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Estimates for Fourier Transform of Measures

Supported on Singular Hypersurfaces

Isroil A. Tkromov*

Abstract

We consider hypersurfaces S C IR® with zero Gaussian curvature at every ordi-
nary point with surface measure dS and define the surface measure du = 1 (z)dS(x)
for smooth function ¢ with compact support. We obtain uniform estimates for the
Fourier transform of measures concentrated on such hypersurfaces. We show that
due to the damping effect of the surface measure the Fourier transform decays faster
than O(|¢|~*/"), where h is the height of the phase function. In particular, Fourier
transform of measures supported on the exceptional surfaces decays in the order
O([€]7?) (as €] — +00).

Key Words: Oscillatory Integrals, oscillation index, singular hypersurfaces, curva-
ture.

1. Introduction

It is well-known that the LP —estimates of the maximal operators associated to hyper-
surfaces in Euclidean spaces are strongly related to the decay of the Fourier transform of

measures carried on S, i.e. to oscillatory integrals of the form
4ple) = [ Eu(z)as o), (1)
s

where du = (x)dS(x) is a compactly supported density on S, (x, &) is the inner product

of the vectors x and &.
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Uzbekistan, grant No. 1.1.13 and Foundation of Academy of Sciences of Uzbekistan, grant no. 76-06.
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The decay of the oscillatory integral (1.1) as |{] — oo, in return, is connected to
geometric properties of the surface S and may be very complicated depending on the
direction of £. The problem on the decay of such oscillatory integrals has been considered
by various authors, including van Der Corput [25], E. Hlawka [8], C.S. Hertz [7], W.
Littman [14], B. Randol [17], [18], I. Svenson [24], A. Varchenko [26], C.D. Sogge, E.M.
Stein [23], J.J. Duistermaat [5], Colin de Verdier [3]. We refer the reader to [23] for
references, also to results on maximal operators associated to surfaces.

On the other hand some problems of mathematical physics are connected to uniform
estimates of the oscillatory integrals (1.1) [21].

An optimal uniform estimates for oscillatory integrals (1.1) in the case dim(S) = 1
were obtained by B. Randol [17], and for analytic hypersurfaces in the case dim(S) = 2
were obtained by A.N. Varchenko and V.N. Karpushkin [13], [26]. The optimal estimates
based on decomposition of the phase function were obtained by H. Schulz [19] (see also
[18], [12]) in the case of convex smooth finite type hypersurfaces.

In this paper we consider the problem on a behavior of dfi(§) in a special case, when
S C IR has zero Gaussian curvature at every ordinary point. Such hypersurfaces may
have singularities.

It is well-known that the hypersurfaces in IR® with zero Gaussian curvature in general
may be cylindric, cone or ruled surface. We define ruled surface as a tangent space to a
space curve [22].

Following [9], [10] we define ruled surfaces. Let v : (IR,0) — IR® be a germ of C*®
parametrized space curve at the origin of IR.. Representing v as
x(t) = (x1(¢t), z2(t), z3(t)), we say that v is of finite type at 0 if the infinite number
of vectors z/(0), x”(O), ... generate the three dimensional space. Then for some affine

coordinates and for some positive integers m, n, k the curve - is written in the form
z1(t) =t"gi(t), wa(t) =" ga(t), as(t) =t TR gs(t),

where g1, g2, g3 are smooth functions and ¢1(0) = g2(0) = g3(0) = 1. The triplet

(m, m+n, m+n+k) is independent of the choice of affine local coordinates, and is called

the type of the curve-germ ~ : typ(y) = (m,m + n,m + n + k). Notice that if a curve

germ does not have an infinite tangency with any affine plane, then it is of finite type.
A type of space curve-germ is called smoothly determinative (respectively topologi-

cally determinative) if it determines the tangent developable up to local diffeomorphism

(respectively local homeomorphism).
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Recently, the list of developable surfaces has been given by G. Ishikawa [9],[10],
continuing the results of O.P. Shcherbak [19]. We consider estimates for Fourier transform
of Borel’s measures associated to hypersurfaces with zero Gaussian curvature. In this case
there is a finite list of smoothly determinative singularities, namely (1,2,2 + k)(k > 1)
type surfaces and exceptional surfaces of types (2, 3,4), (1, 3,4), (3,4,5) and (1, 3,5). It is
interesting that, although the phase function associated to exceptional singularities has
degenerate singularities depending on their types, oscillatory integrals with this phase
function decays faster due to the damping effect of the surface measure.

