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Degenerate Diffusions
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Abstract

This paper studies a linear regulatory quadratic control problem for degenerate
Hamilton-Jacobi-Bellman (HJB) equation. We establish the existence of a unique
viscosity and a classical solution of the degenerate HJB equation associated with
this problem by the technique of viscosity solutions, and, hence, derive an optimal

control from the optimality conditions in the HJB equation.
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1. Introduction

We are concerned with the quadratic control problem to minimize the expected cost
with discount factor 3 > 0:

H=F [/w e {h(ay) + od| )t 1)

over ¢ € A and subject to the degenerate stochastic differential equation

dxy = [Axs + ¢¢)dt + oxpdwy, zo=2€R, t>0. (2)
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Here, A consists of non-zero constants, ¢ # 0, and a continuous function h on R. x; is the
state variable of the system at time ¢, ¢; is the control variable of the system at time ¢, w;
is a one-dimensinal standard Brownian motion on a complete probability space (Q, F, P)
endowed with the natural filtration F; generated by o(ws,s < t), z9 = « is the initial
value of the state variable, and A denotes the class of all F;—progressively measurable
processes ¢ = (¢;) with J(c) < 0.

This kind of stochastic control problem has been studied by many authors [3, 6] for
non-degenerate diffusions to (1) and (2). We also assume that h satisfies the properties
that

h is convex; (3)

there exists C >0 such that h(z) < C(1+|z|"), zeR, (4)

for some constant C' > 0,n > 2. We refer to [11] for the quadratic case of degenerate
diffusions related to Ricatti equations in case of h(z) = Cx? and n = 2 with infinite
horizon.

The purpose of this paper is to show the existence of a smooth solution u of the

associated Hamilton-Jacobi-Bellman (in short, HIB) equation of the form:
1
—Bu + 5029021/' + Azu + milgtl(r2 +ru')+h(z)=0 inR, (5)
Te

and to give a synthesis of optimal control. Our method consists in finding the viscosity
solution w of (5) [5, 6], by the limit of the solution v = vz, L > 0, to the HJB equation
1
—Bur, + 502902@% + Az + lnrllin (r* +7v}) + h(z) =0 inR, (6)
r|<L
as L — oo, and then in considering the smoothness of w by its convexity. To show the

existence of the viscosity solution vy, we assume that h has the following property: there
exists C, > 0, for any p > 0, such that

|h(z) — h(y)| < Cplz —y|™ + p(1 + |z|" + |y"), Vr,y€eR, (7)

for a fixed integer n > 2.
This condition acts as the uniform continuity of h with order n, and plays an important
role for the existence of viscosity solutions [7, 9]. We notice that (7) is fulfilled for

h(z) = |z|™, 7 € [2,n] closed interval.
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In Section 2 we show that u(z) := limy_,. vy (z) is a viscosity solution of (5), as
L — oo. Section 3 is devoted to the study of smoothness of . In Section 4 we present an
optimal control to the optimization problem (1) and (2). Finally in Section 5, the major

conclusions of this study is presented.

2. Viscosity solutions

In this subsection we show that vy () is a viscosity solution of the Bellman equation
(5) for any fixed L > 0, and then converges to a viscosity solution u(z) of the Bellman
equation (5). In order to introduce solutions in the viscosity sense, given a continuous
and degenerate elliptic map H : R Xx R Xx R x R — R, we recall by [5] the definition of

viscosity solutions of

H(z,w,w',w")=0 in R. (8)

Definition 2.1 A function w € C(R) is called a viscosity subsolution (resp., super-
solution) of (8) if, whenever for ¢ € C*(R),w — ¢ attains its local mazimum (resp.,

minimum) at © € R, then

H(z,w(z), ¢ (x),¢"(z)) <0, 9)

H(z, w(z), ¢/(2), 9" (x)) > 0, (10)

respectively. We also call w € C(R) a viscosity solution of (8) if it is both a viscosity
sub- and supersolution of (8).

