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On Some Algebraic Properties of Semi-Discrete

Hyperbolic Type Equations
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Abstract

Nonlinear semi-discrete equations of the form t,(n+1) = f(t(n),t(n+1),tz(n))
are studied. An adequate algebraic formulation of the Darboux integrability is
discussed and an attempt to adopt this notion to the classification of Darboux

integrable chains has been undertaken.
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1. Introduction

The notion of integrability has various of meanings. Different approaches and methods
are applied to classify different types of integrable equations (see [1], [8]-[11], [14], [15],
[17] and [20]).

Investigation of the class of hyperbolic type differential equations of the form

Umy :f(xayauaul‘au’y) (1)

has a very long history. Various approaches have been developed to look for particu-
lar and general solutions of these kind equations. In the literature one can find sev-

eral definitions of integrability. According to one given by G. Darboux (see [5], [7]),
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equation (1) is called integrable if there exist functions F(z,y, u, ts, Uy, ..., D7u) and
G(2,Y, U, Uy, Uyy, ..., Dyu) such that arbitrary solution of (1) satisfies D,F" = 0 and
D,G = 0, where D, and D, are operators of differentiation with respect to x and y.
Functions F' and G are called y- and z-integrals of equation (1), respectively.

An effective criterion of Darboux integrability has been proposed by G. Darboux
himself. Equation (1) is integrable if and only if the Laplace sequence of the linearized
equation terminates at both ends. The reader may find the definition of the Laplace
sequence and the proof of the criterion in [3], [19]. A complete list of the Darboux

integrable equations of the form (1) is given in [21].

1.1. Characteristic Lie algebras. Continuous Case.

An alternative method of investigation and classification of the Darboux integrable equa-
tions has been developed by A. B. Shabat in [18], based on the notion of characteristic

Lie algebra. Let us give a brief explanation of this notion. Define two vector fields as

0 0 0 0 0
T = — — —+ D, - Ty = —.
! oy ity ou + f@ux + (£) OUgy + 2 duy

Denote by L, the Lie algebra generated by 77 and T5. Any vector field T" from L, satisfies
TF = 0. Algebra L, is called the characteristic Lie algebra of equation (1) in the direction
of y. Characteristic Lie algebra in the z-direction is defined in a similar way. By virtue
of the famous Jacobi theorem, equation (1) is Darboux integrable if and only if both of
its characteristic Lie algebras are of finite dimension. In [16] and [18] the characteristic
Lie algebras for the systems of nonlinear hyperbolic equations and their applications are
studied.

1.2. Characteristic Lie Algebras. Semi-Discrete Case.

In this paper we study semi-discrete chains of the form

tie = f(t, t1,tz) (2)

from the Darboux integrability point of view. The unknown ¢ = ¢(n,z) is a function
of two independent variables: one discrete m and one continuous z. It is assumed

that % # 0. Subindex means shift or derivative, for instance, t; = t(n 4+ 1,z) and

t, = %t(n, x). Below we use D to denote the shift operator and D, to denote the z-
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derivative: Dh(n,z) = h(n +1,2) and Dyh(n,x) = %h(n, x). For the iterated shifts we
use the subindex: D/h = h;.

The characteristic Lie algebra has proved to be an effective tool for classifying non-
linear hyperbolic partial differential equations. This concept can be extended to discrete
versions of partial differential equations (see [12]). Discrete models have become rather
popular in the last decade because of their applications in physics and biology (see survey
[22]). The problem of classification of the discrete Darboux integrable equations is very
important and, to our knowledge, still open.

In accordance with the continuous case, function I = I(x, n,t, ty, tzy, ... D2't) is called
an n-integral of the chain (2) if it satisfies the equation (D — 1)I = 0. In other words,
n-integral should still be unchanged under the action of the shift operator DI = I, (see

also [2]). One can write it in an enlarged form:
I(x;n + 1)t1) f) fl‘) f(L‘(L‘) ) = I(xﬂn)tatl‘)tl‘l‘) ) (3)

Notice that it is a functional equation, the unknown is taken at two different ”points”.
This circumstance causes the main difficulty in studying discrete chains. Problems of this
kind appear when the symmetry approach is applied to discrete equations (see [4], [6]).
However, the concept of the Lie algebra of characteristic vector fields can serve as a basis
for chains’ investigation.

