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The Construction of Maximum Independent Set of
Matrices via Clifford Algebras

Nedim Degirmenci, Nilifer Ozdemir

Abstract

In [1], [2] and [6] the maximum number of some special type n x n matrices
with elements in F' whose nontrivial linear combinations with real coefficients are
nonsingular is studied where F' is the real field R, the complex field C or the skew
field H of quaternions. In this work we construct such matrices explicitly by using
representations of Clifford algebras. At the end we give some analogues of the

celebrated theorem of Radon-Hurwitz.

Key Words: Hurwitz Theorem, Clifford algebras, maximum independent set of

matrices.

1. Introduction

We shall write F'(n) for (resp. F.(n), n x n matrices with property =) the maximum
number of n x n matrices with elements in ' whose nontrivial linear combinations with
real coefficients are non-singular and x will stand for hermitian (h), skew-hermitian (sk-h),
symmetric (s), or skew-symmetric (sk-s). If n is a positive integer we write n = (2a + 1) 2°
where b = c¢+4d and a, b, ¢, d are non-negative integers with 0 < ¢ < 4, and Radon-Hurwitz

function p of n as p(n) = 2° + 8d.
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R(n) = p(n)
R,(n) = p(z)+1
C(n) = 2b+2
Cy, (n) = 2b+1
H() = p(5)+4
Hy(n) = p(7)+5
and in [6]| R, ,_. (n), Fs(n) and Fs,_n(n) are calculated as follows
Rsp—s(n) = p(n)—1
Cotn) = p(2)+2
Csk—n (n) = 2b+1
Ho(n) = p(5)+4
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H(n)—lzp(g)—i-?)

The goal of this work is to construct the maximum number of matrices for each case.

2. Construction of Matrices

Most of our statements in this work are related to the Radon-Hurwitz Theorem.

Theorem 2.1 (Radon-Hurwitz) The mazimum number of n X n real orthogonal matrices
{A1, Ag, - - Ay} satisfying the relations A? = —1, A;Aj+ AjA; =0 fori # j is p(n) — 1.

There are various applications of this theorem; (see [5]). If a family of matrices
{A;, As, - - - Ai} has the above properties then it is called a Radon-Hurwitz family. Such
a family of matrices is given in [3] by using the representations of the real Clifford algebra
Cl,, 0 where Cl,, ¢ is the Clifford algebra on R™ with the quadratic form ¢ : R* — R,
q (21,22, wn) = (2F + 23+ -+ 22); (see [4]).
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Construction of Real Matrices

1. Let {44, As, ..., Ax} be a family of Radon-Hurwitz matrices, where k = p(n) — 1.

Note that if a matrix A has the property A2 = —I then A is orthogonal iff A is
k

skew-symmetric. Consider the nontrivial linear combination A = > \; A; for some
i=1

non-zero real numbers \;. We can calculate

A= (=21 - N — .. = \) L

Since some \; # 0, the determinat of A? is not equal to zero, so det A is not zero.

2. Let {A;, A, ..., A} be a family of Radon-Hurwitz matrices, where k = p(n) — 1

and consider the set of n x n matrices {A;, As, ..., Ag, I'} where I is the n X n unit

matrix. Then the non-trivial real linear combination of these matrices

k
A= Z)\iAi + A

=1

k
is non-singular. Since A* = —>_\;A; + Al , and
i=1

AA = — (M + X34+ ..+ AL+ 2 I,

we get det(AA?) # 0 , whence det A # 0. Hence we obtain a collection of

p(n) = R(n) n x n real matrices.

3. The construction of n x n ,R, (n) =p (%) + 1 real symmetric matrices:

Such matrices can be obtained using by a real representation of Clifford algebra

Cly y+2 where k = p(%) — 1 and Cly k42 is the Clifford algebra on R**2 with the

quadratic form ¢ : R**2 — R, q(z1, 29, -+, Tha2) = — (w% + a3+ + x%ﬂ) (see [4]).
Let {A1, As, ..., A} be a family of Radon-Hurwitz matrices of type (2) x (%). Then we

can define the following map:

Yr: Clyo — Mat(2,R)
ei  r— Yr(e) =A;

195



DEGIRMENCI, OZDEMIR

where Cly o is the Clifford algebra over R*. This map is a real representation of Clifford

algebra Clj . Also the map

w072 : 01072 — Mat (2,R)
€1 L — ¢0,2(€1) =01

g2 o2(e2) =02

0

0 1 1
is a representation of Cly o where o1 = ( Lo ) and oo = ( 0 .