According to Crandall, Ishii and Lions [5] and Fleming and Soner [6] this definition is
equivalent to the following: for any x € R,

H(z,w(z),p,q) <0 for (p,q)€ J> w(x)

H(z,w(z),p,q) >0 for (p,q) € J* w(x),
where J>T and J>~ are the second-order superjets and subjets defined by

w(y) —w(z) — ply — z) — Sqly — x|

J*Tw(x) = {(p,q) € R*: limsup 5 <0},
y—o ly — x|
— — —x)—1 — 72
o) = {(pg) € R?: lim e W) =@ lp(y If) 2l = 5 g,
y—w y—z
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Let us define the value function vy (x) := infeca, J(c), where A, = {¢ = (c;) € A :
let| < L for all t > 0}.
We assume that there exists 3y € (0, 3) satisfying

—Bo 4+ o?n(2n — 1) + 2n|A| <0, (11)
and we set fi(z) = v+ |z|* for any 2 < k < 2n and a constant v > 1 chosen later.

Lemma 2.2 Assume (11). Then there exist v > 1 and n > 0, depending on L, k, such
that

1
—Bofr + 502902 W+ A fy + |1r|12<u£(r2 +7rf.) +nfk <O0. (12)
Furthermore,
B[ e oufia)ds+ e i) < o) for 2<k<.(13)
0
Elsupe ™! fi(x)] < oo for 2<k<n, (14)
t

where T is any stopping time and x; is the response to (¢;) € Ar.

Proof. By (11), we choose n € (0, 8p) such that
1
—Bo + §o2k(l~c — 1)+ k|A|+7n <0, (15)
and then ~ > 1 such that
L o k k-1 2
(=Bo + 507k(k — 1) + k| A] + n)la|” + Lkl + (L* + 07 — fov) < 0.

Then (12) follows immediately. By (12) and It6 formula we deduce (13). Moreover, by

moment inequalities for martingales we get
t
Blswpe ' fu(w)] < fulo) + Blsuwp| [ ¢ file)or.du]
0

< fk(fﬂ) +KE[(/ 6_2B0502|$5|2kd8)1/2],
0

for some constant K > 0. Therefore, (14) follows from this relation together with (13).
a
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Theorem 2.3 We assume (3), (4), (7) and (11). Then,
v, fulfills(3), (4), (7), (16)

and the dynamic programming principle holds, i.e.,

(o) = uf B| [P e + et + e oo (17)

for any stopping time 7.

Proof. We suppress L of vy, for simplicity. The convexity of v follows by the same line

as [5, Chap. 4, Lemma 10.6]. Let 29 be the unique solution of
da? = Azddt + ox?dw;, )= 2. (18)
Then, by (13) and (4) it follows

v(z) < E| / e Ph(a)dt] < CE / T et @) < Clu(@)/n. (19)

For the solution y; of (2) with yg = y, it is clear that a; — y; fulfills (18) with initial
condition x —y. We note by (15) with £ = n and It6 formula that

Ele™™*|2}["] < |a|™.

Thus by (7) and (13)

o) = o) < swp B[ e hw) — Ayl
cEAL 0

IN

sup B[~ P Cyler = ul" + o1+l + ul bl (20
cEAL 0

< s [T Cle et g o) + e b
ceArL Jo
1
< == Cola = y" + 20y (1 + [ + [y]")].
B —bo
Therefore we get (16).
To prove (17), we denote by v"(z) the right hand side of (17). By the formal Markov

property

B[ / P h(w) + |al?YdtF] = E| / B (g ) + |ersal Yt F]
T 0
= G_BTJg(LL'T),
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with ¢ equal to ¢ shifted by 7. Thus,

Je(z) = E:/OT+/TOOe—5f{h(xt)+|ct|2}dt]

= E _/OT e P {h(x:) + |Ct|2}df] +E[/Too e P {h(e) + ey dt ) Fr

> F / e P h(xe) + |ct|2}dt+e_BTvL(xT)].
/o

It is known in [6, 10] that this formal argument can be verified, and we deduce vy, (z) >
v (z).