Introduce vector fields in the following way. Concentrate on the main equation (3).
The left hand side of (3) contains the variable ¢;, while the right hand side does not.
Hence the total derivative of the function DI with respect to t; should vanish. In other

words, the n-integral is in the kernel of the operator Y7 := D_laitlD. Similarly one can
check that I is in the kernel of the operator Y := D‘Q%DQ. Really, the right hand

side of the equation D?I = I, which immediately follows from (3), does not depend on
t1, therefore the derivative of the function D?I with respect to t; vanishes. Proceeding
this way one can easily prove that for any j > 1 the operator Y; = D=7 %Dj solves the
equation Y;I = 0.

Rewrite the original equation (2) in the form
t—ll‘ = g(tat—lat(t)' (4)

This can be done because of the condition % # 0 assumed above. In the enlarged form

the equation D~'I = I looks like

I(x;n - 1)t—1)g)gl‘)g(£l‘) ) = I(xﬂn)tatl‘)tl‘l‘) ) (5)
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The right side of equation (5) does not depend on t_; so the total derivative of D=1I

with respect to t_; is zero, i.e. the operator Y_; := D%D‘l solves the equation

Y_1I = 0. Moreover, the operators Y_; = Dj%D_j , j > 1, also satisfy similar
conditions Y_;I = 0.

Summarizing the reasonings above one can conclude that the n-integral is annu-
lated by any operator from the Lie algebra L, generated by the set of operators Y =

{0 Y2, Y 1,V (,Y0, Y1, Y, .., }, where Yy = 22 and Y. = 52

The algebra L,, consists of the operators from the set ), all possible commutators
and linear combinations with coefficients depending on the variables n and z. Evidently

equation (2) admits a nontrivial n-integral only if the dimension of the algebra L, is

finite. However the converse is not true: dimL, < co does not imply the existence of
n-integrals. By this reason we introduce another Lie algebra, called the characteristic
Lie algebra L,, of equation (2) in the direction of n. First we define in addition to the

operators Y7, Ys, ... differential operators X; = % for j > 1.
—j

The following theorem (see [13]) allows us to define this characteristic Lie algebra.

Theorem 1.1 Equation (2) admits a nontrivial n-integral if and only if the following
two conditions hold:

1) Linear space spanned by the operators {Y;}3° is of finite dimension. Denote this
dimension by N.

2) Lie algebra L, generated by the operators Y1,Ya, ..., Yn, X1, Xa,..., XN is of finite

dimension. We call L,, the characteristic Lie algebra of (2) in the direction of n.

Note that elements of the algebra L,, are operators acting on locally analytical func-
tions of a finite number of the dynamical variables: ¢, t41, t1o, -+, to, tog, -~ -

Remark 1.2 If dimension of the linear space Ly generated by {Y;}3° is N then the set

{Y;}V constitutes a basis in Ly .

The z-integral and the characteristic Lie algebra in the z-direction of equation
(2) are defined in a similar way to the continuous case. We call a function F =
F(z,n,t, ty1,t19,...) depending on a finite number of shifts an a-integral of the chain
(2), if the following condition is valid D, F = 0, i.e. KoF =0, where

0 0 0 0 0 0
KO_%+tx§+fé)_t1+gﬁ+flé)_t2+g_lﬂ+m' (6)
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Vector fields Ky and
0

as well as any vector field from the Lie algebra generated by Ky and X, annulate F'. This
algebra is called the characteristic Lie algebra L, of the chain (2) in the a-direction. The

following result is essential; its proof can be found in [18].

Theorem 1.3 Equation (2) admits a nontrivial z-integral if and only if its Lie algebra

L, is of finite dimension.

The article is organized as follows. In Section 2 we study the algebra L,, introduced
in Theorem 1.1. Section 3 is devoted to properties of the Lie algebra L,. These alge-
bras L, and L, can be used as a new classifying tool for equations on a lattice. From
this viewpoint the system of equations (26) is of special importance. Actually, the consis-
tency condition of this overdetermined system of ”ordinary” difference equations provides
necessary conditions of the Darboux integrability of the original equation (2). As an il-
lustration of efficiency of our approach in the last Section 4 we study in details equation
(2) admitting characteristic Lie algebras L,, and L, of minimal possible dimensions equal
2 and 3 respectively. It is proved that in this case the equation (2) can be reduced to
t1g =t +11 — 1.

