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Multipliers and the Relative Completion in L (G)

C. Duyar, A. T. Girkanl

Abstract

Quek and Yap defined a relative completion :1 for a linear subspace A of
L?(G), 1 < p < oo; and proved that there is an isometric isomorphism, between
HomL1(G)(L1 (G), A) and :17 where HomL1(G)(L1 (G), A) is the space of the module
homomorphisms (or multipliers) from L'(G) to A. In the present, we defined a rela-
tive completion :1 for a linear subspace A of L% (G) ,where w is a Beurling’s weighted

function and L%, (G) is the weighted L?(G) space, ([14]). Also, we proved that there

is an algeabric isomorphism and homeomorphism, between Hom, (G)(Lzlu (G),A)

and A. At the end of this work we gave some applications and examples.

Key words and phrases: Module homomorphism (or multiplier), relative com-
pletion, essential module, weighted L?(G) space. 1991 AMS subject classification
codes 43.

1. Introduction and Preliminarles

Throughout this work, G will denote a non-compact and non-discrete locally compact
Abelian group with Haar measure du. The left and right translation operators are denoted
by L, f(z) = f(x —y), Ry f(z) = f(x+y) forall x,y € G. The Fourier transform for any

A
f € LY(G) is denoted by f. A real-valued, measurable function w on G is said to be a
weight function (Beurling’s weight function) if 1 < w(z) and w(z +y) < w(z)w(y) for
x,y € G. We say that wy < wo if and only if there exists ¢ > 0 such that wy(z) < cws(x)
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for all z € G. Two weight functions are called equivalent and written wy & ws, if w1 < we

and wy < wy. For 1 < p < oo, we set
LP(G)={f: fweL’(G)},

where LP(G) denotes the usual Lebesgue space. It is a Banach space under the norm

11l = 1 f0ll, = / ()P wP (@)dp(x)
G

If p =1, then L. (G) becomes an algebra under convolution, called Beurling algebra
[14]. A weight function w is said to satisfy the Beurling Domar condition (shortly (BD))
if one has

< 0

logw(nx
Zg( )

n2
n>1

for all z € G [4]. Let (A,|.||,) be a Banach algebra and let (X,|.||y) a left Banach
A-module, i. e. X is module over A in algeabric sense and satisfies ||a.b|| y < |la|| 4 |0l x

foralla € A and b € X. Then the closed linear subspace of X spanned by
AX ={ax: a€ A, z € X}

is called the essential part of X and is denoted by X.. If X = X, then X is said to be
an essential left Banach A-module [5].

If V. and W are left(right) Banach A-modules, then a multiplier (or module homo-
morphism) from V' to W is a bounded linear operator T from V' to W, which commutes
with module multiplication i. e. T'(av) = aT'(v) for a € A and v € V. We denote by
Hom 4 (V,W) or M(V,W) the space of multipliers from V' to W.

2. The Main Results

Definition 2.1 Let A be a linear subspace of LX(G), 1 < p < oo, with the following
properties:
(i) (A, ||l.ll4) is a Banach L. (G)-module under convolution with respect to morm

[-ll.a» satisfying ||, 0 < II-ll-
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(ii) There is a bounded approzimate identity (eq)acr of LL(G) such that
[f*ea—flla—0 foralfeA, and |eal,, <M for anumber M >0 and alla € I.

The relative completion ;1 of A is defined in the following way:

~

A= {fELﬁ)(G):f*eaeAfor all a € Isup || f x eql| 4 <oo}.
ael
It is easy to see that A is a normed space with the norm HHZ , defined by
Il = sup|lf *eall4 -
ael

Proposition 2.2 Let A be as in Definition 2.1. The following properties are satisfied:
(i) Iffe A and g € LL(G), then fxg € A and

1 % g5 < 1171 llg

1w

(i) If f € A, then

Il < Mflla and | flla < 1Flly,

i.e. the norms ||.||, and HHZ are equivalent on A.
(i4i) A s a closed subspace of A