To prove the reverse inequality, let p > 0 be arbitrary. We set
Vile) = B[ e hten) + e o)
0

By the same calculation as (20), there exists C, > 0 such that
[Ve(w) = Ve)| < Cplz —y[™ + p(1 + [z[" + [y[").
Take 0 < § < 1 with C,0™ < p. Then, we have for |z —y| <4,

lo(z) —v(y)] < sup [Ve(z) — Ve(y)]
ceAL

IN

P2+ |2" + [y[")

P2+ |2" + 2 (1 + |2")]
pl(2+2") + (1 +27)[x|"]
Ep(@) = p(2" +2)(1 + |2").

A

IN

Let {S;} be a sequence of disjoint subsets of R such that
diam(S;) <6 and U; S; =R.
For any ¢, we take z® e S; and ¢ € Ay, such that

Az < inf (@) )
Ve (@ )_clenLVc(gc )+p
Define ¢™ € Ay, by

cf = Ctl{t<.,-} + Cgi_).,_lhTeSi}l{tZT}, for x, € S;.
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Hence,
Vio(z:) = Vo (27) = Vi (@) + Vo (29)
< Ep(ar) + Voo (219)
< =Z,(x, inf V.(z®
< Eplar) + inf Ve(z™)+p
= Ep(zr) +o(?) +p
< 28 (z.) +v(z,) +p.

Now, by the definition of v" (), we can find ¢ € Ay, such that
V() +p 2 E[/ ™ {h(xe) + lerYdt] + e_BTU(””T)]‘
0
Thus, using the formal Markov property [6], we have

v (z) + pZZE[/OT e PUR(ze) + e}t + e PT (Vo (27) — 28 ,(2,) — p) & @, € S’i]

:E[/Te—ﬁf{h(x:) + |c:|2}dt+/

0 ePHnGD) + |l
~ 2B E (@) - p
>v(x) — 28,(z) — p,
where z] is the response to ¢ with 2] = z,. Letting p — 0, we deduce v"(z) > v(z),

which completes the proof. O

Theorem 2.4 We assume (3), (4), (7) and (11). Then vy, is a viscosity solution of
(5). Furthermore, vy, converges locally uniformly to a viscosity solution u € C(R) of (6)
satisfying (4), (7) as L — oo.

Proof. We note that (13) gives E[foh |z¢|2dt] < ePorhfy(z) for h > 0, and

h h s
E[ sup |z —x|2] < 32 (E[(/ |Awt|dt)2 + (/ |c,5|dt)2 + ( sup | oxtdwt|)2]>
0<s<h 0 0 0<s<h Jo
h h
< 32<|A|2hE[(/ e[ 2dt)) + B2 L2 +CE[/ |xt|2dt]>
0 0
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with some constant C' > 0. Hence, we have

lim sup E[ sup |z, —z|*] = 0.
h—0ccA;, 0<s<h

Thus we can apply a standard result of viscosity solutions ([5], Theorem 3.1, p. 220)
to obtain the viscosity property of vy, taking into account the uniform continuity of
h on each compact interval. Since vy (z) is non-increasing, we can define u(x) by
u(z) = limg o0 vr(z). By Theorem 2.3, it is clear that w fulfills (4), (7). Thus by Dini’s
theorem, we can observe the locally uniform convergence and the viscosity property of u

[5]. The proof is complete. O

2.1. Uniqueness of HIB

In this subsection we give a proof of uniqueness result for the quadratic control problem

that v is an unique viscosity solution of (6).

Theorem 2.5 We assume (3), (4), (7) and (11). Let v; (i = 1,2) be two viscosity
solutions of (6) satisfying (16). Then we have vy = vs.

Proof. We first note that (11) and there exists n < k < n + 1 such that
B+ 5o* el + Ayl + min(ir + ) <0, (22
where v (7) = (1 + |2|¥). Indeed, by (11) we choose ¥ € (0, 3) such that
-8+ %k(k —1)o® + kA +9 < 0. (23)
By (23), we have
(-6 + %k(k —1)o® + k|A| + 9)|z[* — ’%f(lwl’“-lf — B —dx|* <o.