More precisely, it should be noted that in the case (1,2,2 + k), the optimal form of
decay is defined by “height” h of the phase function and it has the form O(|¢|~%). But

in the exceptional cases the decay of oscillatory integrals more faster than O(|§|_% )-

The main results of this paper are the following statements.

Theorem 3.1 Let v be a smooth curve-germ at zero of type (m,m~+n, m+n+k). Then
there exists a neighborhood U of the origin such that for any ¢ € C§(U) the estimate

cll¢ler
J(e) < e
OIS ax gy
holds, where 3 = min{%,nnﬁ} and || - ||cr is the norm of the space of continuous

differentiable functions.

Note that the exponent § in the Theorem 3.1 is optimal.

Corollary 3.2 1) If S is a developable hypersurface of type (1,2,2+k)(k > 1). then for

the oscillatory integral J the estimate

Cllgller

JE)| £ ————
e (1 +[€))=r

holds;
2) If the hypersurface has one of the types (2,3,4), (1,3,4), (3,4,5), or (1,3,5) then for
any ¢ € C§° (IR?Q’) the following estimate

Cllgller

holds.
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Note that in the case of hypersurfaces of types (2, 3,4) and (3,4, 5), the "height” h of
phase functions is 2 by Varchenko terminology . But in the case (1,3,4) h =3, and in
the other case (1,3,5) h = 4. Nevertheless, the associated oscillatory integrals decay in
the order O(|¢|~7)(as |€] — o).

The paper is organized as follows. In Section 2 we consider estimates for oscillatory
integrals and also we consider some auxiliary statements about Lebesgue measure of
sublevel sets. In Section 3 we consider some applications of results of the Section 2. In
particular, we prove our main theorem. The Section 4 is devoted to estimates for Fourier

transform of measures supported on the cone surfaces.

2. Estimates for Oscillatory Integrals with Smooth Phases
In this section we consider oscillatory integrals having the form

J()\,s):/ eNWP@)F9@)) |y 161y, 5)dxdy,
]R2

where p(x, s) is the polynomial function in the form
p(x,s) = 2" f 512" b s, + s,

where g(x, s) is a smooth function and a is a smooth function with compact support.

Theorem 2.1 Let U x V be a bounded neighborhood of the origin in IR? x IR*. There
exists a constant C such that for any a € C§°(U x V) the estimate

< CHa(~75)HCl(U)

T e

(A, s)]

holds.

If g is an analytic function and the amplitude function is smooth then the result follows
from Karpushkin’s theorem on uniform estimates for two-dimensional oscillatory integrals
[13]. We give more elementary proof of Theorem 2.1 for a wider class of amplitude

functions.

Lemma 2.2 There exists a constant C such that for any A #2 0 and s € V C IR” the
following inequality
dx

n- | S <o
{z: |Ap(z,s)|>1} |p(l’,8)|
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holds.

Proof of Lemma 2.2 We prove Lemma 2.2 by the induction method over n. If n =1

then we deal with the integral

/ dx
(o M@2ts1)|>1} 122+ s1]

Let’s note that if s; > 0 then we have

/ diw S/ d_w:2|)\|1/2_
(o M @24s1)|>1} 172+ s1] (o Ma2[>1} T2

Further, assume that s; < 0. In this case we use the change of variables z = |s|'/?y

and obtain

/ de 1 / dy
(o n@24s) 13 122+ 81 5112 Sy psiwz—1y>1y 192 — 1]

First, we consider the case [As1| < 3. If [As1| < % then, straightforward computations

show that
1 dy
|—/2/ T S AN
5112 Jiy: s 2 -i>1y Y2 — 1

Suppose % < |Asi| < 4. In this case the last integral has an upper bound ¢|s;|~*/2.
This bound gives a required estimate for our integral.
Finally, we consider the case |As;| > 4. Then it is easy to show that the following

estimate

d
/ < Clog(|Asu)
{y: s (2-1)>1} |92 — 1

holds. From the last inequality the required estimate follows immediately. Thus, we

/ ;L < C|)\|1/2.
(@ A (z24s1)|>1} 172 + 1]

obtain the inequality

In other words, we get the conclusion of Lemma 2.2 in the case n = 1.
From now, we suppose that n > 2 and the conclusion of Lemma 2.2 is fulfilled for any

k < mn — 1. We shall prove it for the case k = n.
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First, we introduce a number p defined by
n+1 nt1
pi=pls) = il F + o+ Jsal.

