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Basic Properties and Multipliers Space on
L' (G)N L (p,q) (G) Spaces

Ilker Eryplmaz, Cenap Duyar

Abstract

Let G be locally compact Abelian group with Haar measure. First is discussed
some properties of L' (G) N L (p, q) (G) spaces. Then is mentioned the multipliers
space on L' (G) N L (p,q) (G) spaces.

1. Introduction and Preliminaries

Let G be a locally compact abelian group with Haar measure p. The spaces BP (G) =
L' (G)NLP(G), 1 < p < oo have been studied in [11], [13] and the others. The space
BP (G) is a Banach algebra with respect to the norm ||| 5, defined by || f|| z» = [IfIl,+] 1,
and the usual convolution product. The purpose of this paper is to extend some of the

results on BP (G) to spaces
B(p,q) (G) = L' (G)N L(p.q)(G),

and to discuss the properties of multipliers spaces of B (p,q) (G), where L (p,q) (G) is
the usual Lorentz spaces. Many authors are discussed the space of multipliers of Segal
algebras, multipliers from L' (G) into Segal algebras and multipliers from L' (G) into
Banach spaces of functions in literature. Some of them are multipliers from L' (G) into
Lorentz spaces in [3], multipliers of Banach spaces of functions in [5] and multipliers
on L? (G, A) in [8]. The techniques mentioned in this papers will be used frequently.
For convenience of the reader, we now review briefly what we need from the theory of

L (p, q) (G) spaces.
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Let (G, 3, 1) be a measure space and let f be a measurable function on G. For each
y >0 let

A () =pl{zeG: |f(z)] >y}

The function Af is called the distribution function of f. The rearrangement of f is
defined by

fF@)=mf{y>0: A (y) <t }=sup{y>0:Ar(y) >t}, t>0,

where inf ¢ = co. Also, the average function of f is defined by

t

f**(t):%/f* (s)ds , t>0.

0

Note that Ay (-), f* (-) and f**(-) are non-increasing and right continuous on (0, c0)
([2]). For p,q € (0,00) we define

q

10 = Mg = | 2 / @)
_ _ Q ok q %—1 '
g = 1= | 2 / TR0

Also, if 0 < p,q = co we define
1 1
[flly0c =suptr f*(t) and |[If[l, . =suptsf(t).
t>0 >0

For 0 < p < 00 and 0 < g < 00, the Lorentz spaces are denoted by L (p, q) (G, 1) (or
in short, L(p,q)(G)) is defined to be the vector space of all (equivalence classes of)
measurable functions f on G such that HfH;q < 0o0. We know that ||f|\;p = || fll, and
so LP (u) = L (p,p) (G) where LP (1) is the usual Lebesgue space. Also, L (p,q1) (G) C
L (p, q2) (G) for g1 < ¢o. In particular,

L(p,q1) (G) € L(p,p)(G) = LP(G) C L(p, q2) (G) C L (p,0) (G)
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for 0 < 1 < p < g2 <00 ([2,6]). It is also known that if 1 < p < co and 1 < ¢ < oo,
then

* p
1£15q < N1l g < p— /1

*
p.q

for each f € L(p,q)(G) and (L (p,q) (G) ) is a Banach space ([6, 7]).

) ||.Hp7q
In [14], it was found that B (p, q) (G) is a normed space with the norm ||-||; defined
by [|-llz = I, + [Ill,, , and is a Segal Algebra; namely, it satisfies the properties:

1. (B(p,q).l|ll|g) is @ Homogeneous Banach space
2. B(p,q) (G) is a Banach algebra with its norm |||z > |||,
3. B(p,q) (G) is a dense subspace of L' (G) according to |-||, norm.

Before beginning the next part of the paper, let’s give some basic propositions about
B (p,q) (G) which are easy to prove using the properties of L(p,q)(G) mentioned in
[1],[2],[3],[6],[7] and [14]. On the other hand, we will say a few words about proofs of

some propositions.

Proposition 1 (B (p,q), ||-||g) is strongly character invariant and the map f — M;f
and the function t — Myf are continuous where M, f (x) = (x,t) f(x) for oll f €

B(p,q),z€G andt e G ([3],[12)).

Proof. L' (G) and L(p,q)(G) are strongly character invariant and the functions
t— M;f and f — M;f are continuous in both spaces. O

Proposition 2 For 0 < ¢1 < p < g < 00, we have the following inclusions as similar to
Lorentz spaces [2],[6] and [12]

B(p,q1)(G) € B(p,p) (G) = B?(G) C B(p,q2) (G) C B (p,0) (G).

