
Turk J Math

30 (2006) , 373 – 384.

c© TÜBİTAK
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and its Applications∗
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Abstract

In this paper we define a diagonal lift Dg of Riemannian metric g of manifold

Mn to the tangent bundle of order two denoted by T2Mn of Mn, we associate to Dg

its Levi-civita connection of T2 M and we investigate applications of the diagonal

lifts in the killing vectors and geodesics.
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1. Introduction

Let Mn be an n-dimensional differentiable manifold endowed with a linear connection
∇. The tangent bundle of order two, T 2Mn of Mn is the 3n-dimensional manifold of
2-jets at 0 ∈ R of differentiable curves f : R→Mn; T 2Mn has a natural bundle structure
over Mn,

π2 : T 2Mn →Mn

denoting the canonical projection.

The tangent bundle TMn is nothing by the manifold of 1-jets j1f at 0 ∈ R of the
curves f : R→Mn.
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If we denote π12 : T 2Mn → TMn be a canonical projection π12, then T 2M has a
bundle structure over TMn, with projection π12.

For any coordinate neighborhood (U, xi) in M , (π−1(U), xi, yi) denotes the induced
coordinate neighborhood in TMn, that is, if j1f ∈ TU then

xi = f i(0), yi =
df i

dt
(0)

and ((
2
π)−1(U), xi, yi, zi) denotes the induced coordinate neighborhood in T 2Mn, that is

, if j2f ∈ T 2U then

xi = f i(0), yi =
df i

dt
(0), zi =

d2f i

dt2
(0)

where xi = f i(t) are the local expression of the curve f in U.

Let f : R→Mn be a curve in Mn, then the tangent vector ḟ(0) to f at f(0) will be
called the velocity of f at f(0) and the covariant derivative (∇ḟ(0)ḟ)(0) of ḟ at f(0) with

respect to ḟ(0) will be called the covariant acceleration of f at f(0).
If (U, xi) is a coordinate neighborhood in Mn and xi = f i(t) are the local expressions

of f in U , we have

ḟ(0) =
df i

dt

∂

∂xi

(∇ḟ(0)ḟ)(0) = (
d2f i

dt2
+
dfj

dt

dfk

dt
Γij k)

∂

∂xi
,

Γij kbeing the components of ∇ in U.

2. λ-lift from Mn to T 2Mn

For any x ∈Mn, we define the map

Sx : T 2
xM → TxM ⊕ TxM
j2f → (

·
f(0), (∇ ·

f(0)

·
f)(0)).
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Then, Sx is bijective and permits one to define a vector space structure on T 2
xMn such

that Sx is a vector space isomorphism. Therefore T 2Mn becomes a vector bundle over
Mn with fibre R2n and projection π2.

Indeed, if (U, xi) is a coordinate neighborhood in Mn, then U can be considered as a
vector bundle chart by defining the diffeomrphism

T 2U → U × R2n

j2f → (f(0),

·
df i

dt
(0), (∇ ·

f(0)

·
f)i(0)),

or in the induced coordinates

(xi, yi, zi)→ (xi, yi, wi),

where wi = zi + yjykΓij k.
Morever, let TMn ⊕ TMn be the Whitney sum of TMn with itself, then the map

S : T 2Mn → TMn ⊕ TMn

defined on each fibre T 2
xMn as Sx, becomes a vector bundle isomorphism.

Thus, we have the following theorem.

Theorem 1 The linear connection ∇ on Mn determines a vector bundle structure on
π2 : T 2Mn →Mn and a vector bundle isomorphism S : T 2Mn → TMn ⊕ TMn.

For any vector fields X on Mn, we shall denote by XV (resp XH) the vertical lift
(resp the horizontal lift) with respect to ∇ of X to TMn([3]).

If we have in TU

XH = (
∂

∂xi
)H =

∂

∂xi
+ yiΓkij

∂

∂yi
, XV = (

∂

∂xi
)V =

∂

∂yi
,

consequently
{
XH , XV

}
is a 2n-frame which will be called the adapted frame to ∇ in

TU.

Now, for any vector field X on Mn we shall consider three vectors fields X0 , XI and
XII on T 2Mn defined by

X0 = S−1
∗ (XH + XH)

XI = S−1
∗ (XV + 0) (1)

XII = S−1
∗ (0 +XV ).
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If we put in T 2U , then

X0 = ( ∂
∂xi

)0 ; X1 = ( ∂
∂xi

)I ; X2 = ( ∂
∂xi

)II (2)

and

yhΓkih = Γki ; Aki = zhΓkih + ytyr(
∂Γktr
∂xi

+ Γkih Γhtr − Γktl Γlir − Γklt Γlir),

we thus obtain

X0 = ∂
∂xi − Γki

∂
∂yk
−Aki ∂

∂zk

X1 = ∂
∂yi − 2Γki

∂
∂zk

(3)

X2 = ∂
∂zi

,

and therefore, {X0, X1, X2} is a 3n-frame which will be called the adapted frame to ∇
in T 2U([7], [8]).