2. Characteristic Lie Algebra L,

The proof of the first two lemmas can be found in [13].

Lemma 2.1 If for some integer N the operator Yni1 is a linear combination of the
operators Y; withi < N: Yni1 = a1 Y1+ aoYa + ...+ anYn, then for any integer j > N,
we have a similar expression Y; = 1Y1 + BoYa + ...+ OnYn.

Lemma 2.2 The following commutativity relations take place: [Yy,Y_o] =0, [Yo,Y1] =0
and [Y_o,Y_1] = 0.

Note that by direct computations

YiH = D‘ldiDH(t,tm,tw,...)
131
_ {% +D—1(§_£)% +D_l(%) azx + ,,_}H(t,tm,tw, r)
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one gets

0 _1/0f\ O _1/0fz\ O _1({O0fza 0
= p (M) 0 () Oy (W) D g

T o) ot ot ) oten ot ) otyen (8)
Now notice that all of the functions f, f., fsz,..- depend on the variables t1, ¢, t;, tzz, .-
and do not depend on 5 hence the coefficients of the vector field Y7 do not depend on t;

and therefore the operators Y; and Yy commute. In a similar way, by using the explicit

coordinate representation, we have Y_; = % + D(%gl) % + D((,I?tg“”1 ) % + ..., where
— T - T

g is defined by (4).
The following statement turned out to be very useful for studying the characteristic
Lie algebra L,,.

Lemma 2.3 (1) Suppose that the vector field

Y = a(O)% + a(l)% + a(2) 0

G T

where a;(0) = 0, solves the equation [Dy,Y] =0, then Y = a(0)Z.
(2) Suppose that the vector field

0 0 0
Y =a(l)— 2 3
solves the equation [D,,Y] = RY, where h is a function of variables t, tz, tyz, ..., t1,

tio, ..., then Y = 0.

The proof of Lemma 2.3 can be easily derived from the formula

(D, Y] = —(a(0)ft + oz(l)f%)a%1 + (a.(0) — a(l))%
+  (as(1) - 04(2))% + (ag(2) — a(3))8zx T 9)

In formula (8) we have already given an enlarged coordinate form of the operator Y;.

One can check that the operator Y5 is a vector field of the form

Yo = D V()5 + D) g + D Vi) g e (10)
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It immediately follows from the equation Y5 = D~1Y; D and the coordinate representation

8). By induction one can prove similar formulas for arbitrary Y41, j > 1:
y it

_ 0 _ _ 0
Yjijs1=D I(Yj(f))gx + D I(Yj(fx))atw + D 1(%‘(me-))m +.o (11)
Lemma 2.4 For any n > 0, we have
[Dann] = _ZD_j(Yn—j(f))Y} : (12)
=0
In particular,
[Da, Yol = =Yo(/)Yo ,  [Da, Y] = =Ya(f)Yo — D™ (Yo ()1 (13)
Proof. We have,
[Dm; Yb]H(t; t1, ey ton, ) = DmHtl -YoD.H

0
= (Heyty + Hypytip + ) — a—(Httx + Hetr, +..)
t1

= _Htlftl = _Yb(f)YbHa

i.e. the first equation of (13) holds. By (8), (9) and [D,, Yp] = =Yo(f)Yo,

Do Yl = Vif) o~ D (Vo) + D D Yl g + D D Vol fagi
= W)Y~ D)y — D G g — DT (e g —
= —Y1(f)Yo = D' (Vo (Y1

By Mathematical Induction we have the equation (12). O

Lemma 2.5 Lie algebra generated by the operators Y1,Ys,Ys, ... is commutative.

Proof. By Lemma 2.2, [Y7,Yy] = 0. The reason for this equality is that the coefficients
of the vector field Y7 do not depend on the variable t;. They might depend only on ¢_1, t,
te, tezs tews, - - - The coefficients of the vector field Y3 being of the form D=1(Y; (D2 f))
(see (10)) also do not depend on the variable ¢;. They might depend only on ¢_o, t_1,
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t, tzy tuw, traz, --.. Therefore, we have [Ya,Yy] = 0. Continuing this reasoning we see
that for any n > 1 the commutativity relation [Y,,, Y] = 0 takes place. Consider now the

commutator [V, Y1m], n > 1, m > 1. We have,
Yo, Yoim] = [D™"Yo D", D~"F™MY, D™ = DY}, ¥, ] D™ = 0,

that finishes the proof of Lemma 2.5. O

Lemma 2.6 If the operator Yo =0 then [X1,Y1] = 0.