Then (22) is immediate.
Suppose that v1(z9) — v2(xo) > 0 for some zy € R. Then we find n > 0 such that

2161;1;[1)1(90) —ve(x) — 2mpi(x)] > 0. (24)
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Since
v1(2) — va(z) — 2nYp(x) < K(1+ |o|™) — 2n(1 + |x|k) — —00 as T — 00,

there exists £ € R such that

jlelg[vl(w) — v2(x) = 2k (2)] = v1(T) — v2(T) — 2nYk(T) > 0.

Define
Bla,y) = vi(2) — valy) = T lo — o’ —n(W(@) + ().

for any m > 0. It is clear that
O(z,y) < O+ |z[* +yl") = 0@+ |z* + [y]*)
— —00 as T,y — o0,

where C' > max{K, p}. Hence we find (2, yn) € R? such that

(I)(xmvym) = SUP(I)(xay)

x,Y

%l{[jm — ym|2 — n(wk(«%’m) + wk(ym))

v1(Z) — va(Z) — 2 (T) > 0,

= v1(@m) = v2(ym) —

Y

from which

Slom =yl < viem) = 0alym) = n(e(En) + Velm))

< CH [zm]™ + lym|™) = 12 + |2m|* + |ym]*)

— =00 a8 |Tm|, |ym| — o0,

(25)

where C' > max{K, p}. Thus we deduce that the sequences {x,}, {ym} are bounded and

then {m|z,, — ym|?} is bounded by some constant C' > 0, and
|Tm — Ym| < (C/m)% —0 as m — .
Now, we claim that

m|zm —ym|> — 0 as m — oo

Ty Ym — T aAS M — OO.

(26)
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Indeed, by the definition of (2., Ym),

Q(Tms Ym) > v1(Tm) — v2(Tm) — 20k (Tm).

Hence, by (25) and (7)

Slom =l < vaem) = 02(ui) + 0k () — ()

v2(m) — V2(Ym) + 1(|Zm|* = [ym|")
U2(xm) - U2(ym) + 77(” + 1)Ck_1|xm - yml
Coltm = Ym|™ + p(1 + |2m|" + |ym|™) + n(n + 1)C* Ham — yml.

IN

IN

Letting m — oo and then p — 0, we obtain (27). Moreover, by (26) we have, (28) taking

a subsequence if necessary. (26) implies & = §. Passing to the limit in (25), we get
v1(F) — v (&) — 2n(1 + |2[*) > 0. (29)

O

We apply Ishii’s lemma below to
Vi(x) = v1(z) — nipw(2),
Va(y) = v2(y) + vk (y)-
Lemma 2.6 (Ishii) Let V1, —Va be upper semi-continuous in an open domain, and set

D(a,y) = Vi)~ Valy) - 5 lv — vl

Let (£,7) be the local maximizer of ®(x,y). Then there exist symmetric matrices X1, Xo
such that

(m(& —§), X1) € J*FVi(2),

(m(& = §), Xa) € J>7Va(j),

X 0 I -1
! < 3m , I = identity,
0 —-Xo -1 I

and
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where

JPEVi(x) = {(p, X1) : Fzr — 2, 3(pr, X,) € JPEVA(2),
Vi(zr),pr, Xi) — (Vi(z),p, X1)}
Proof. For the proof, see ([5], Theorem 3.2), ([6], Lemma 6.1, p. 238) and ([8], Lemma
1, p. 149).
We remark that if Vi, V5 € C?, then

from which
Vi(@) =m(@ —79), V3(9)=-m(@—9).

Since

Dy = V' (x) —m, Qpy =m, Pyy=— 5 (y) —m,

the maximum principle gives

o= (2, ) ()
2

We obtain X1, X» € R! such that

(m(xm _ym)le) € j27+V1(«Tm)»
(m(wm - ym)7X2) € j27_‘/2(ym)7

I 0 X1 0 I —I . .
-3m < < 3m , I = identity,
0 I 0 -X5 I I

J2EVi(z) = {(p,X): 3z, — z,3I(p, X,) € T>FV(2,),
(Vi(zr), pr, Xr) — (Vi(2),p, X)}, i =1,2.