From (1), (2) and theorem 1 we easily obtain

X0 = S−1
∗ (XH , XH), X1 = S−1

∗ (XV , 0), X2 = S−1
∗ (0, XV ). (4)

Now hawe the following definition.

Definition 2 If X is a vector field on U , Xλ (λ = 1, 2, 3) is called the λ-lift of X to
T 2U.

λ-lift were studied in [8] and applied to the tangent bundle of higher order T rU ; and
in the case of r = 1, we have X1 = XV and X0 = XH .

Proposition 3 For any λ = 0, 1, 2 we have

(fX)λ = f(Xλ)

for all f ∈ C∞(M).

For any 1-form w in Mn, there exists a unique 1-form wλ (λ = 0, 1, 2) in T 2Mn, which
for any vectors field X on Mn we have

wλ(Xi) = δ2−λ
i w(X) ◦ 2

π (5)
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Definition 4 The 1-form wλ in T 2Mn is called the λ−lift of w.

If we put

Āki = 2(yhymΓkih Γkim ) + Aki ,

and by taking account of (5), we have

dx0
i = Āki dxk + 2Γki dyk + dzi

dx1
i = Γki dxk + dyi (6)

dx2
i = dxi

Let now Mn be a Riemannian manifold with nondegenerate metric g whose compo-
nents is a coordinate neighborhood U are gij and denote by Γhij the christoffel symbols
formed with gij.

3. Lift Dg of Riemannian g to T 2Mn

For any tensor field g of type (0, 2) in Mn, there exist a unique tensor field Dg ∈
T0

2(T 2Mn) whitch for any vectors fields X, Y on Mn and any i, j= 0, 1, 2, we have ([9])

Dg(Xi, Y j) = δij g(X, Y ) ◦ 2
π, (7)

and locally in T 2Mn we have

Dg = gijdx
0
i ⊗ dx0

j + gijdx
1
i ⊗ dx1

j + gijdx
2
i ⊗ dx2

j . (8)

Thus from (7) and (8), Dg has components of the form

(Dgβα) =

 gij 0 0
0 gij 0
0 0 gij

 (9)

with respect to the adapted frame {X0, X1, X2} in T 2Mn,
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and components

Dg =

 gij + glmΓil Γjm + glmĀ
i
lĀ

j
m gkjΓik + 2glmĀilΓ

j
m gkjĀ

i
k

gkiΓ
j
k + 2glmĀ

j
lΓ

i
m gij + 2glm(Γil + Γjm ) 2gkjΓik

gkiĀ
j
k 2gkiΓ

j
k gij

 (10)

with respect to the coordinates (xi, yi, zi).
From (9) it follows that if g is a Riemannian metric in Mn, then Dg is a Riemannian

metric in T 2Mn.

Definition 5 The metric Dg is called the diagonal lift of the tensor field g to T 2Mn

(see [9]).

In the case of TMn we find diagonal lift stadied by S.Sasaki ([13]).

4. Levi-Civita Connetion of Dg

Let ∇ be a linear levi-Civita connection on Mn, and taking account that ∇ is torsion
free we shall need the following identities:

[
X0, Y 0

]
= [X, Y ]0 −

2∑
k=1

(R(X, Y )u)k

[
X0, Y j

]
= (∇XY )j (11)[

Xi, Y j
]

= 0 ∀i, j = 1, 2

(for proof, see [7], [8], [12]).
And by koszule formula, the levi-Civita connection D∇ of (T 2Mn,

D g) is given as
following

1/ D∇X0Y 0 = (∇XY )0 − 1
2

2∑
k=1

(R(X, Y )u)k

2/ D∇X0Y 1 = (∇XY )1 + 1
2
(R(u, Y )X)0

3/ D∇X0Y 2 = (∇XY )2 + 1
2 (R(u, Y )X)0 (12)

4/ D∇X1Y 0 = D∇X2Y 0 = 1
2
(R(u,X)Y )0

5/ D∇X1Y 1 = D∇X1Y 2 =D ∇X2Y 1 =D ∇X2Y 2 = 0
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for any vectors fields X, Y ∈ C∞(Mn) and for all (p, u) ∈ TMn.

