordinates, we obtain

∫
Rn−1

[I1(h′)]P

|h′|
(n−2+( |λ|

nλ1
(α−1)+1)p)

λ

dh′ =
∫

Rn−1

|h′|(2−n−( |λ|nλ1
(α−1)+1)p)

λ

×
[
M |h′|λ

∫
|z1|<|h′|λ

|z1|
|λ|
nλ1

(α−1)−1 ‖f(z1 , z
′)‖p dz1

]p
dh′

= M
∞∫
0

r
2|λ′|
n−1 (2−n− |λ|nλ1

(α−1)p)−1

×

r 2|λ|
n∫

0

|z1|
|λ|
nλ1

(α−1)−1 ‖f(z1 , z
′)‖p dz1

p dr.

Here for u = r
2|λ′|
n−1 , we have

= M

∞∫
0

u
2− |λ|nλ1

(α−1)p

 u∫
0

|z1|
|λ|
nλ1

(α−1)−1 ‖f(z1 , z
′)‖p dz1

p du.
By Hardy’s inequality we get

≤ M
∞∫
0

|z1|−
|λ|
nλ1

(α−1)p
[
|z1|

|λ|
nλ1

(α−1) ‖f(z1 , z
′)‖p

]p
dz1

= M
∞∫
0

‖f(z1 , z
′)‖pp dz1

= M ‖f‖pp .
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In the same way, we find

∫
Rn−1

[I2(h′)]P

|h′|
(n−2+( |λ|

nλ1
(α−1)+1)p)

λ

dh′ ≤ M
∞∫
0

r
2|λ′|
n−1 (1−( |λ|nλ1

(α−1)+1)p)−1

×

 ∞∫
r

2|λ|
n

|z1|
|λ|
nλ1

(α−1) ‖f(z1 , z
′)‖p dz1

p dr
≤ M

∞∫
0

|z1|−( |λ|nλ1
(α−1)+1)p

[
|z1|

|λ|
nλ1

(α−1)+1 ‖f(z1 , z
′)‖p

]p
dz1

= M
∞∫
0

‖f(z1 , z
′)‖pp dz1

= M ‖f‖pp .

Thus the case α < 1 is proved.
In case α = 1, we must replace I1 by

J1(h′) =
∫

|z1|<|h′|λ
log
(

2|h′|
λ

|z1|

)
‖f(z1 , .)‖p dz1

≤ M
∫

|z1|<|h′|λ

(
2|h′|

λ

|z1|

)ε
‖f(z1, .)‖p dz1

for 0 < ε < 1 and apply Hardy’ inequality.
In case 1 < α < 2,

I1(h′) ≤M |h′|λ
∫

|z1|<|h′|λ

[|h′|λ + |z1|]−
|λ|
nλ1

(α−1)−1 ‖f(z1 , .)‖p dz1,

which can be treated similarly. 2

Now we give the following theorem which is classical Sobolev’s inequality for λi =
1
2 , i = 1, 2, ..., n.

Theorem 3.2 Let 1
p∗ = 1

p
− α

n
. If 1 < p <∞ and 1

p∗ > 0, then

(∫
|Iα,λf(x)|p

∗
dx
) 1
p∗ ≤ M ‖f‖p .

Proof. Let 1
p∗ = 1

p − α
n . We may assume that f is nonnegative. For r > 0, we write
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Iα,λf(x) =
∫

Bλ(x,2r)

|x− y|α−nλ f(y)dy +
∫

Rn−Bλ(x,2r)

|x− y|α−nλ f(y)dy

= I1
α,λ(x) + I2

α,λ(x).

Since (α− n)p′ + n > 0, we have the following inequality by Hölder’s inequality

I1
α,λ(x) ≤

( ∫
Bλ(x,2r)

|x− y|(α−n)p′

λ dy

) 1
p′
( ∫
Bλ(x,2r)

fp(y)dy

) 1
p

≤ Mr[
2|λ|
n (α−n)p′+2|λ|] ‖f‖p .

By Hölder’s inequality

I2
α,λ(x) ≤

( ∫
Rn−Bλ(x,2r)

|x− y|(α−n)p′

λ dy

) 1
p′
( ∫
Rn−Bλ(x,2r)

fp(y)dy

) 1
p

≤ Mr[
2|λ|
n (α−n)p′+2|λ|] ‖f‖p .

For any ρ > 0, choose r > 0 so that

Mr[
2|λ|
n (α−n)p′+2|λ|] ‖f‖p = ρ.