where

Recall that

T2 o1 (@) = {(p+ nklz|*sgn(x), X +nk(k — D)|z[*2) : (p, X) € J>TVi(2)},
> uay) = {(p — nklyl* sgn(y), X —nk(k — D]y|*?) : (p,X) € J> Va(y)}-
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Hence
(p1,X1) = (m(wm — Ym) + kT |F T sgn (@), X1 4 nk(k — 1)|:cm|k_2>
€ J v (zm),
(p2, Xa) = (m(wm — Ym) — 0kl sgn(ym), Xz — nk(k - 1)|ym|k_2>

€ J* " v2(ym),
xanl < yang.
By virtue of (9), (10) and (6) gives
—pBu1(x) + %o2w2X1 + Azpy — @ + h(2)|2=z,, >0,

[p2|? <
T + h(y)|y:y7n — 0

1 _
—Bua(y) + 50"y Xz + Ayps —
Putting these inequalities together, we get

1 _ _
Blu1(xm) — v2(ym)] < 502(wm2X1 — Y2 X2) + A(TmP1 — YmP2)

1

=1 (09102 = ) + i) = )

1
< 50 nk(k = Dllwm]" + Y]+ Am(@m = ym)?+ Ank[|2n]"+ |y ]

= 3 = ) 4 L s

= =) = s )| + i) — D).
Letting m — oo, we have
= = L 5.9 < k-2 Y AT Y
Blvi () — va(T)] < 21 30 @ k(k = 1)[2[*" + AzZk|z|" — —=(|2]")

<2mB(1+ [2["),
which follows from (22). This is contrary with (29), completing the proof of Theorem
2.5. O
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3. Classical solutions

We study here the smoothness of the viscosity solution u of (5).

Proposition 3.1 We assume (3), (4), (7) and (11); further, we assume that the solution

is convex. Then, vp(z) and u(zx) are convez.

Proof. For any € > 0, there exist ¢, ¢ € Ay, such that
E[/ e PRy + [er*Ydt] < wr(x) +e
0

E[/OOO e PHN(E) + &) }dt] < wvp(d) +e,

where
dry = [Azi+ ci]dt+ oxidwy, 9 =2z €R,
dz; = [Aii't + ét]dt + oZidwy, To =1 € R.
We set
¢ = o+ (1-9)é,
Ty = fxp+ (1= &)y,
g = &x+(1-¢z =1,

for 0< ¢ < 1. Clearly,
di’t = [Ai't + ét]dt + aitdwt.

Hence, by convexity

IN

(@) < E| /0 T Pt h(E) + a2

- e P (zs e |? — - e P h (i, é)?
< sE[/O {hae) + eo?}t) + (1 s>E[/0 {h(#0) + [ed]?}a]
< G(up(x) +€) + (1 =& (vn(2) + ¢).
Letting ¢ — 0, we get

vp(Z) = vp(§x + (1 = &) < Eup(z) + (1 = oL (@),
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which completes the convexity of vy (z). From the definition of vy (z), for each positive
integer L, we have 0 < vp41(z) < vp(z), € R. Since vy () is non-increasing, we can

define u(z) by u(x) = Llim v (z). Hence, we see that u(z) is also convex. O

Theorem 3.2  We assume (3), (4), (7) and (11). Then we have
u € C*(R\ {0}). (30)

Proof. Step 1: By the convexity of u we recall a classical result of Alexandrov [6] to
see that Lebesgue measure of R\ D U {0} is 0, where

D= {x € R : u is twice differentiable at X}. By the definition of twice-differentiability,
we have (u'(z),u”(z)) € I ?u(z) N I~ 2u(z) for all z € D, and hence

(w)?
4

1
—Bu + 5029021/' + Axu’ — +h(z) =0, VzeD.