Proof. By (10), Y2 = 0 implies that Y1(f) = 0. Due to (8), Y1(f) = 0 means that
fi + D7Y(fi,) fr. = 0 and, therefore, D=!(f;,) does not depend on t_;. Together with
Lemma 2.4 and the fact that [D,, X7] = 0, it allows us to conclude that [D,, [X1, Y]] =
—[X1, D7H(fe V1] = —D7H(fe))[X1, V1] de. [Dp, [X1,V1]] = —=D7'(f1,)[X1,Y1]. By
Lemma 2.4, part (2), it follows that [X1,Y7] = 0. O

Lemma 2.7 The operator Yo = 0 if and only if we have

fe+ DN (i) fe. = 0. (14)
Proof. Assume Y2 = 0. By (10), Y1(f) = 0. Due to (8) equality Y7 (f) = 0 is another
way of writing (14).
Conversely, assume (14) holds, i.e. Y1(f) = 0. It follows from (10) that Y3(f) = 0. Due
to Lemma 2.4, we have [D,, Ya] = —D~2(Yy(f))Y2 that implies, by Lemma 2.3, part (2),
that Y5 = 0. O

Corollary 2.8 The dimension of Lie algebra L,, associated with n-integral is equal to 2
if and only if (14) holds, or the same Yo = 0.
Proof. By Theorem 1.1, the dimension of L,, is 2 if and only if Yo = A\ X7 + 1 Y7 and
[X1,Y1] = Ao Xy + peY7 for some A;, pi, i = 1, 2.

Assume the dimension of L, is 2. Then Y5 = A\ X7 4+ p1Y7. Since among X;, Y7,
Y5 differentiation by ¢_; is used only in X7, differentiation by ¢ is used only in Y7, then
A1 = p1 = 0. Therefore, Y3 = 0, or the same, by Lemma 2.7, (14) holds.
Conversely, assume (14) holds, that is Yo = 0. By Lemma 2.6, [X1,Y7] = 0. Since Y;

and [X7, Y7] are trivial linear combinations of X; and Y; then the dimension of L,, is 2. O
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3. Characteristic Lie Algebra L,

Denote by
Klz[X,KQ], KQZ[X,Kl], ceey Kn+1=[X,Kn], nZl, (15)

where X and K are defined by (7) and (6).
It is easy to see that

9] 9] 9] o) 9]
Ki=—+X({f)—/—+X X —+ X(g- 16
1= g F X g + X g + X(fg- + X(ga) g+ (16)
— 0 0
K, = X"(fic1)=— + X" (g—j+1)=— >2 17
: g{ (g + X oy b n=2 (17)
where fp:= f and go :=g.
Lemma 3.1 We have,
1 .
DXD'= X,  DE,D =K, =TIy (18)
Jt. Jt.
1 1
DE, D = L - St el *’;twf“ X, DKyD '= K- ftgfw K1+ ftwi;ft X, (19)
fra fe I, 1, fr.
- 1 Jtat A (R fo (oFtts  Jratar
1, 1, 1, 1, fo. \ T2, 1,
(20)
Proof. By simple calculations we find the equations (18), (19) and (20). O

Lemma 3.2 For any n > 1 we have,

DK, D' = aK, + " Ky 1+ a0 Ky o+ +dV K +0™MX,(21)
where coefficients b and a;") are functions that depend only on variables t, t1 and t,
forallk, 1 <k <n. Moreover,

1 ~1
ay) = oo n2b a,) = —LnQ );:Lil nz2,
ta: x

(22)
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o™, — (”_ 2)(n® = )n f152t (n—=2)(n—1)n fi t.1,

Proof. It is easy to prove the Lemma by using Mathematical Induction. O
Lemma 3.3 Suppose that the vector field
0
=3 {at g+ ol
= 8tk Ot_x
solves the equation DKD™' = hK, where h is a function of variables t, t41, t4a, ..., ts,

tea, ..., then K = 0.
The proof of Lemma 3.3 can be easily derived from the following formula