Then it follows that

|{x : Iα,λf(x) > 2ρ}| ≤
∣∣∣{x : I1

α,λ(x) > ρ
}∣∣∣

≤
∫ ( I1

α,λ(x)

ρ

)p
dx

≤ M
[
r

2|λ|
n αρ−1 ‖f‖p

]p
= M

[‖f‖p
ρ

]p∗
.

This implies that f → Iα,λf is of weak type (p, p∗). In view of the Marcinkiewicz
interpolation theorem, the mapping is seen to be of strong type (p, p∗).

The proof is completed. 2
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Theorem 3.3 Let αp > 1 and 1
p∗ = 1

p − α
n−1 > 0. Then there is the inequality

(∫
|Iα,λf(0, x′)|p

∗
dx′
) 1
p∗ ≤ M ‖f‖p .

Proof. Note that

Iα,λf(0, x′) =
∫
R1

∫
Rn−1

|(−z1 , x
′ − z′)|α−nλ f(z1 , z

′)dz1dz
′.

Hence we have by Hölder’s inequality ,

|Iα,λf(0, x′)| ≤
∫

Rn−1

(∫
R1

|(−z1, x
′ − z′)|(α−n)p′

λ dz1

) 1
p′
(∫
R1

fp(z1, z
′)dz1

) 1
p

dz′

≤ M
∫

Rn−1

|x′ − z′|(α−n)+
nλ1
|λ|p′

λ

(∫
R1

fp(z1, z
′)dz1

) 1
p

dz′.

The required inequality can be established by applying Theorem 3.2 2

4. Continuity properties

In this chapter, assume that αp = n. Let ϕ be a positive nondecreasing function on
the interval (0,∞) satisfying

A−1ϕ(r) ≤ ϕ(r2) ≤ Aϕ(r). (4.3)

By condition (4.3), we have the doubling condition

A−1ϕ(r) ≤ ϕ(2r) ≤ Aϕ(r), (4.4)

and for v > 1

A(v)−1ϕ(r) ≤ ϕ(rv) ≤ A(v)ϕ(r). (4.5)

Our aim in this chapter is to discuss the continuity of Iα,λf when∫
(1 + |y|λ)α−n f(y)dy <∞ (4.6)
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and ∫
Φp(|f(y)|)dy <∞, (4.7)

where Φp(r) = rpϕ(r).

Lemma 4.1 If v > 0, then

svϕ(s−1) ≤Mtvϕ(t−1) whenever 0 < s < t.

The proof of this Lemma is given in [5].

Theorem 4.1 Let ϕ satisfy the following condition:

1∫
0

ϕ(r−1)−
1
p−1 r−1dr <∞ (4.8)

and set

ϕ∗(r) =

 r∫
0

ϕ(t−1)−
1
p−1 t−1dt

1− 1
p

.

If f satisfies (4.6) and (4.7), then Iα,λf is continuous on Rn and, moreover,

|Iα,λf(x) − Iα,λf(z)| = o(ϕ∗(|x− z|λ)) as |x− z|λ → 0.

Proof. Let r = |x− z|λ < 1
2 . We write

Iα,λf(z) =
∫

Bλ(x,2r)

|z − y|α−nλ f(y)dy +
∫

Rn−Bλ(x,2r)

|z − y|α−nλ f(y)dy

= I1(z) + I2(z) .
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For 0 < δ < α, we have by Hölder’s inequality,

|I1(z)| =
∫

{x: Bλ(z,3r); |f(y)|<|z−y|−δλ }
|z − y|α−nλ |f(y)| dy

+
∫

{x: Bλ(z,3r); |f(y)|>|z−y|−δλ }
|z − y|α−nλ |f(y)| dy

≤
∫

Bλ(z,3r)

|z − y|α−n−δλ dy

+
∫

{x: Bλ(z,3r); |f(y)|>|z−y|−δλ }

[
|z − y|α−nλ ϕ

(
|z − y|−δλ

)− 1
p

] [
|f(y)| ϕ (|f(y)|) 1

p

]
dy

≤ Mr
2|λ|
n α−δ +

( ∫
Bλ(z,3r)

[
|z − y|α−nλ ϕ

(
|z − y|−δλ

)− 1
p

]p′
dy

) 1
p′

×
( ∫
Bλ(z,3r)

[
|f(y)| ϕ (|f(y)|) 1

p

]p
dy

) 1
p

= Mr
2|λ|
n α−δ +

(
3r∫
0

ϕ
(
t−

2|λ|
n δ
)− p′p

t−1dt

) 1
p′
( ∫
Bλ(z,3r)

Φp (|f(y)|) dy
) 1
p

.