Let us use a change of variables z = pﬁy in the integral J; and obtain

1 / dy
Ji=—— ,
P Sy op(w.6)1>13 [P(Y: )

where &, = 22—, k=1, n.
pn+1

We introduce the so-called quasisphere ¥ by ¥ :={s € R": p(s) =1}. So, { € X.

Since ¥ is a compact set there exists a number N and a function ¢(y, £) defined on the
set {|y| > N} x X such that p(y, &) = y" L o(y, £). Moreover, there exist positive numbers
C4, Cy such that for any (y,&) € {|ly| > N} x ¥ the inequalities C; < ¢(y,§) < Cs
hold. Note that if ¢ is a sufficiently small positive number then we have the inclusion
{y:elp(y, )l > 1} C{lyl > N} x %

Consequently, if ¢ is a sufficiently small positive real number, then for |A\p| < ¢ we get

the estimate

d d n
/ v / 72“ < C|Ap| 7.
(v on(w.&) 513 [P O ™ Sy cpoynrrj>1y Crly™ 4|

Thus, in this case we have the required upper bound for the integral J;.
Now, we consider the case 0 < ¢ < |[A\p| < M, where M is a fixed positive number.

Then there exists a positive number C (M, n) such that the inequality

dy

—— < C(M,n)
/{y: Pop(y.6)l>13 1P €

holds. Consequently, the estimate

1 dy

—= ——— < C|A|7H
pHT /{y:upp(y,@bl} p(y, )|

is fulfilled. Finally, we consider the case |Ap| > M, where M is a sufficiently large fixed
positive real number. We fix £ = £ € X. Assume that the polynomial p(y, £) has some

real roots yi,...,y with multiplicities ki, ..., k; satisfying the conditions k; < n for
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j = 1,1, otherwise the conclusion of Lemma 2.2 is obvious for some neighborhood of the
point £°.

Due to the Weierstrass-Malgrange Theorem [15], there exist a neighborhood V' of
€% and neighborhoods Uy, ...,U; of points y,...y such that in U; x V we have the

factorization

p(; &) =, §)Q; (¥, E),
where p;(y,&) = (y —y;))" +m(E)(y —y;) 1+ + Nk, (§) is a pseudopolynomial the

coefficients of which are real analytic vanishing at & functions. @; is a real analytic
function satisfying the condition |Q,;(y, )| > § > 0 for any (y,&) € U; x V.

We can choose a neighborhood V' of £ such that p(y, &) # 0 for any (y,&) € (R\
{UimaUs}) < V.

Therefore, there exists a number C' such that for any & € V' the following estimate

Lo st
R\(UL_, ;) [P(y: )l

holds.
On the other hand, due to the induction hypothesis, we have

d d —Lk n
/ Y S/ Y < C0)|Mp|5HT < C|Apl 7.
U;nfy: Pop(w,6) 1513 [PW O ™ Ju,agy: nopp, (w.6) 1513 1005 (Y, )

J

Thus for any ¢ € V(€°) we obtain the estimate

1 dy

i ——— < C|A|7T.
prT /{y:upp(y,@bl} p(y, )l

Since Y is a compact set by standard arguments we get the last estimate on the
quasisphere.

This proves the Lemma 2.2.