) . Moreover, 1,2

is an algebra isomorphism. By using the maps ¢y, and ¥y 2 we can define a new map

Y1,0 ® Po,2 which is called the tensor (or Kronecker) product of the maps 1,0 and 1) 2 :
Vi,0 @ Yo, Clk70 (9 01072 — Mat (%,R) ® Mat (2,R) = Mat (n,R)
(Vr,0 ® tho,2) (u®v) = g0 (u) ® o2 (v),
where Mat (n,R) is the set of all n x n real matrices. The map 1, 0 ® ¥,z is an algebra

homomorphism. Since Clj o ® Cly 2 =2 Cly 2 We can get a real representation g j2 of

the Clifford algebra Cly 42 which is defined on generators as follows:

Clog+2 — Clo®Clyo, — Mat (n, R)
€1 — 1®er — I®o;
€9 — 1®eq — I® oo
€3 —  e1®eiea —— A1 Q0102

Eht2 —— e, ®e1e2  — Ap®o0102
The image of the generators ¢;, 1 < ¢ < k 4 2 of Cly 42 under the homomorphism
10,k+2 are the matrices that we are looking for. Define
B =1I®o01, Bo=1I®o02 and Bjs :Aj®0'10'2, forj=1,2,-- k.
Note that these matrices are symmetric and B? = I, B;B; + B;B; = 0 for i # j.
Let us consider a non-trivial real linear combination of the members of the family
{Bl, B27 ey Bk+2} 5

k+2

B=> \B;.
i=1
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We calculate

B = (AT + A+ + X)L

Since some \; # 0, the determinant of B? is not equal to zero, so det B # 0.

2.2. The construction of complex matrices

In this case, before giving C(n) = 2b + 2 complex matrices of type n X n, we obtain
Csk—n (n) = 2b+ 1 complex skew-hermitian matrices of type n x n by using a skew-
hermitian representation of the complex Clifford algebra Cl,,, where n = (2a + 1)2°.
Cl,, is the complex Clifford algebra over the complex vector space C™ with the quadratic
form Q: C™ — C, Q (21,22, ,2m) = (2] + 25 + -+ 22,); (see [4]).

First, irreducible skew-hermitian representation of complex Clifford algebra Cl,, will

be obtained for all m.

To do this we use following representations in dimension 1 and 2. The map

(]512 (Cll — Mat(l,(C):(C

el — 7

is a skew-hermitian irreducible representation of complex Clifford algebra Cly, where

Mat (1,C) is the space of 1 x 1 matrices with complex entries. The map

¢2:Cly — Mat(2,C)
€1 — iO'Q

€9 — 0109

is a skew-hermitian irreducible representation of complex Clifford algebra Cly where
Mat (2,C) is the space of 2 x 2 matrices with complex entries where ojand o9 are as in
2.1. Tt is known that there is a periodicity relation Cl,,42 = Cl,, ® Cly between complex
Clifford algebras and its also known that the complex tensor product of irreducible
complex representations of Cl,, and Cls gives an irreducible complex representation of
Clypt2 =2 Cly, @ Cly (see [4]). From these datum, we can get skew-hermitian irreducible

representation of Cl,, for all m > 3 recursively.
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In particular, we obtain such a representation for Cl3 :

Clsz — Ch®Cly, — Mat(1,C)® Mat (2,C)
e; +—— 1®e — 1 ®1i0q

ey 1®es — 1 ®i01092

es +— ieg ®eep — id1 (e1) ® o

In generally, let ¢, : Cl,, — Mat (C, 27) be irreducible complex representation of Cl,,
such that (pm (€;))" = —pm (€;) , where p = 2 if m is even and p = 2L if m is odd.

The irreducible skew-hermitian representation of Clifford algebra Cl,, 2 is obtained as

the map
Clpy2 — Cl,®Cly, — Mat(2°,C)® Mat (2,C)
e1 — 1®e; — I ®ioq
€2 — 1®es — I ®iocio9
es —  dep @ejeg — iom (e1) ® o2
Eemta +—— deqm Qejeg — iOm (em) ® oa.

Let us define
C) = I®i01,02 = I®i0'10'2,C3 = Z(bm (61) X oo, - ,Cm+2 = Z(bm (em) X 9.

These matrices satisfy

CZ* = _Ci7 012 = —I, CZC] +C_]CZ = 0, fOI' Z #]

1. Now we can find Cy;—p, (n) = 2b+1, n X n complex skew-hermitian matrices, where

n = (2a +1)2° is as follows:
Let {C1,Ca,- - ,Copy1} be a family of 2° x 2 type matrices which are obtained by

irreducible, skew-hermitian representation of Clifford algebra Clgy1 as above. Let
I be the unit matrix of type (2a + 1) X (2a + 1), then

D; =1®C;, 1<i<2b+1

are n X n matrices and they also satisfy

D} = —D;, D? = —I, D;D; + D;D; = 0, for i # j.
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The non-trivial linear combinations with real coefficients of the family of matrices

{D1, D, ..., Dapt1} are non-singular: If

2b+1
D= ZﬁiDi
i=1
then D? = — (ﬁf + 6%+ ... +6§b+1) I . Since det(D?) # 0, we get det D # 0.