Therefore, from (4.5) we have

|I1(z)| ≤Mr
2|λ|
n α−δ + Mϕ∗(r)

 ∫
Bλ(x,4r)

Φp (|f(y)|) dy


1
p

.

On the other hand, from Lemma 3.1

∫
Rn−Bλ(x,2r)

∣∣∣|x− y|α−nλ − |y − z|α−nλ

∣∣∣ |f(y)| dy ≤Mr
∫

Rn−Bλ(x,2r)

|x− y|α−n−1
λ |f(y)| dy.
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Hence for α− 1 < δ < α, we have as above

|I2(x)− I2(z)| ≤ Mr
∫

Rn−Bλ(x,2r)

|x− y|α−n−1
λ |f(y)| dy

= Mr
∫

{x: Rn−Bλ(x,2r); |f(y)|<r−δ}
|x− y|α−n−1

λ |f(y)| dy

+ Mr
∫

{x: Rn−Bλ(x,2r); |f(y)|>r−δ}
|x− y|α−n−1

λ |f(y)| dy

≤ Mr
∫

Rn−Bλ(x,2r)

|x− y|α−n−δ−1
λ dy + Mrϕ∗(r−δ)−

1
p

×
∫

{x: Rn−Bλ(x,2r); |f(y)|>r−δ}
|x− y|α−n−1

λ

[
|f(y)| ϕ(|f(y)|) 1

p

]
dy

≤ Mr
2|λ|
n (α−δ−1)+1 + Mr

[
ϕ(r−δ)

]− 1
p

×
( ∫
Rn−Bλ(x,2r)

|x− y|(α−n−1)p′

λ dy

) 1
p′
( ∫
Rn−Bλ(x,2r)

Φp (|f(y)|) dy
) 1
p

≤ Mr
2|λ|
n (α−δ−1)+1 + Mr1−2|λ|

n

[
ϕ(r−δ)

]− 1
p

(∫
Φp (|f(y)|) dy

) 1
p

.

By (4.3), we see that

ϕ∗(r) ≥

 r∫
r2

[
ϕ(t−1)

]− 1
p−1 t−1dt


1
p′

≥M
[
ϕ(r−1)

]− 1
p

[
log(

1
r

)
] 1
p′

.

Further, by an application of Lemma 4.1 with
[
ϕ(r−1)

]−1

Msα−n ≤
[
ϕ(s−1)

]−1
whenever 0 < s < 1. (4.9)

Thus we establish the inequality

|I2(x)− I2(z)| ≤ Mr
2|λ|
n (α−δ−1)+1 + Mr1−2|λ|

n ϕ∗(r)

×
[
log(1

r
)
]− 1

p′
(∫

Φp (|f(y)|) dy
) 1
p

.
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Now it follows that

|Iα,λf(x) − Iα,λf(z)| ≤ Mr
2|λ|
n α−δ + Mϕ∗(r)

( ∫
Bλ(x,4r)

Φp (|f(y)|) dy
) 1

p

+Mr
2|λ|
n (α−δ−1)+1 + Mr1−2|λ|

n ϕ∗(r)

×
[
log(1

r )
]− 1

p′
(∫

Φp (|f(y)|) dy
) 1
p

,

which together with (4.9) proves the required result. 2

Acknowledgement

The authors are indebted to the referee for valuable comments regarding the first
version of this paper.

References

[1] Stein, E. M.: Singular integrals differential properties of functions, Princeton Uni. Press,

Princeton, New Jersey, 1970.

[2] Mizuta, Y.: Continuity properties of potentials and Beppo-Levi-Deny function, H iroshima

Math. J. 23(1993), 79–153.

[3] Mizuta, Y.: Potential theory in Euclidean spaces, Gakkotoyo, Tokyo, (1996), CMP 97:06.

[4] Besov, O. V. and Lizorkin, P. I.: The Lp estimates of a certain class of non-isotropic singular

integrals, Dokl. Akad. Nauk, SSSR, 69(1960), 1250-1253.

[5] Shimomura, T. and Mizuta, Y.: Taylor expansion of Riesz potentials, Hiroshima Math. J.

25(1995), 595–621.

M. Zeki SARIKAYA, Hüseyin YILDIRIM
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