Proposition 3 (B (p,q).||5) has a minimal approzimate identity in L' (G) for 1 <
p<ooandl<g<oo ([9])

Proposition 4 (B (p,q),|||5) is an essential Banach L' (G)-module.
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Proof. Let fe L'(G)and g € B(p,q). Since L (p,q) is an essential Banach L! (G)-
module for 1 < p < 00, 0 < g < o0, ([1]) we have

1F#gllp = 1F*glly + 11 *gllpg <11fl1 N9l 5-

Also, by using the approximate identity of L' (G), say (eq); we have |leq*g —gllz —
0. Therefore we get that (B (p,q), || 5) is an essential Banach L! (G)-module. O

2. Multipliers space on B (p,q) (G)

Let us denote the space of all bounded linear operators on B (p, q) as Mp,, which is a
Banach algebra under the usual operator norm. Besides this, let Homp1(g) (B (p,q) (G) ,
B (p,q) (G)) be the space of all module homomorphisms of L! (G)-module B (p, q) (G),
that is, an operator T € My, satisfies T'(f*g) = f x T (g) for all f € L' (G) and
g € B(p,q) (G). The module homomorphisms space, called the multipliers space

Hompi(c) (B (p,q) (G), B (p,q) (G)) = Hompic) (B (p,q) (G))

is a Banach L' (G)-module by (foT)(g) = f*T (g9) =T (f * g) for all g € B (p, q) (G).
Now, let us fix f € L' (G) and define Wy : B (p,q) — B (p,q) as W¢(g) = f = g for
all f € L' (G) and g € B (p,q). It is easy to see that W; is linear and bounded.

Proposition 5 The set

A=Sspan{W; | TEL (G =Wy | JeL' (@)

is a complete subalgebra of My, and it possesses a minimal approzimate identity.

Proof. By the definition of A, it is easy to see that A is a complete subalgebra of My,
under the operator norm with usual composition. For each f € L' (G) and h € B (p, q),
if we define Wy (h) = f = h, then we have

Wil = sup [Wy(h)llg= sup [fxhllg<Ifl, (1)

Al p<1 Al p<1

and for all f,g € L'(G), h € B (p, q), one can write
Wy =Wy)(h) = fxh—gxh=(f—g)xh=W;s4(h) (2)
(WroWq)(h) = Wys(gxh)=[frgxh=Wpg(h).
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Let f € L' (G). Using (1),(2) and the minimal approximate identity of L' (G) say (eq),
we get
i [[We, o Wy = Wl| = Tim|[We,.p — Wyl

= m|[We .r—sll
(67

IN

@Hea*f_ﬂh:o-

Consequently, we have lim |[W,,_, oT —T|| =0 for all T € A. O

Proposition 6 The space A is a complete subalgebra of Hompi(ay (B (p,q) (G)).
Proof. Let f € L' (G), then Wy € M,,. Since B (p,q) is an essential Banach L! (G)-

module, we have

Wi (g#h)=f*gxh=gxWy(h)

for all g € L' (G) and h € B (p,q). Thus Wy belongs to Homp () (B (p,q) (G)). Since
Homypi(q)y (B (p,q) (G)) is a Banach space under the usual operator norm, A is a com-
plete subalgebra of Homp1(q) (B (p,q) (G)). O

Proposition 7 The space A is an essential Banach L' (G)-module.

Proof. Let g € L' (G) and Wy € A. Define go Wy : B(p,q) — B(p,q) by letting
(goWy)(h) =W; (hxg) =Wy (g*h) for each h € B(p,q). In this case, we find

lgoWyll = sup [[(goWy)(h)llg= sup [[Wy(gx*h)lg
[l p<1 [l 5 <1
< Wyl sup [lg*hllg < Wyl llgll; -

Al p<1

As a result, A is a Banach L' (G)-module. On the other hand, since L!'(G) has a
bounded approximate identity (e, ), (eo > 0) which is in C. (G), the set of all continuous

functions with a compact support, such that it is also an approximate identity in B (p, q)
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by proposition 3. Then, for any Wy € A, we have

lea oWy =Wyl = sup |[(ea oWy —Wy)(u)llg

llull <1

sup ||fxuxeq — frulg
lull <1

IN

sup |[f *ea = flly [ull
lull 5 <1

= If*ea—fly—0

by proposition 4. Therefore A is an essential Banach L' (G) -module. Also for any
f €L (GQ) and W, € A, we have

lim|f ~ foWe,| = nm< sup II(f—foWea)(u)IIB>

@ A\ullp<t

@ A\ullp<t

= lim< sup ||f*u—6a*(f*“)||3>

IN

lim <| sup ||f —ea* fl; ||“||B>

@ A\ullp<t

IN

li£n||f—ea*f||1 =0.