. We can define a new family of matrices { E1, Fs, ..., E2p4+1} using the above family of

the matrices by E1 =iDq, E5 =iDs, -+, Eopt1 = iDapy1. These matrices satisfy

Ef =FE;, E? =1, B;E; + E;E; = 0, for i # j.

k k

Then non-trivial linear combinations F = Y v, E; =i Y. 7;D; with real coefficients
i=1 i=1

of the family of matrices {Fy, Eo, -, Fapy1} are non-singular. Therefore we ob-

tained Cp, (n) = 2b+ 1, n X n hermitian matrices.

. The construction of C (n) = 2b+ 2, n X n type complex matrices:

Consider the family {E1, Ea, ..., Eapy1,il} where Eq, Fs, ..., Eopiq as above and il

is ¢ times the n X n unit matrix. Let
2b+1
E=> NE;+\l
=1
be a nontrivial linear combination with real coefficients. Then we can write
EE*= (AT 4+ X4+ A3, +A%) L

Hence E is non-singular.

. In order to find C; (n) = p (%) + 2 complex symmetric n x n matrices, we must add

the symmetric matrix ¢I to the p (%) + 1 real symmetric n x n matrices, as in 1.2.

Hence we obtain the family of matrices

{B1. B2 By il |
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Let B = Y \;B; + Xil, where m = p (%) + 1. Since
=1

J
SNBi XL [ > NB; =ML | = (A + M+ + X2, + %) 1
j=1 j=1

the nontrivial linear combination B with real coefficients is non-singular.

Construction of Quaternionic matrices

H(n)=Hs(n) =p (%) +4, n x n quaternionic symmetric matrices can be found as

follows. We know that there are R, (n) = p (%) + 1, n X n real symmetric matrices

given 2.1. Let {Bl,Bg, s Bp(ﬂ)_H} be real symmetric matrices. Let us add the
2

symmetric matrices I, jI, kI to this family where I is a n X m unit matrix. Then

the family

2

{ B, Bay s By i, LRI |

has p (%) + 4 members and they are n X n symmetric quaternionic matrices. Take

the non-trivial linear combination with real coefficient of these matrices:

q
B =Y \;B;+ ayil + ajl + askl,

=1
where q:p(%) +1 Since
BB = (M 4+ X+ -+ A+ a+ad+ad)l,

det (BB*) # 0. Hence B is non-singular.

. Hy (n) = H (%) +1=p (%) + 5 hermitian matrices of type n x n are obtained

by using representation of Clifford algebra Cl; ;. Cly ) is the real Clifford alge-
bra over the real vector space R'** with the quadratic form ¢ : R'*F — R,

q (1, w2, xp wpg1) = (2F + 23+ +af — a3, ) ; (see [4]).
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Let {Bi, Ba, ..., By—1} be the family of matrices of type (%) x (2) as in 2.1. Then

we can define the following map:

Yop-1: Clog—1 — Mat(%,R)
& — Yk (&) = Bi,

where k — 1 = p (%) + 1. This map is a real representation of Clifford algebra
Cly y—1. Also the map

Y11 Chyp — Mat (2,R)
g1 —  Yri(er) =01

er +— P11(e1) = 0102

is a representation of the Clifford algebra C'l; ; where o1 and o asin 2.1. Moreover,
11,1 is an algebra isomorphism. By using the maps g x—1 and 11,1 we consider the

tensor product map 1o x—1 ® Y11

Yok-1® Y11 : Clog—1 ® Cli,y — Mat (%,R) ® Mat (2,R) = Mat (n,R)
(Yo,k—1 @ 9P1,1) (u®v) = o k-1 (u) @ P11 (v),

where Mat (n,R) is the set of all n X n real matrices. The map Yo, k—1 ® Y11 is an
algebra homomorphism. It is known that Cl; ; = Cly -1 ® Cly,;. We can get a
real representation n ;, of the Clifford algebra C!; j, which is defined on generators

as follows:

Chy — Clyp-1®Cliy — Mat(n,R)

€1 — 1®e — I ®o

€9 — &1 ®e1e1 — Bi1®os

€3 — &2®e1e1 — DBy ®o3

€4 — &3®e1e1 — DB3® o3
e e .