Now we prove an analog of Lemma 2.2 for special type of functions. Let p(x, s1, s2)

be a function defined by
p(x, s1,82) = 2" + s12g1(2") + s292(2"),

with domain IR, where ¢1(y), g2(y) are smooth bounded functions on IR, satisfying the

condition g1(0) = ¢g2(0) = 1, and 71, r are fixed positive real numbers, r; > 1.
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Lemma 2.3 There exist a positive number § and C such that the estimate

dzr

I :/ . — 6
{(2€Ry: Ap(,51,50)|>1} 1P(T; 51, 52)]

holds, for any A > 2 and s € {s: |s| < 0}, where 8 = max{3, %}

T

Proof of Lemma 2.3

First, we introduce a quasidistance  p(s) = |51|T111 + |s2| and the quasisphere

¥ ={s € IR?: p(s) = 1}. Let’s use a change of variables: z = p%y. Then we obtain

1—rq / dy
1=p S —
(WeRy: Nop(y.01,02,0)>1} [P(U; 01,02, )
where
- r . . 1-m S2
Py, 01,02,p) =y +o1ygi(p™y" ) +o2g2(p™y"), o1 =s1p 7 , 02 = Vikda (01, 02).

Note that ¢ € ¥;. Since g1, g2 are bounded functions, there exist a positive number
N > 0 and a function ¢(y, o, p) such that for any y > N and o € 31, p € R, the identity

ﬁ(yv 01,02, ;0) = yTl So(yv 01,02, ;0)

holds. Moreover, ¢ is essentially constant function on that set, i.e. there exist positive
real numbers c¢j, ¢ca such that the inequalities ¢; < ¢(y,01,02,p) < c2 hold for any
(y,0,p) € (N,+00) x 1 x Ry.

Let N be a fixed real number with above-mentioned property. There exists a positive

number £ > 0 such that the inclusion

{(y,0,p) : €|p(y, 01,02, p)| > 1} C (N, +00) x X1 x Ry

is fulfilled.

Now, we consider the case |\|p < . Then

1—r ri—1
/ ~d—y§p nl/ dyT SC|)\|1T—1_
(YERs: Nop(y,01,02,0) 1} [P(Y; 01,02, ) {y: x| Alpyr1 1} C1Y"

1—rq

I:p 1

If M is any fixed real number and € < Ap < M then the integral I has an upper

1—r ri—1
bound cpTl. This upper bound implies the estimate I < c|A|1T—1.
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Finally, we consider the case |A|p > M, where M is a sufficiently large fixed positive
number. We divide the set of integration into two parts and consider two integral over
that sets:

1-ry dy
ILi=pm 1 —_—
(N,6p ™1 )N{y: | A\pp(y,01,02,p)|>1} |P(y» 01,02, ,0)|
and
1—1r d
_[2 =p Tll / ~—y
(0,N)N{y: | \pp(y,01,02,p)|>1} |p(y7 01,02, p)|

Then we write the integral I as a sum of the two integrals: I = I; 4+ I.
1—1r
The integral I; can be estimate by cp T ; therefore it satisfies a required inequality.
Take a positive real number A and introduce the new integral

1—rq

dw
I = p 1

/<0,A>m{y:Ap|ﬁ<y,al,az,p>|>1} Py, 01,02, p)|

Now we fix 0 = 0¥ € 3. If 69 # 0 then we can choose A and a neighborhood V (¢?)
such that the condition p(y, 01,092, p) # 0 is fulfilled for any (y,0) € (0,A) x V(o).

1—1r
Therefore, the integral Is; is bounded by c,oTl . Hence, it satisfies the required inequality.
Let 0 = 0 € ¥; be a fixed point and 0 = 0. Then 0 = 41 because p(c®) = 1. In this

case we can use a change of variables:

ﬁ(yv 01, 027p)
92(p™y")

The last fraction is a continuous differentiable function in a small neighborhood of the
origin and it is invertible.

Then it is easy to show that the following estimate

Iy <ep log(pA)

holds for the integral I5;. The last inequality gives a right estimate for the integral Io;.
Finally, we consider the function p(y, o1, o2, p) on the set [A, N]. Let 0¥ € ¥ be a fixed
point. Note that the function p(y, o1, o2, p) can be considered as a smooth deformation of
the function p(y, 0¥, 09,0) = y™ +09y+0) in a small neighborhood of its roots belonging
to the set [A, N]. The function y"* + 0%y + o9 has no roots of multiplicity greater
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than 2 in that interval. Therefore, we can use Malgrange preparation theorem [15] to
the function p(y, o1, 02, p) and have the factorization p(y, o1, o9, p) = g(y, o, p)p2(y, 7, p),
where ¢(y, o, p) is a smooth nonzero function and ps(y, o, p) is the polynomial function
of the second order with respect to variable y. Its coefficients are smooth functions of
(,p77).