Proof. (i) Let f € A and g € LL(G). Then fxe, € A forall « € I and

sup ||f x eql| 4 < co. Also, we can write (f % g) x eq = (f *eq) *x g € A, because A is a
ael

Banach L! (G)-module. Hence

[f*gllx = sup||(f*g)*eally <sup(llf*eallyllgll;.,)
A acl acl '

1w

91l sup [1f * €all 4 = 1£11 llg]
acl

(i) Let f € A. We have fxe, € A for all a € I, because A is a Banach L (G)-

module. By Definition 2.1, we have

£l = suplf = eall 4 < sup([[fll4 lleallyw) < MIf]l4-
acl acl
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Now let any € > 0 be given. Then we can choose oy € I such that

If = fxealla<e

for all @ > ag. Hence, we obtain

g < 1f = fxeanlla +11f * ealla <&t supifealls =+ £l

This gives the inequality || f|| , < HfHZ\
(iii) It is easy to see that A C A. We will show that A is a complete space with
respect to the norm HHZ Let (fn) be a Cauchy sequence in (A, HHZ ). Then it is a

Cauchy sequence in (A, |.||,) by (ii). Since (A4,]|.||,) is a Banach space, there is a
function f € A such that (f,) converges to f. Also, since the norms |.||, and HHZ

are equivalent on A, this implies that (f,,) converges to f with respect to the norm HHZ

Hence, (A4, HHZ ) is a complete space. This shows that A is closed in A. O

Proposition 2.3 The definition of the space A does not depend on the approximate

tdentity chosen.

Proof. Let (eq)acr be as in Definition 2.1. Suppose that (vg)ges is an other
bounded approximate identity in L}, (G) such that || f«vg — f||, — 0 forall f € A and
lvglly ,, < Mifor some M; > 0. Now, we define

X:{fELﬁ)(G):f*vgeA for all B € J, sup|f*vg|A<oo}
peJ

with the norm ||.|| , defined by

[fllx = supllf*uvsll,-
BeJ

Assume that f € A. Then we write HfHZ\ < oo and fxe, € A forall @ € I. Since A is

a Banach L! (G)-module, we have f x e, xvg, = f *xvg, xeq € A for a fix Sy € J. So, we

write

I1f * ea* vy = [ vsolly < [1Fll5 llea * vao —vgolly
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by Proposition 2.2. Also, since (eq)aecs is an approximate identity in Ll (G), the net

(f*eq*vg,)aecr converges to f*uvg,. This shows that f+vg, € A, because A is a closed

subspace of ;1 by Proposition 2.2. Therefore, we have f «vg € A for all 8 € J. By (i)

and (ii) in Proposition 2.2, we have

If*vslla < Nfxvslly <Ifxvs = frvg*eally +11f xvp*eals
< Il v = vg * eally o, + 1f % eall; vslly
<l llvg = vg * eally , + MMyl f * eall 4
< 17115 s = vp * eally, + MMy | £l
Hence
Ifllx = ;ggl\f*vﬁluSI\fl\;;ggl\vﬁ—vﬁ*eal\l,erMMleH;

< Iflly ;gg(va L T 105l lleally ) + MM flly

< Sl (My+ MM,y) + MMy (| fll = [[fll 5 (My +2M M),

Thus, since HfH:\ < 00, we have || f|| y < oo. That means f € X. This shows that A C X.

Similary, we can show that X C :1 This gives X = Zl O

It is easy to prove the following Lemma 2.4.

Lemma 2.4 LP (G) is an essential Banach module over LL(G).

Now, we offer the statement of Corollary 8.10 in [15], used in the proof of the following
lemma:

If A is a Banach algebra with approximate identity, and if W is an essential

A-module which is reflexive as a Banach space, then
Homa (A, W) 2 W.

Lemma 2.5 If p > 1, then there exists an isometric module isomorphism, between the
spaces Homp () (L, (G), LE(G)) and LE,(G), i. e.