1 _ _Ppae 12 oY
DKD = —fth(a( 1)X + D(a( 1))8t+D(a( 2))

+ Z{ i = D)5+ Dla(~i - )z} (24)

Consider the linear space L* generated by X and K,, n > 0. It is a subset in the finite

dimensional Lie algebra L,. Therefore, there exists a natural number N such that
KN+1:MX+)\OKO+)\1K1+...+)\NKN, (25)

where X, K,,, 0 <n < N are linearly independent. It can be proved that the coefficients
1, Ai, 0 <1i < N, are functions depending on a finite number of the dynamical variables.
Since u = Ao = A1 = 0, then the equality above should be studied only if N > 2, or the
same, if the dimension of L, is 4 or more. The case of when the dimension of L, is equal
to 3 must be considered separately.

Assume N > 2. Then

DKyny1D™' = D(\)DKy;D '+ D(\3)DK3sD ™' +...4+ D(Ay_1)DKx_1D*
+ D(ON)DKyD™

Rewriting DK D! in the last equation for each k, 2 < k < N + 1, using formulas (21),

and Kn41 as a linear combination (25), allows us to compare coefficients before Ky,
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2 < k < N and obtain the following system of equations:

aﬁ\]fv_:,.—iil))\ +a (N+1) D(Ay)ay) (N) N
N+1 N+1 -1
§v++1 An-1+ a( ™ ) D(-1)ay " + DOw)ay”, (26)

%le”x + a1 = DO + DOw1)al Y + .+ D)™,

for 2 < k < N. Using the fact that coefficients A\g, 2 < k < N, depend on a finite number

of arguments, it is easy to see that all of them are functions of only variables ¢ and t,.

Lemma 3.4 Ky =0 if and only if fi .+, = 0.

that is ftwtw =0.

Proof. Assume K, = 0. By representation (17) we have X2(f) =
= f%—K that implies, by

Conversely, assume that f;,;, = 0. By (19) we have DK, D!
Lemma 3.3, that Ko = 0. O

Introduce
Zy = [Ko, K1]. (27)

Lemma 3.5 We have,

1
DZyD~ = L7, — tft'i‘ffth L OK, — ft

7 7z 1, &% (28)

where C — _ta‘:f];twt _ Jfeatn + f, + ffl + toftftpty + fftlftwtw'

3 3
te ffT Ity Ity

Proof. Using formulas (18) and (19) for DKoD~!', DK;D~! and definition (27), we
can easily get the desired results. O

Lemma 3.6 The dimension of the Lie algebra L, generated by X and K is equal to 3
if and only if
Jtat, =0 (29)

and
_tmftwt _ fltats ft ft1 _
ftQT ftQT + f2 + — i, 0. (30)
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Proof. Assume the dimension of the Lie algebra L, generated by X and K| is equal to
3. It means that the algebra consists of X, Ky and K7 only, and Ko = A\ X+ o Kg+A3K7,
Zy = 1 X + pa Ko + psz Ky for some functions \; and p;. Since among X, Ky, K1, K>
and Z> we have differentiation by ¢, only in X, differentiation by x only in Kj, then
A1 = Xo = p1 = pg = 0. Therefore, Ky = A\3K7 and Zy = us3K;. Also, among K;, K>
and Zs we have differentiation by ¢t only in K7 then A3 = pus = 0. We have proved that
if the dimension of the Lie algebra L, is 3 then Ko = 0 and Z = 0. By Lemma 3.4,
condition (29) is satisfied. It follows from (28) that

0=DZ,D! —Z—tftJrffth +CK, — ftCX CK, — Ji

I 7z Ii. [

Since X and K7 are linearly independent then equality CK; — ffT”C’X = 0 implies C' = 0.

Equality (30) follows from (29) and C = 0.

Conversely, assume that properties (29) and (30) are satisfied. To prove that the dimen-
sion of the Lie algebra L, is equal to 3 it is enough to show that Ko =0 and Z, = 0. It
follows from (29) and Lemma 3.4 that Ky = 0. From formula (28) for DZ; D~!, prop-
erty (30) and knowing that Ky = 0 we have that DZyD™1 = f%ng that implies, by

Lemma 3.3, that Z, = 0. O

4. Equations with Characteristic Algebras of the Minimal Possible Dimen-

sions.