Thus, according to (8), (9) and (12), the components DΓαβγ with respect to the adapted
frame are given by

DΓhij = Γhij ; DΓhı̄j = DΓh=
i j

= 1
2
ykRhkij ; DΓhij̄ = DΓh

i
=
j

= 1
2
ykRhkji

DΓhı̄j̄ = DΓh=
i j̄

= DΓh
ı̄
=
j

= DΓh=
i

=
j

= 0

DΓh̄ij = −yk Γkij Γhk − yk 1
2R

h
ijk ; DΓh̄ı̄j = DΓh̄=

i j
= −1

2y
k Γhs R

s
kij

DΓh̄ij̄ = Γhij − 1
2 y

kΓhs R
s
kij ; DΓh̄ı̄j̄ = DΓh̄=

i j̄
= 0 (13)

DΓh̄
i
=
j

= −1
2
yk Γhs R

s
kji ; Γh̄

ı̄
=
j

= DΓh̄=
i

=
j

= 0

DΓ
=
h
ij = −Γkij A

h
k + Γhs y

kRsijk − 1
2
ykRhijk ; DΓ

=
h
ı̄j = −1

2
ykRhijk A

h
s

DΓ
=
h
=
i j

= −1
2R

s
kij A

h
s ; DΓ

=
h
ij̄ = −1

2y
kRskji A

h
s − 2Γsij Γhs ; DΓ

=
h
ı̄j̄ = DΓ

=
h
=
i j̄

= 0

DΓ
=
h

i
=
j

= −1
2
ykR s

kji A
h
s + Γhij ; DΓ

=
h

ı̄
=
j

= DΓ
=
h
=
i
=
j

= 0.

5. Killing Vector Fields

A vector fields X is said to be infinitesimal isometry or a Killing vector field of
a riemannian manifold with metric g, if

LX g = Xg(Y, Z) − g([X, Y ], Z)− g(Y, [X,Z]) = 0 (14)

for all X, Y ∈ C∞(Mn). In the terms of components gij of g, X is an infinitesimal
isometry if and only if

Xh∂hgij + ghj∂iX
h + gih∂jX

h = 0

where Xh are components of X.(see [3])
We see by virtue of (8) that X̃ is a Killing vector field in T 2Mn with metric Dg if

and only if

LX̃
Dg = X̃g(Ỹ , Z̃)− Dg([X̃, Ỹ ], Z̃)− Dg(Ỹ , [X̃, Z̃]) = 0 (15)
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for all Z̃, Ỹ ∈ C∞(T 2Mn).
Then by (11) we have


(LX0

Dg)(Y i, Zi) = Xg(Y, Z) − g(∇XY, Z) − g(Y,∇XZ) = 0
(LX0

Dg)(Y 0, Z j) = g(R(X, Y )u j , Z j) = g(R(X, Y )u, Z)
(LX0

Dg)(Y j , Z0) = g(R(X,Z)u j, Y j) = g(R(X, Y )u, Z)
(LX0

Dg)(Y 1, Z2) = (LX0
Dg)(Y 2, Z1) = 0

(16)



(LX1
Dg)(Y i, Zi) = 0

(LX1
Dg)(Y 0, Z1) = g(∇YX,Z)

(LX1
Dg)(Y 1, Z0) = g(Y,∇ZX)

(LX1
Dg)(Y 0, Z2) = (LX1

Dg)(Y 2, Z0) = 0
(LX1

Dg)(Y 1, Z2) = (LX1
Dg)(Y 2, Z1) = 0

(17)



(LX2
Dg)(Y i, Zi) = 0

(LX2
Dg)(Y 0, Z1) = (LX2

Dg)(Y 1, Z0) = 0
(LX2

Dg)(Y 0, Z2) = g(∇YX,Z)
(LX2

Dg)(Y 2, Z0) = g(Y,∇ZX)
(LX2

Dg)(Y 1, Z2) = (LX2
Dg)(Y 2, Z1) = 0

(18)

for all X ∈ C∞(Mn), j = 1, 2 and i = 0, 1, 2.
Since we have

Xg(Y, Z) − g([X, Y ], Z)− g(Y, [X,Z]) = Xg(Y, Z) − g(∇XY, Z) − (19)

g(Y,∇XZ) + g(∇YX,Z) + g(Y,∇ZX),

we conclude by means of (16), (17) and (18) that if LX0
Dg and LX1

Dg or LX2 , that Dg
vanishes implies that LX g = 0.

We next have {
R(X, Y )u = 0⇔ XhRkhij = 0
∇ZX = ∇X(Z) = 0

(20)

and LX g = 0 imply that LXi
Dg = 0 for i = 0, 1, 2. Thus, we have.
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Theorem 6 The vector field X in Mn is a killing vector field if its 0-lift and λ-lift (λ = 1
or 2) are killing vectors fields in T 2Mn. Conversely,
If X is a killing vector field, parallel and R(X, Y )u = 0 vanishes for all Y ∈ C∞(Mn)
(i.e. XhRkhij = 0), then λ-lift (λ = 0, 1, 2) of X is a killing vector field in T 2Mn.