So f € L' (G) o A, namely f € A. That is to say L' (G) C A. O

Proposition 8 Let T' € Hompi(g) (B (p, q) (G)). Therefore T oW € A for each W € A.
Proof. Since B (p,q) (G) is a Segal algebra, it is easy to see that

A =span{Wy | fe L' (G)} =span{W, | g€ B(p,q)(G)}.

Let us take any W, € A. Then for all h € B (p, q) (G), we get

(ToWy)(h)=T (g% h)=T(g)*h=Wrg (h)

and T oW, € A, since T (g) € B (p,q) (G). Now take any W € A. By the definition of A,
for all e > 0 we can find g € B (p, q) (G) such that |W — W,|| < - Since T'o Wy € A
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and T is bounded on B (p, q) (G), we have

[ToW —=ToW,| = Hhshup<1|l(T°W)(h)—(ToWg)(h)IIB
= sup [[T(W(h)—-T(g*h)lp
Il 5 <1

< T sup [[W(h) =g hlg
Il <1

= Tl sup W (h) =Wy (D)l
Il <1

= TIHW =Wl <e.

Therefore we say that T o W € span{W, | g€ B(p,q) (G)} = A. O

Theorem 9 Let G be a locally compact abelian group. Then M (A), the space of multipli-
ers on Banach algebra A, is isometrically isomorphic to the space Homp1(q) (B (p, q) (G)).
Proof.  Define a mapping ¥ : Homp(q) (B (p,q) (G)) — M (A) by letting ¥ (T') = pr
for each T € Homp1 () (B (p,q) (G)), where pr (S) =T oS for all S € A. Note that ¥ is
well-defined by Proposition 8; and moreover, if pp (So K) =T oS o K = pp (S) o K for
all S, K € A, then we see that U (T') = pr € M (A). It is obvious that the mapping ¥ is
linear and injective. Also, for T € Hompi(a) (B (p, ) (G)) and any S € A, we have

[TeS| = sup [(TeS)(9)lp= suwp [T(S(9)ls
lgll 5 <1 ol 5<1
< T sup (1S (9)llg = TSI
lollz<1

and so we can obtain the relation

lpr ()| TS|
pr|| = sup——=—++ = sup < |7l
oz sea |19 sea ISl I7I

On the other hand, since {W,_} is a minimal approximate identity for the space A, we
get

[T 5] [T o We. |l

llpr|l = sup > sup-————
sea S| o  [[We,ll

Zsup [T o We, || = [[T]]
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and [|pr || = [IT-

Finally we show that the mapping ¥ : Hompi(q) (B (p,q) (G)) — M (A) is onto.
Let p be an element of M (A) and (e,) an approximate identity for L; (G). Since
A C Hompi ) (B(p,q)(G)) and peq € A, for any f € L' (G) and g € B (p,q), we
have

pea (f*9) = (f o (pea)) (9) - 3)
Also M (A) € Hompi(q) (A) implies that
p(f *ea)(g) = (f o (pea)) (9) - (4)
Therefore by (3) and (4), we get
pea (f*9) = (fo(pea)) (9) = p(f*ea)(g).
So for each f € L' (G) and g € B (p, ), we obtain

lim [p(f *ea) (9) =pf (9l = lmll(p(f*ea) = 2f) (95
= lim|p(f*ea—=1)(9)ls

lim{lp(f *ea = Al 9l s

IN

IN

Il im [1f e = £l llgll 5 =0
Thus we get

lim (peq) (f * g) = lim (f o (pea)) (9) = limp (f * ea) (9) = pf (9) -

Since the space B (p,q) is an essential Banach L! (G)-module by proposition 4, the
limit of (peq) (f*g) = (f o (peq)) (g) exists and equal to f T (9) € B(p,q) while T
is an operator in Hompi () (B (p,q)). Therefore, since the limits lim (peq) (f * g) =

lim (f o (pea)) (9) = pf (g) exist, we can write f o T = pf for all f € L' (G). Then

eqoT oW = (pey) oW = p(eq o W) can be written for all W € A. By proposition 7, for
all W e A, weget ToW = p(W) or pr (W) = p(W). Therefore pr = p. O
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