Let dTu(z) and d”u(x) denote the right- and left-hand derivatives respectively. Define
r(z) by
1 di 2
—Bu(z) + §o2x2ri(x) + Axd*u(z) — % +h(z)=0 Vze (R\{0}).(31)

Since d*u = d~u = u' on D, we have r* = r~ = u” a.e. By definition, dTu(x) is right

continuous, and so is r*(z). Hence it is easy to see that

u(y) —u(z) = /y dtu(s)ds

Thus we get

Rey) s = {uls) = ule) — aFule)y — o) = gy - by — P

= /Iy <d+u(s) —dtu(z) —rT(z)(s — x))ds/ly — /2 (32)

_ /:{/$ <T+(t) _r+(x)>dt}ds/|y—x|2 M 0asy e
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Step 2: We claim that u(z) is differentiable at 2 € R\ DU {0} = 0. It is well known in
[2] and [4] that du(z) = [d"’u(w), d‘u(w)] Vz € (R\{0}), where du(x) is the generalized

gradient of u at x. Suppose d™u(z) > d u(x). We set

Edu(z) + (1 - €)d~u(x)
@)+ (1 —-&r (z), 0<é<1

p

=3
|

If liminf, ., R(u;y) < 0, then we can find a sequence y,,, —  such that
limy, 00 R(u;ym) < 0. By (32), we may consider that y, < ymi1 < z for every m,

taking a subsequence if necessary. Hence

. 4m) = u(@) = d*u@)(ym ~ 2)

m—oo ym — 2|

<0.

This leads to dtu(z) < d~u(zx), which is a contradiction. Thus we have (dTu(x),rt(z)) €
J*~u(x) and similarly, (d~u(zx),r(z)) € J> u(x). By the convexity of J? u(z), we
get (p,7) € J>"u(z). Now we note that

(p)* < &(dTu())® + (1 - §(d u(x))?,

and hence by (31)

[PEIE . ()2
—Bu(z) + 30 7+ Axp — e + h(z) > 0.

On the other hand, by the definition of viscosity solution

1 2
~Bu(w) + 50%0%q + Avp — =+ h(@) SO V(p,q) € S u(a),

which is a contradiction. Therefore we deduce that du(z) is a singleton, and so u is
differentiable at x [2].

Step 3: We claim that ' is continuous on (R\ {0}). Let x,,, — « and p,, = v/ (z,) —
p. Then we have by convexity u(y) > u(x) + p(y — z), for all y. Hence we see that
p € D~ u(x), where

D7u(z) = {p € R liminflu(y) — u(z) - p(y — 2)}/ly - = = 0}.
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Since du(x) = D~ u(x) and du(z) is a singleton, we deduce p = u/(z) ([2], Proposition
4.7, p. 66). Step 4: We set w = u/. Since
1

—Bw () + §o2xm2w'(xm) + Azpmw(x,,) —

(w(xm))2

2 +h(zm) =0 x, €D,

the sequence {w’(x,,)} converges uniquely as z,, — z € R\ DU{0}, and w is Lipschitz
near x by monotonicity. Hence, we have a well-known result [4] in nonsmooth analysis

that dw(z) coincides with the convex hull of the set

D*w(z) = {q eER:q= lim w'(zm), Tm — x}

m—0o0

Then

—Bu(z) + %o2x2q + Azw(z) — M +h(z)=0 Vg€ ow(z).

Hence we observe that dw(z) is a singleton, and then w(z) is differentiable at z. The
continuity of w’(x) follows immediately. Thus we conclude that w € C*(R \ {0}) and
(R\DU{0}) is empty. The proof is complete. O

Theorem 3.3 We assume (3), (4), (7) and (11). Further, we assume that

h(z)/z?> = he Ry as x — 0. (33)
Then we have

u e CHR)NC*R\ {0}). (34)
In addition, ZfiL =0, then

u € C*(R). (35)

Proof. We first observe that vy, is a viscosity solution of the boundary value problem:

V'"+G(z,V,V')=0 in (a,b) (36)
V(a) =wvr(a), V(b) =wvr(b),
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for any interval [a,b] C R\ {0} where
Gz, V,V') =2{—-aV + AzV' + lnrllili(|r|2 + V") + h(x)}/o%2* = 0.
Standard elliptic regularity theory Fleming and Soner ([6], Theorem 4.1) and the unique-

ness of viscosity solutions by Crandall, Ishii and Lions [5] yield that vy, is smooth in (a, b).
Thus

3 2 ! < : 2 / — ! 22
| oin (= ropl < min(rl™ + o)) = (jue'l/2)