Hompy () (Ly,(G), L3, (G)) = L, (G).
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Proof. It is known that Ll (G) is a Banach algebra with approximate identity. By
Lemma 2.4, L? (G) is an essential Banach L. (G)-module. If p > 1, it is also known that
LP (@) is reflexive as a Banach space [10]. Then, by Corollary 8.10 in [13], we have
Homp, () (Ly (G), LE,(G)) = LE,(G).
O

Theorem 2.6 Let A be as in Definition 2.1. Then the spaces Homp: (a)(Li, (G), A)

~

and A are algebrically isomorphic and homeomorphic (i.e. Homp1 (a)(Ly, (G), A) = A),
ifp>1,orifp=1 and Homp: (L), (G),A)C L), (G).
Proof. Assume that f € :1 We now define a mapping Ty such that Ty(g) = f*g for

all g € LL (G). By Definition of A , we have fxe; — fxe; € A. Hence, by (i) and (ii) of
Proposition 2.2,

[fxgxei—frgreilly < [fxgxei—Frgreslly
< Wl llgxei—g+g—gxeily,
< Nl (g * e = gl + 1l = g% €5l )

Then, since (€4 )aer 1s an approximate identity in L}, (G), (f * g *€;);c; is a Cauchy net
in the space A. (It is known that, for a normed space, the definitions of completeness
in the mean of topological vector space and in the mean of metric space are equivalent.
Hence one can use net instead of sequence in the normed space ). Since A is a Banach

space, there is a function h € A such that f*g=*e; — h in A. In addition, by (i) of
Proposition 2.2, f x g is an element of A, where f € A and g € L. (G). Hence
[f*g=hlly < If*xg—Ffrgxeals +If*gxea—hl
< Nfliyllg = g*eally o+ MISf*g*ea—hl,.

Since the net (f * g * eq),c; convergesto h € A and (eq)aer is an approximate identity
in L! (G), this shows that T¢(g) = f * g = h € A. Again, by Lemma 2.2, we obtain

T
IT(6)ls _ I * ol

ITell = =
97#0 llgl 1w 97#0 llgl

1,w

1 aly Il Nl
sup— A < sup—— A | 7
15 ] P S
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for each g € L} (G). This shows that Ty is a continuous mapping from L. (G) to A.
Then, it is easy to verify that Ty is a continuous module homomorphism from L. (G)
to A. By Definition 2.1, we have

T
HTfH — SupH f(g)HA :sup”f*gHA Zsupr*eaHA
g#0 HgHLw g0 gl 1w acl HeaHLw
Hf*eCXHA 1
> Ssup——* = —su * € = — ~ .

Conversely, assume that T € HomL}U(G)(L}U(G),A). By Definition 2.1, since A C
LP(G) and .||, < .l 4, we obtain

pbw —

1T < IT(@N 4 < T lg]

1w

for all g € L},(G). Then T € Homp: (¢ (Ly,(G), L%,(G)). Hence, by Lemma 2.5 for the
case p > 1 and by our hypothesis for the case p = 1, there is a function f € Lf (G) such
that T(g) = f*g for all g € L. (G). Also, by Definition 2.1, we have

I = €alla ol = €all
M ner Teall

1l

sup || f * eqll , = Msup
acel acl

T
= MsupM =M|T| < oc.

prsupld =L
1w g#0 Hng,w

g0 9]

IN

This gives f € A. Thus, every T' € Homp1 (gy(Ly,(G), A) is of the form Ty for some

fe A with 1Ty < HfH:\ and HfHZ\ < M ||Ty||. Hence, the mapping f — Ty is an

algeabric isomorphism and homeomorphism. O

Applications

Let w be a weight function on a locally compact abelian group G and S,,(G) be the
subalgebra of the Beurling algebra L1 (G) satisfying the following conditions:

1) Sw(G) is dense in L} (G).

2) Sy(G) is a Banach algebra under some norm |||~ and invariant under transla-

tions.
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3) For each f € Su(G), Ly fllg, <w(y)|fls, forallyeq.

