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An Investigation on a Subclass of p-Valently Starlike
Functions in the Unit Disc

Y. Polatoglu, M. Bolcal, A. Sen and E. Yavuz

Abstract

Let A, denote the class of functions of the form f(z) = 2P4-ap+12P T +ap22P T2+
- which are regular and p-valent in the open unit disc D = {z : |z| < 1}. Let M, («)

be the subclass of A, consisting of functions f(z) which satisfy Re (z ’;,((ZZ))) < a,

(z € D) for some real a (a > 1).
The aim of this paper is to give a representation theorem, a distortion theorem
and a coefficient inequality for the class M, («).

Key Words: Starlike and convex functions, distortion theorem, coefficient inequal-
ity.

1. Introduction

Let Q be the family of functions w(z) which are regular in the open unit disc D and
satisfy the conditions w(0) =0, |w(z)| < 1 for z € D.
Let, A, denote the class of functions f(z) of the form

f(2) = 2P +ap 2P +appa T4 (1)

which are analytic and p-valent in the open unit disc D.
Finally, let M, () be the subclass of A, consisting of functions f(z) which satisfy the
inequality

Re(z‘;/((j))><a, z€D, a>p. (2)
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This class was introduced by S. Owa and H. M. Sirivastava ([3], [4], [5]).

Definition 1 (/1)) Let f(z) and g(z) be analytic functions in the open unit disc D. Then
we say that the function f(z) is subordinate to g(z), written f < g, if there exist as an
analytic function w(z) in the open unit disc D such that w(0) = 0, |w(z)] < 1 and
f(2) = g(w(z)) forall z € D.

In particular, if g(z) is univalent in D then f < g if and only if f(0) = g(0) and
f(D) € g(D).

The following lemma, known as the Jack’s Lemma, is needed in the sequel.

Lemma 1 (/2]) Let w(z) be a non-constant and analytic function in the unit disc D with
w(0) = 0. If |w(z)| attains its mazimum value on the circle |z| = r at the point zo, then
zow' (20) = kw(z0) and k > 1.

2. Main Results

In this section we derive a representation theorem, a distortion theorem and a coeffi-
cient inequality for the class Mp(«).

Lemma 2

f(2) € My(a) & (z
Proof. Let us define the function p(z) by

A0
RO

p(z) = o

for f(z) € Mpy(a). Then p(z) = 1+ p1z + p22? + -+ is analytic in D, p(0) = 1 and
Rep(z) > 0 (z € D). Hence we have

Ltw() . a—=i

Towi M=oy
['(2)  p—(2a—pw(z) Zf@) p—(2a —p)z
SO O O
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Conversely
fz) . p—Qa-p) oG 1twe) _ (2) =
Zf(z) 1—z2 a—p _1—w(z)_p2
f'(z)
Re (z ) ) < a.

Theorem 1 If f(z) € A, satisfies

(45-5) < 2

, 3)

then f(z) € My(a).

Proof. The linear transformation

2(p — a)z
wy = h(z) = 7(]i — z)
maps |z| = r onto the circle centered at C(r) = % and having the radius p(r) =

2@-p)r Therefore h(D) is contained in the closed disc centered at C(r) with radius p(r).

1—r2

On the other hand, if we define the function w(z) by

fz)

zp

= (1—w(z)) 27, (4)

where (1 — w(2))~2(P=%) has the value 1 at the origin, then w(2) is analytic in D, and
w(0) = 0. If we take the logarithmic derivate of equality (4), simple calculations yield
f'(2) 2(p — a)zw'(2)
2 _

o P T we ®)

Now it is easy to realize that the subordination (3) is equivalent to |w(z)| < 1 for all
z € D. Indeed, assume the contrary. There exists zg € D such that |w(z9)| = 1. Then
by Jack’s lemma, zow’(z9) = kw(zp) and k > 1, for such zy € D, we have

flzo) 20— a)kw(z)
) P T T Towie) h(w(zo)) & h(D)
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because |w(zp)| = 1 and k > 1. But this contradicts condition (3) of this theorem and
so |w(zp)] < 1 for all z € D. The sharpness of the result follows from the fact that

% = (1 — w(2))~2P=%) implies sz,((zz)) —-p= 72(;:1)(12)@) = h(z).

On the other hand we have

f'z) 20—a)x  f'(2) _p—(2a-puw(z)
(Zﬂ@ p)* -z k) —w(z)

which shows that f(z) € Mp(«) (by using Lemma 2). The sharpness of the result follows

from the fact that % = (1 — 2)72(P=) implies (2% - p) =< ﬂ%lx)z. O

Corollary 1 If f(z) € My(«) then f(z) can be written in the form f(z) = 2P(1 —
w(2)) 2P~ w(z) € Q. Therefore the function f.(z) = u_z)zfp(p,a) belongs to the class
My(a).