IN

{(jul/2)* + 1}

By Theorem 3.2, we have u € C*(R \ {0}).
To prove (34), it suffices to show that u has the following property:

u'(x) =o(1) as x — 0. (37)

By (33), there exists A > 0, for any ¢ > 0 such that h(z) < (h + ¢)a? for |z| < A, and
hence, by (4)

h(z) < (h+e)z® + C(1/A" +1)|z|*, Vz e R. (38)
Note that u(z) < E[[;° e #*h(x?)dt]. Then by (13) we have

u'(z) = 0(2?) as © — 0. (39)
Now, by convexity

u(y) = u(@) +u'(z)(y — z),z #0.

Substituting y = 2z, and y = 0 we get u(2z) > u(x)+u/(z)z and u(z) —v'(z)z < u(0) =0
by (39). Hence

u(2z) _ u'(x) _ ulx)

> > 40

22 = g T2 (40)
which implies (37).

Finally, suppose A = 0. Then, by virtue of (38), we have u(z) = o(x2) as & — 0.

Moreover, by (40), u/(x) = o(x) as x — 0. Dividing (5) by 22 and passing to the limit,

we get u”’(0) = 0, which implies (35). O
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4. An application to quadratic control theory

We now study the quadratic control problem (1) over the class Agq of admissible
controls, subject to (2), where
Awd = {c = (c1) € A:limgp_o E[e™PT|z7|"] = 0 for the response z; to c;}. We consider

the stochastic differential equation

def = [Ax — ' (x7)/2)dt + oxfdw,, zf = . (41)

Theorem 4.1  We assume (3), (4), (7), (11) and (33). Then the optimal control cf is
given by

c; = —u(z})/2. (42)

Proof.  Since v is continuous, (41) admits a weak solution z} up to explosion time
o = inf{t: |z}| = oo} [?]. Taking into account xu'(x) > 0, we can show (z})? < (2?)? by
the comparison theorem. Hence o = co. By the monotonicity of «/(x), the uniqueness of
(41) holds. Thus we conclude that (41) has a unique strong solution (z7).
It follows from (14) that

Ele T (14 |25|™)] < emBPITE[e= AT f, (29)] — 0 as T — oo,
where 2¥ is a unique solution of (18). So (c}) € Aaq4. Since u satisfies (4), we see by (40)
and (13) that

IN

T T
E[/O e 2Pt (x/ (x7))2dt] E[/o e ?u(2a7)dt]

IN

T
CE[/ €_2Bt(1 + |xf|2")dt]
0

T
< CE[/ e 2P o, (29)dt] < oo,
0

and hence fg e Psoxiu' (r)dw, is a martingale. Then we apply Ito’s formula for convex

functions [7, p. 219] to obtain

Ele™ T u(a)]

T 1
u(z) + E[/ e Pt ( — Bu+ Az’ + ciu’ + 5029521/’) |$_$:dt]
0
T
= u(z)— E[/ e Ph(x}) + |ci 2 }dt].
0
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Passing to the limit, we have J(c¢*) = u(x). By the same calculation as above, we can see
that

T ATy,
Ele™ T u(zppg, )] > u(x) — E[/ e P h(xe) + |er]*}at],
0

where {7,} is a sequence of localizing stopping times for the local martingale. Letting
Tn — o0 and then T — oo, we obtain u(xz) < J(¢) for all ¢ € Ayq. The proof is

complete. O

5. Conclusion

We have studied the Linear quadratic regulatory control problem for degenerate
diffusions. In this paper we have proved the existence of a viscosity and smooth solutions
u of (5) by its convexity argument following that the value function vy (z) is a viscosity
solution of (5), and have showed also this value function converges to a viscosity solution
u, for large L > 0.

We can further study in general a stochastic control problem for linear degenerate systems

to minimize the discounted expected cost:

J(c)=F [/Oo e P n(wy) + |ci "}t

0

over ¢ € A and subject to the degenerate stochastic differential equation (2) and a

continuous function f on R such that (4) and (7); and, in addition,
kol.’L’ln — kl S h(.’L’)

for some constants kg, k1 > 0 and for a fixed integer n > 2.
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