Now, we can use Lemma 2.2 and have

ClApl?

P

|12 — In1| < < CNP.

Lemma 2.3 is proved. O

The following lemma is needed for the sequel.

Lemma 2.4 There exist a positive number § and a constant ¢ such that the estimate
p({z >0 |p(z, s1,s0)| < h}) <ch?

holds for any i > 0 and |s| < &, where 3 = min{3, %} and p({z > 0: |p(z,s1,82)| < h})
is the Lebesgue measure of the set {z > 0: |p(x, s1, 82)| < h}.

Lemma 2.4 can be proved as Lemma 2.3.

Lemma 2.5 Let g1, g2, g3 be smooth functions and g1 (0) = ¢g2(0) = g3(0) = 1. There
exist a constant § and C such that for any n € S? and A > 2 the following estimate

n+k 1 1 1 — —
1((0,6) N {t = [nst ™ ga(t7) + matga(t™) +mgr(t7)] < A7'}) < A

holds, where 8, = min{%, HL_HC} and S2 is the unit sphere centered at the origin of IR’.
Lemma 2.5 follows from Lemma 2.4.

The following lemma is needed to prove the Theorem 2.1 ([2], [4]).

Lemma 2.6 Let F' be n—times differentiable function on I = [a,b] and |f™ (x)| > 1
for any @ € I. Then there exists a constant C'(n) (depending only on n ) such that the

estimate
p({z e I: |f(x)| <h}) < Cn)n/™

holds.

10
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Proof of Theorem 2.1 Note that, due to Lemma 2.6, measure of the set
{z : |Ap(z, s)| < 1} is estimated by C(n))\_ﬁ for any s € IR".
Thus, by using Lemma 2.2 and 2.6 for the oscillatory integral J(A, s) we have

T s)| < / lyaa, y, s)|dedy + | €I
{z: [Ap(z,s)| <1} {z: [Ap(z,s)|>1}

i)\p(m,s)y| — 7T

PN ylala, g, )y < CIN T el + |
/IR @) {z: |Ap(z,s)|>1} |p(l’,8)|
Now, we use the inequality

sup [la(z, ., s)|[cr < |la(., ., s)|lcrw).-
T

Then due to Lemma 2.2 we have

la(z, ., s)||crdx dx
/ ——a— < lla(, - 8)llerw) T
{z: [Ap(z,s)|>1} |p(l’,8)| {z: |Ap(z,s)|>1} |p(l’,8)|

< CIN7T (., )|l cr -

The last estimate establishes Theorem 2.1.

3. Estimates for Fourier Transform of Measures Supported on Ruled

Surfaces

Let -y be a space curve-germ at the origin of IRand .S be a surface which is the tangent

developable of the curve. Consider the measure dy = ¢)(z)dS(x) and its Fourier transform

J(€) = dp(€).

Theorem 3.1 Let v be a smooth curve-germ at zero of type (m,m~+n, m+n+k). Then
there exists a neighborhood U of the origin such that for any ¢ € C§°(U) the estimate

cll¢le

7€)1 < TS,

holds, where 3 = min{%, nL_HC}

la(z, ., s)||crdx

11
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Proof. 1If v is a curve germ of type (m, m + n,m+ n + k), then the surface defined by

the curve has the form

z1(t,v) = t"g1(t) + (mgr(t) + g1 (t))v, 22(t,v) = " ga(t) + " ((m + n)g2(t) + g5(t))v,
w3 (t,v) = " ga (1) + ((m o+ n+ R gs(t) + 7T gh(6)w.

Straightforward computations show that |z, A z¢| = [vt"~!|g(t), where z, A z; is an
exterior product of the vectors ., ; and g(t) is a smooth function, g(0) = mn(m+n) # 0.

We define the function p(n,t) by the relation
p(n,t) = m(mgi () +tgy (1)) + ma((m +n)t"ga(t) + " g5 (1)) +

na((m+n—+ k)" Fgst) + " gh(1)),

where 7 € S? is a unit vector.