Theorem 2 If f(z) € My(«), then

(L= P < )] < PP (L ), (6
This result is sharp, since the extremal function is fi(z) = u_z)zfp(p,a)
Proof. The linear transformation
_ _p—(2a—p)z
we = wa(z) = -
maps |z| = r into the circle
p—(2a—p)r*| _2(a—p)r
— < . 7
‘w2 1—7r2 - 1-r2 (™)

On the other hand, by using Lemma 2, the definition of subordination and (7), we get

S p—(2a—pp?
f(2) 1—1r2

The inequality (8) can be written in the form

—2(a—p)r — (2a — p)r? "(z 2(a — p)r — (2a — p)r?
p—2 ?_ﬂ( p) §R6G§é3>§p+ ( ?lT; D)

2((1 _p)T. (8)

<
- 1-r2
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Since

') —TEO z zl=r
e (+28) = r L ogli ) o=

and by (9), we obtain

p—2(a —p)r — (2a — p)r?

p+2(a = p)r — (2a — p)r?
r(l+7)(1—r) '

r(1+7)(1—r)

9
< 5 loglf(2)] <

Integrating both sides of this inequalities from 0 to r we obtain (6). O

Corollary 2 The radius of starlikeness of the class M,(a) is

_ b
rs = .
20— p
This radius is sharp because the extremal function is f.(z) = u_z)zfp(p,a)
Proof. By using the inequality (9), we get
/ _ _ _ _ 2
re (L)) s p=2a—pr— Q2a—pp” (10)
f(2) 1—r?

Since r < rg, the left hand side of the preceding inequality is positive, which implies that

p
200—p°

rs =

Also note that inequality (10) becomes an equality for the function

2P
+@) = g
It follows that
re= —2
T 2a—p
and the proof is complete. O
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Theorem 3 If f(z) = 2P + api12P T + api22PT2 + -+ belongs to My(«), then

k—1
1

japsil < 5 [] 200~ p) +m.
" m=0

Proof. Using Lemma 2, we get

o G

pe) = — 2 @ 2 () = af () + (0 ) (Ip(2)

PP+ (p+ 1)ap1 2P+ (p+2)ap22 T2 4+ (P +E)app 2Pt 4o =
(2P + aaps12PT 4+ aape2P T2+ aapy TR ) +

(= @) (2 + aps1 2P+ apo2?*? o app 2P )
(T+prz+p2® 4+ +przh ).

Evaluating the coefficient of 2P** in both sides (13) gives

apir; + p(aprk + P1apri—1 + P2apik—2 + - + Pr—1ap1 + Di)
—a(apk + P1aprr—1 + P20pik—2 + -+ Pr—1apt1 + Pi)-

(p + k)ap-i-k = {

On the other hand, we have that

[pn| < 2.

If we consider the relations (14) and (15) together, then we obtain

2a-p) ¢
|aptr| < T r Z |aptm—1l, lap| = 1.

m=1

To prove (11) we will use the induction principle.
Now, consider inequality (16) and the following inequality:

k-1
1

lap+k| < 2l H 2(a —p) +m.
" m=0

The right hand sides of these inequalities are the same, because
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For k = 1:

0
1
|apt1| < —,H a—p)+m=2(a—p).

2(a—p)
|apt1| £ ——— Z |aptm—1] = 2(a — p);

For k = 2:

apszl < o7 T] 200 =) +m = 20— p)(2e—p) + 1)
" m=0

ol € 2022 5 1= O 4 o) = L2 p)2@— )+ )

m=1

Now, suppose that this result is true for £ = ¢t. Then we have

t—1
|ap+t|<—Hw+m:»

1
lap+e| < (@)@ +1)(z +2) - (z + (= 1)). (18)
L
|lap+t]| < r Z |lap+e—1] =
m=1
lap+e] < — (1 + lapt1] + laptel + - + |apre-1l), (19)

where x = 2(a — p).
From (18), (19) and the induction hypothesis, we get

%(w+1)(w+2)---(w+(t—1))=

=+ 8

(1+ |ap+1| + |ap+2| +oo Tt |ap+t—1|) =

S D@2+ (1)) =

SN

(1+ |ap+1| + |ap+2| +o 4t |ap+t—1|) =

fif 1( +D(@+2)--(z+(E-1)) = f:f

(1+ |ap+1| + |ap+2| +oo Tt |ap+t—1|) =

wl}—l
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,5.%1[%(1 + |ap+1| + |ap+2| +oo Tt |ap+t—1|)

(w+1)(w+2)---(w+t):{

(t+ 1)t +(1+ [apri| + apral + -+ lapre-a)] =
! (@+1)(z+2) - (z+t)= |ap+t|+—1 (1 + |apt1] + lapya] + -+ a ) =
(t-‘rl)! t+1 t+1 p+1 p+2 ptt—1
1 1
(t + 1)!(x+ Da+2)-(e+t) = t+1 (Lt lapra] + lapa| + -+ lapri—a| + lape]) =
X
(t+1)!(w+1>(w+2>---(w+t> = At lapmal +lapea] +- Flapel) - (20)

Equality (20) shows that the result is valid for k = ¢ + 1. Therefore, we have (11) and
the proof is complete. O
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