€k — &-1®¢e1e1 — Br_1®o02

el — 1®e — I ®o0109.

The image of the generators ¢;, 1 < ¢ < k and e; of Cl; under the above

homomorphism are the matrices we are looking for. Note that e1,e9, -+, ek, €1
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is a g-orthogonal basis for R!** such that ¢ (¢;) = —1 for all j and g(e1) = 1 (see
[4] on page 26). Define

F=I®o1, Fo=B1®o2, F5=DBy®Qoa, -+, Fy=DBx_1 @092, Fyy1 =1® 0109.

Consider the family

{F1, By FyiFyy1, jFg 1, kFgqa )

Note that this family has k+3 = p (%) + 5 members. These matrices satisfy
FP=Tfor1<i<kF, =—I,FF;+F;F;=0, fori# j.
Elements of this family are quaternionic hermitian and their nontrivial linear com-

bination with real coefficients are non-singular. Let

k
F= Z)\ij + B1iFg41 + B2jFry1 + B3k Flia

Jj=1

be a non-trivial linear combination with real coefficients. Since

k
FP= Y N+8+8+6 |1

j=1
F? is non-singular, so is F.

3. Hop—n (n) = H(n) — 1 = p(%) + 3 skew-hermitian matrices of type n x n are
obtained as follows. Representation of Clifford algebra Cl}, ; will be used to obtain
skew-hermitian matrices of type n x n, where k = p (%) Cly,1 is the real Clifford
algebra over the real vector space R¥*! with the quadratic form ¢ : RFt1 — R,

q (1,29, Ty Tpy1) = — (w% + a3+ +ai —x%_ﬂ); (see [4]).

Let {A1, Ag, ..., Aj_1} be the Radon-Hutwitz family of matrices of type (%) x (%).

Then we can define following map

Yr—10: Cly_10 — Mat (%,R)
€ — 1pk: (ei) = Ai-
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This map is a real representation of Clifford algebra Cly_; . Also consider the
map Y11 : Cli,; — Mat (2,R). Consider the tensor product map ¥x_1,0 ® 11,1 of
Yr—1,0 and Y1 1.

The map 9;_1,0 ® 1,1 is an algebra homomorphism. Since Cl 1 = Cly_10® Cly 1
we can get a real representation vy ; of the Clifford algebra Clj; ; which is defined

on generators as follows:

Clyn — Cly10®Cligy — Mat(n,R)

el N 1®e — I ® o109
ez — e1 ®erer —  A1®o
es — e2 ®erey —  Ay®o
€4 — ez ®ereg B Az ® o2
e, — ep_1Re1e — A1 ®o02
€1 N 1®e — I®o;.

The image of the generators e;, 1 < i < k and &; of Cl;; under the above

homomorphism are the matrices we are looking for. Define

G =1® 0102, G2 = A1 ® 09,
G3=A4Q09, -+ ,Gpr=Ak_1®02, Gpp1 =1 R o07.

Let us consider the family

{G1, G2, Gry iGry, jGrgr, kGl }
Note that this family has k+3 = p (%) + 3 members. These matrices satisfy
G} =—-Ifor1<i<kGi, =1GG;+G;G;=0fori#j.

Elements of this family are quaternionic skew-hermitian and nontrivial linear com-

bination with real coefficients are non-singular. Let

k
G= Z)\jGj + 51i1Gr41 + B2jGri1 + B3k Gl

j=1
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be a non-trivial linear combination with real coefficients. Since
k
GC=— D N+8+8+6 |1,
=1
G? is non-singular, so is G.

3. Some Analogues of Radon-Hurwitz Theorem:

As a result of the above calculations we can express some analogues of Radon-Hurwitz

theorem as follows:

1. The maximum number of n x n real orthogonal matrices {Bj, Ba, ..., B} satisfying
the relations B? = I, B;B;j + B;B; =0for i # jis p (%) + 1.

2. The maximum number of n X n complex unitary matrices { Dy, Da, ..., Dy} satisfying
the relations D? = —I, D;Dj + D;D; = 0 for i # j is 2b+ 1.

3. The maximum number of n X n complex unitary matrices {E1, Fs, ..., Ei} satisfying
the relations E? = I, E;E; + E;E; = 0 for i # j is 2b + 1.

4. The maximum number of n X n quaternionic unitary matrices {Q1, @2, ..., Qx}
satisfying the relations Q7 = I, Q;Q; + Q;Q; = 0 for i # jis p (%) + 4.

5. The maximum number of n X n quaternionic unitary matrices {Q1, Q2, ..., @k}
satisfying the relations Q% = —1I, Q;Q; + Q;Q; =0 for i # j is p (%) + 5.
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