Note that due to Lemma 2.5 we get
n+k 1 1 1
p((0,8) N {t = st ™5 gs(t7) + 1atga(t7) + mgr (t7)) < A7'}) < CAP,
We write the integral J(£) as a sum of two integrals: J(§) = J_(&) + J4+(£), where

Ji(€) = /D ST (@ (t,v)) @t v) A wo(t,v)|0(t)dtdv, T (&) = J(§) — T+ (),

6 is the Heaviside’s function. We consider estimates for the integral J4 (£). The integral

J_ (&) can be estimated analogously:

| J+(©)] S/ it L ) o |, v)|dtdur
(1€l Imst 5 g5 (47 )Fnatga (47 )+ g1 (£7) <1}

1
5|_1/ [P (uf, lordu

n+ ntk 1 1 1 :
{I¢lInst ”k93(75717)-‘:-7721592(15717)+771g1(t717)|>1} [nst 0 g3(t=) + matga(t=) + mugr(t7)]

Due to the Lemma 2.5 we obtain

1/n
o / (™, lerdu_ Clvllero)
(el 4nsu®/ 43mawtm [>1) [Ansu’® + 3nppw +m| — 1817

12
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We remind that 1 — 81 = 3. Thus we get the estimate

Cllvller oy

[ (9)] < HE

From this inequality we obtain a proof of Theorem 3.1. O

Corollary 3.2 1) If S is a developable hypersurface of type (1,2,2+ k)(k > 1) then for

the oscillatory integral J the estimate

Cligller
SOl < ———
(1+ g

holds;
2) Let the hypersurface has one of the types (2,3,4), (1,3,4), (3,4,5), or (1,3,5) then for
any Y € C(R) the estimate

Cllgller

holds.

Let S ¢ IR® be a hypersurface with zero Gaussian curvature at any ordinary point.
Let H := ’“'2"—’“2 be a mean curvature of the surface, where k1, ko are principal curvatures
of the surface. It is a smooth function defined on the set of ordinary (non-singular) points
of the hypersurface. We assume that H is a finite type function and its type no greater
than n at the non-singular point 2 € S. A type of the function H at the point z° is

defined as a minimal non-negative integer number n such that d"H (z°) # 0.

Theorem 3.3 Let S C IR be a hypersurface with zero Gaussian curvature at any
ordinary point and the function H has a type n at the ordinary point x° € S. There
exists a neighborhood U of the point x° such that for any 1 € CS(U) the associated
integral J(§) has the estimate

C|WHL1(U)
[JO) < — .
(L+ g

The following Lemma is needed for the sequel [6]

13
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Lemma 3.4 If 2° is an ordinary point of the hypersurface then the curvature lines

passing through that point are smooth curves.

Proof of Theorem 3.3 Let 2° € S be an ordinary point and p = p(u) be the orthogonal
curve passing from the point 2° and e = e(u) be the direction of generators [22]. Without
loss of generality we may assume that u is the natural parameter. Then for the surface

we have
r =r(u,v) = p(u) + ve(u).
It is well-known that if p = p(u) is orthogonal to e = e(u) for any u then e(u) can be

written as
e(u) = cos(c — /Ou k(T)dT)n(u) + sin(c — /Ou k(T)dT)b(u),

where n is the principal normal, b is the binormal and & is a torsion of the curve p = p(u),
and c is a constant depending only on the surface.
It is easy to show that p = p(u) is a line of curvature passing from the point 2° = p(0).

Indeed, the unit normal vector to the surface alone the curve p = p(u) has the form

m(u) = —sin(c — /Ou k(T)dT)n(u) + cos(c — /Ou k(T)dT)b(u).

The direct computations based on the Frenet formulas show that [22]

m’(u) = k(u) sin(c — /Ou K(T)dT)t(u),

where k(u) is the curvature of the curve p = p(u). Therefore, due to Rodrique’s theorem,

the principal curvature along the curve p = p(u) is defined by the formula

k1(u) = k(u) sin(c —/ k(T)dT).
0
Now we consider the Fourier transform of the surface:
() = / 161 (o) Hnza (0) 02 (00)) (o, )l

£

where n = H is a unit vector. And also we define associated one-dimensional oscillatory

integral

14
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J1(8) = /eilél(mﬂvl(uﬂ))-‘rnzwz(u,v)+n3w3(u7v))(p(u7v)du_

We consider behavior of the integral near critical direction. Let w = 0, v = 0 be a
fixed point and 7° = m(0,0) be the unite normal vector to the hypersurface at the point
29, We assume that the support of the amplitude function is concentrated in a small
neighborhood of the point (0,0). In this case the phase function F(n,u,v) := (n,r(u,v))
can be considered as a smooth deformation of the function f(u) := (°, r(u, 0)).