Corollary 4.1 If Lie algebras for n— and x— integrals have dimensions 2 and 3 respec-

tively, then equation t1, = f(t,t1,ts) can be reduced to t1, =ty +t1 —t.

Proof. By Lemma 3.6 and Corollary 2.8, the dimensions of n- and z-Lie algebras
are 2 and 3 correspondingly mean equations (14), (29), and (30) are satisfied. It follows
from property (29) that f(t,t1,t,) = G(t,t1)t, + H(t,t1) for some functions G(t,¢1) and
H(t,t1). By (14), Gity + Hy + {D7 (G, t, + Hy, ) }G = 0, that is

H
%tx . (31)

1 LA H) =—
(tht + tl) G G

Note that t1, = Gt, + H implies t, = D~*(G)t_1, + D~*(H) and, therefore, t_1, =
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D,}(G)tl. — g:ll((g; We continue with (31) and obtain the equality

D! (G—t> ty— D! (—G“H> + D Y(Hy,) = —&tl. _

G G G G

which gives rise to the two equations

G G Gy H H,
1 th t 1 t1 _ t
b ( G > G b (Htl G > G (32)

It is seen from the first equation of (32) that % is a function that depends only on variable

t, even though functions G and Gy depend on variables t and ¢;. Denote % =: a(t).
Then Gél = —a(t;). The last two equations imply that G = A;(t;)e?) = Ay(t)e~a(t1)

for some functions A;(t1) and As(t) and a(t) = fot a(t)dr. Noticing that A;(t;)e*) =

As(t)e=*® | we conclude that Aj(t;)e?t) is a constant. Denoting v := A;(t;)e?*) and
G1(t) := e~ ™) we have

Gl(tl) Gl(tl)
Gt ty) = and, therefore, tit1,ty) = t: + H. 33
The second equation of (32) implies that
H Gy, H
T ) and Hy, — T2 = () (34)

for some function p(t). Using (33), the second equation in (34) can be rewritten as

Hy;, — % = p(t1), or the same, as {g(lt(’fll)) }tl = 6’;1(81)) It means that

H(t, t1) = G1(t1)H1(t1) + G1(t1) Ha(t) (35)

for some functions Hy(t1) and Ha(t). By substituting H(¢,t1) from (35), G(¢,¢1) from

(33) into the second equation of (34) and making all cancellations we have,
G1(t1)Hy(t1) = p(t1), or the same, Gy(t)H () = u(t). (36)

By substituting G(¢,t1) from (33) and H(¢,¢1) from (35) into the first equation of (34),
we have

Hy ()G (t) = —ypu(t) - (37)
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Combining together (36) and (37) we obtain that H}(t)G1(t) = —yG1(t)H{(t), or the

same, H,(t) = —yH{(t), or (Hz(t) +vH1(t))’ = 0 that implies that Ha(t) = —vH1(t) + 7
for some constant 7. Therefore,
. Gl(tl)

[t t) = Gt Gi(t1)Hi(tr) —vGi(t) Ha(t) + nGa(t) - (38)

Note that only properties (29) and (14) were used to obtain representation (38) for

(

f(t,t1,t;). Using (30) and (14) we have 0 = ng((:)l) {=H{(t)G1(t) + G1(t1)H{(t1)}, i.e.
) =
) =

—H{(t)G1(t) + G1(t1)H{(t1) = 0. This implies that H{(t)G1(t) = ¢, where ¢ is some

constant. Substituting G1(t) = g7y into (38) we have,
1

- Hi(t) Hl(tl) Hl(t) &
ft,t,ty) = VH{(tl)tm + CH{(YH) — ,YCH’(tl) +77H{(t1) . (39)

By using substitution s = H;(t) equation (39) is reduced to s1, = S, + ¢s1 — ¢ys + ne.
Introducing = = cx allows to rewrite the last equation as s17 = vsz +s1 —vs+n. If y=1

substitution s = 7 — nn reduces the equation to 7z = 73 + 7 — 7. If 7 # 1, substitution

s=~"1+ 77 — L reduces the equation to Tz =71z + 1 — 7. O
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