4) Given any f € S,(G) and € > 0 there exists a neighbourhood U of the unit
element e € G such that ||L,f — fl|g <e forally € U.

5) Forall £ € 5,(G), £l < Iflls..

Some properties and multipliers of the space S,,(G) have been discussed in [1], [2],

[3].

Proposition 2.7 S,,(G) is an essential Banach convolution ideal in L} (G).

Proof. By definition of S, (G), we have || f[|, , < [|fllg, for all f € S, (G). Hence,

for any compact subset K C G, we write the inequality

I xxlly < / [f@)wz)de <[ flly. < Ifls, - (3.1)
K

Hence S,,(G) is a Banach function space(shortly BF-Space). Also since S, (G) is
translation invariant and the translation operator is continuous from G into S, (G), then
S, (G) is an essential Banach convolution ideal in a Beurling algebra L. (G), where
wo(z) = max{L,[|L;|} [7]. A simple calculation shows that ||L.|, , < w(z) . Thus
we have wo(z) < w(z) forallz € G and L} (G) C Ly, (G). Now let f € S,(G) and
g € L (G). Then we write

I *glls, < 1flls, 19l w, < 1£ls, gl (3.2)

1w "

Let (ea)acr be a bounded approximate identity in Ll (G). Since (eq)acr is also a

bounded approximate identity in L}, (G), using (3.2) we have
ln | 0 — fllg, =0

for all f € S,(G). Thus S, (G) is an essential Banach convolution ideal in L} (G) by

Corollary 15.3 in [5]. Since the conditions of Definition 2.1 are satisfied, we have

Homy () (L4 (G), Su(G)) 2 S0 (G)

1%

by Theorem 2.7. O
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Examples 1) Let 1 <p,¢ < oo and let w,w be weight functions on a locally compact

A
abelian group G and its dual group G respectively. We set

aL(©) = {r: e, ferye)}

and equip this space with the norm

1]

wiw = [If]

)
q,w

N
k|

where (A) is the generalized Fourier transform. It has been proved in [8] that ALY (G)
is a Banach space. Also if w satisfies Beurling-Domar condition (BD), then ALY (G)
admits an approximate identity bounded in L},(G). Furhermore, A%4 (G) is an essential

Banach convolution module over Ll (G) by Proposition 1.13 (a) in [8]. Hence

by Theorem. 2.7.
2) Let G be a locally compact Abelian group. Suppose that A,,(G) = L (G)NL?(G),
1 < p < oo. In [11], Oztop and Giirkanli proved that A, (G) is a Banach convolution

algebra with the norm [|f||, = [[fll,,, + Ifl,., » and investigated some properties of
this space. It is easy to see that A, (G) C LL(G) and [.[|,, < |[lla,- Also, Au(G)

is a Banach L} (G)-module [11]. It is known that L. (G) has a bounded approximate
identity [14]. It is also an approximate identity for A,,(G) [10]. Hence the condition of

Definiton 2.1 are satisfied. Thus we have
Homp: ) (L (G), Aw(G)) = Au(G).

3) Let G be a locally compact Abelian group. In [2], Feichtinger and Giirkanli defined

the linear space

A2(@) = {f: f e L), ?eLﬁ(G)}, 1<p<s.

by Theorem 2.7. In the mentioned paper, it is shown that AP (G) is a Banach convolution

A
algebra with the norm |[|.|[7,, defined by [If|[}, = [Ifll, ., + Hf

Also, they have

pb,w
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investigated some properties of this space. It is easy to see that A2 (G) C LL(G) and
(01w < IIHIP . Also, (A2(G),||.|[?) is a Banach ideal over L. (G). Since w satisfies (BD),

then L! (G) has a bounded approximate identity (eq)aecr, Whose Fourier transforms have
compact support and || f * eq — || — 0 for all f € AL (G) by Theorem 4.2 in [2]. Hence

~

Hompy () (L, (G), A7,(G)) = AL (G)

w

by Theorem 2.7.
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