If the curvature k1 = k1(u) has a root of order n at r(0,0), then we have
fu) = u"2(u) + c,

where ¢ is a smooth function satisfying the condition ¥ (0) # 0. Therefore, due to

the Mather theorem [1], [16], there exists a smooth function z = z(u,n,v) such that

%ZO’O) = 0 and the function F' has the form

F(W»U(Z»W»U)»U) = Zn+2 + )\1(77»U)2n +o 4t )‘n(nvv)z + )‘n+1(777U)7

where A\, (n°,0) =0 for (k= 1,;n) and A, (k=0,...,n+ 1) are real analytic functions.

Now, we consider the interior integral

ou(z,m,v)

9% dz.

Jl(f) :/e“ﬂ("liﬂl(u(zvnvv)vv)+n2$2(u(zvnvv)7’”)""773353(u(zvnvv)vv))w(u(z77771})71})

The Generalized Van der Corpute Lemma yields [4]:

cl¥llerw
@] < —=2.
&7+
Moreover, the last inequality is fulfilled uniformly with respect to the other variables.

Therefore, by integrating in v variable we obtain

c|[¢llcrw
1J(6)] < =2
7+
Theorem 3.3 is proved. O
Let S ¢ IR® be the cylindric hypersurface and ¢ € C§°(S) be a fixed cut-off function.
We consider the measure defined by dy = ¢ (2)dS(z), where dS is the induced Lebesgue

measure on S.
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From Theorem 3.3 it follows the following corollary
Corollary 3.4. If S ¢ IR® is a cylindric hupersurface and its mean curvature H has
no roots of order more than n and ¢ € C§°(S) is any fixed function, then for the integral
J(€) the uniform estimate
e < llers
(1 + (&)=

holds.

4. Estimates for Fourier Transforms of Surface-Carried Measures Supported

on the Cone Surfaces

Let S C IR? be a cone surface and 2° € S be a fixed point of the surface. Without loss
of generality we assume that the origin of IR® is the vertex of the cone and x° # 0. Thus,
straight line passing from the origin and the point 2 lies on the surface S. We assume

that the straight line is transversal to the hyperplane z;0xs.

Lemma 4.1 There exist a cone neighborhood U of the point z° and a smooth (out of
the origin) homogeneous function f of the order 1 such that the set U N.S can be written

as a graph of the function f.
Proof. Of Lemma 4.1 is straightforward. O

Lemma 4.2 Let (29, 29) be a fixed point and 29 # 0. Then order of mean curvature H

at that point and order of f;,., coincide. The same conclusion holds if 2 # 0.

Proof. Note that f is homogeneous function. Therefore, by Euler’s homogeneity
relation we have f(x1, z2) = 21 fo, (21, %2) + T2 fo, (1, 22) for any z # 0. Moreover, both

fz, and fy, are also homogeneous functions of order zero. Hence

Z1 fryz, (21, @2) + T2 fai2, (21, 22) =0, 1 fogn, (T1,22) + T2 froa, (21, 22) = 0.

Consequently, we obtain % fu, 4, (%1, 2) — T3 frou, (21, T2) = 0. Moreover, if zo # 0 then

we have
2

x
Swows (X1, 2) = w—éfmm(fﬂhm)-
2

16
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Note that for the mean curvature one holds the relation [6]

. i
b= o ()

Therefore, straightforward calculations show that

_ — f‘Tl‘Tl
H = ((1+2325>)(1+ |[Vf*) = (far + 2125 f2,)?) AT VIRPR

Due to the Cauchy-Schwartz inequality we have
(1+ 2wy )|V f(e1, 22)[* = (for (@1, 22) + 2125 foy (21, 22))° > 0.
Therefore, if 2° is a fixed point satisfying the condition 9 # 0, then we obtain

H= f$1LE2 ($1,.’L’2)b($1,$2)7

where

(14 2325 °) (1 + [V f (1, 22)|?) = (fa, (21, 2) + 3125 foy (21, 22))?

b(z1,12) = 1T V)7

is a smooth function in some cone neighborhood of the point z°. Moreover, it is a
homogeneous function of order zero and b(z%) # 0.