6. Geodesics in T 2Mn with metric Dg

Let C be a curve in Mn expressed locally by xi = xi(t) and yi(t) be a vector field
along C. Then, in the tangent bundle of order two T 2Mn over the Riemannian manifold
Mn with metric Dg, we define a curve C̃ by

xi = xi(t), xı̄ = yi(t), x
=
i = zi(t).

We consider now differentiel equations of the geodesics of the tangent bundle of order
two T 2Mn with the metric Dg. If t is the arc length of the curve xA = xA(t) in T 2Mn,
equations of geodesic in T 2Mn have the usual form

δ2xA

dt2
=
d2xA

dt2
+D ΓAC B

dxC

dt

dxB

dt
(21)

with respect to the induced coordinates (xi, xı̄, x
=
i ) = (xi, yi, zi) in T 2Mn.

We find it more convenient to refer equations (22) to the adapted frame
{
dx0

i , dx
1
i , dx

2
i

}
.

Using (6), we write

θi = dxi

θı̄ = δyi = Γki dxk + dyi

θ
=
i = δzi = Āki dxk + 2Γki dyk + dzi

and put

θi

dt
=

dxi
dt

θı̄

dt
=

δyi
dt
,

θ
=
i

dt
=
δzi
dt
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along a curve xA = xA(t), i.e., xi = xi(t), xı̄ = yi(t), x
=
i = zi(t) in T 2Mn.

If we write, therefore, down the form equivalent to (22), namely,

d

dt
(
dθα

dt
) +D Γαβ γ

dθβ

dt

dθγ

dt
= 0

with respect to the adapted frame and take account of (13), then the curve xA = xA(t)
in T 2Mn with the metric Dg is a geodesic in T 2Mn if and only if

δ2xi

dt2
+ yhRihjk

δyj

dt
dxk

dt
+ yhRihjk

δzj

dt
dxk

dt
= 0

δ2yi

dt2 − ΓhjkΓih
dxj

dt
dxk

dt − yhRshjkΓis
δyj

dt
dxk

dt − yhRshjkΓis
δzj

dt
dxk

dt = 0

δ2zi

dt2 − AihΓhjk
dxj

dt
dxk

dt − 2ΓhjkΓ
i
h
δzj

dt
δyk

dt − yhRshjkAsi
δyj

dt
dxk

dt

−yhRshjkAsi δz
j

dt
dxk

dt = 0

(22)

with

δ2zi

dt2
=

d

dt
(
δzi

dt
) + Γiαβ

δzα

dt

dxβ

dt
(23)

δ2yi

dt2
=

d

dt
(
δyi

dt
) + Γiαβ

δyα

dt

dxβ

dt
.

If a curve satisfying (22) lies on the a fiber given by xi = const, yi = const in TM,

then (22) reduce to

d2zi

dt2
= 0 (24)

so that

zi = ait+ bi, (25)

ai and bi being constant. Thus, we have the following theorem.

Theorem 7 If the geodesic xi = xi(t), yi = yi(t) and z = zi(t) lies in fiber of T 2Mn

with the metric Dg, the geodesic is expressed by linear equations xi = ci, yi = di and
zi = ait+ bi with induced coordinates (xi, yi, zi), where ai,bi,ci and di are constant.
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If a curve satisfying (22) lies on the a fiber given by xi = const, then (22) reduce to
δ2yk

dt2
=
d2yi

dt2
= 0 (i)

δ2zi

dt2
− 2ΓhjkΓ

i
h

δzj

dt

δyk

dt
= 0 (ii)

(26)

so that from (26,i) yi = ait+ bi, ai and bi geing constant.
From (23) we have

δ2zi

dt2
= 2aralΓlrj +

d2zj
dt2

and (26,ii) become

δ2zi

dt2
− 2ΓhjkΓ

i
h

δzj

dt

δyk

dt
= 2aralΓlrj +

d2zj
dt2
− 2ΓhjkΓ

i
h(2Γlja

lak +
dzj
dt
ak)

=
d2zj
dt2
− 2ΓhjkΓiha

k dzj
dt
− 4ΓhjkΓ

i
hΓlja

lak;

then (26,ii) is given by

d2zj
dt2
− 2ΓhjkΓiha

k dzj
dt

= 4ΓhjkΓ
i
hΓlja

lak. (27)

Thus, we have the following theorem.

Theorem 8 If the geodesic xi = xi(t), yi = yi(t) and z = zi(t) lies in fiber of T 2Mn

with the metric Dg, the geodesic is expressed by linear equations xi = ci, yi = ait+bi and
zi solution of differential system (27) with induced coordinates (xi, yi, zi), where ai, bi, ci

and di are constant.
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