Consequently if f, ., (z§,29) # 0, then one principal curvature is non-zero at the
point 2%, If fi ., (29, 29) = 0 and it is a finite type function then due to the results by
[11] (Lemma 3.2) in some neighborhood of the point (2, z9) we have

forar (21, 22) = (21 — cx2)"g(2),

and g(g(z9,29) # 0) is a smooth function in some cone neighborhood of the point z°,

and also ¢ = 2{(29)~!. Thus, the orders of roots of f;,,, and H at that point coincide.

Lemma 4.2 is proved. O

Theorem 4.3 Let S C IR® be the conic hypersurface and H be mean curvature of the
surface. If H has no roots of order greater than n, then for the Fourier transform of the

measure u(X) = (X)dS(X) supported on that hypersurface, the estimate

cll¥llLics)
|[J(§)| £ ——
(1 + €)=+

17
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holds.
Note that the last estimate holds not only in a small neighborhood of ordinary points,

but, in any compact neighborhood of the vertex of the cone.

Proof. Without loss of generality, we may assume that the cone is given as a graph of

the homogeneous function f. In this case we consider the oscillatory integral

J(f):/ ei(m&-‘:—mzﬁz-‘v—f(m,wz)és)lﬁ(rﬂhrL.2)er.1er.27
D

where (1, z2) = (1, To, f(x1, 22)) (1 + |V f(z1, z2)[2) /2.

Without loss of generality we may assume that the support of 15 is contained in a ball
of radius 1 centered at the origin. We choose a non-negative function ¢y € C5°({3 <
|z| < 2}) such that the relation

Z w0(2k$) =1
k=0

holds for any = € suppe \ {(0,0)}.

It is obvious that for any fixed £ we have the relation
J(€) = Ju(©),
k=0

where

Jk(f):/ e““glﬂzgﬁf@l@2)53)w0(2kw)1ﬁ(w)dx.
D

Further, we consider estimates for the integral Jx(¢). Let’s use scaling 2z + x then

we obtain

co—k ~
Tu(E) =27 [ o et ) o) (),
D

where the function vy, has the form
U(@) = (2 Fw1, 27 e, 278 (21, 22)) (1 + |V f (1, 22)[%)/?,

because f(|Vf]) is a homogeneous function of degree 1(0), respectively. Note that
both functions are smooth on the support of ¢g. If |£;] > M max{|&|, &3]} or || >

18
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M max{|&1], |€3|}, where M is a sufficiently large fixed positive real number, then the
integration by parts formula yields
CH¢HL§(D)2_%

|Jk(§)| < m

Now, we consider the case |£3] > M ~! max{|& |, [£&]}. In this case we deal with the
phase function

&1 &

F(xz,s) = f(x1,22) + 8121 + S22, where, s; = & S9 = 2=,
Note that both numbers s;, s are bounded. We fix s = s% € {|s1] < M, [s2] < M}
and consider the set of critical points of the phase function F(z, s%). The set of critical
points of the phase function coincides with the projection into x10xs plane of the set of
points on S such that the unit normal to the surface S is co linear to the vector (s?, 3, 1).
Due to Lemma 4.2, multiplicity of roots of the mean curvature and f;, ., (21, 22)
(frows(x1,22)) if 29 # 0(x # 0) at critical point coincide. Therefore, we can use the Van
der Corpute method [2], [4], [11] and obtain:

—2k||,7,
c2 |WHL§(D)

Ju(6)] < D)
| Jk(§)] < L+ 2-H[e))

Note that, if 27%|¢| < 1, then the trivial estimate for the integrals gives

PSR c . -
ST 1O < 27 Pl L py < 5 19y
{27k]¢|<1} €l

where kg is the minimal natural number satisfying the inequality 27%|¢| < 1. Otherwise,

we obtain
i 1 ) 1 & ) 1
Z |Jk(§)| < CZ2‘k(2_m) WHLz(Dz < WHLz(i).
(2-Flg[>1} k=0 (L+[Eh== A +[E)™
Theorem 4.3. is proved. O
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