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Dual Quaternions in Spatial Kinematics in an

Algebraic Sense

Bedia Akyar

Abstract

This paper presents the finite spatial displacements and spatial screw motions by
using dual quaternions and Hamilton operators. The representations are considered
as 4 x 4 matrices and the relative motion for three dual spheres is considered in
terms of Hamilton operators for a dual quaternion. The relation between Hamilton
operators and the transformation matrix has been given in a different way. By
considering operations on screw motions, representation of spatial displacements is

also given.
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1. Introduction

The matrix representation of spatial displacements of rigid bodies has an important
role in kinematics and the mathematical description of displacements. Veldkamp and
Yang-Freudenstein investigated the use of dual numbers, dual numbers matrix and dual
quaternions in instantaneous spatial kinematics in [9] and [10], respectively. In [10], an
application of dual quaternion algebra to the analysis of spatial mechanisms was given. A
comparison of representations of general spatial motion was given by Rooney in [8]. Hiller-
Woernle worked on a unified representation of spatial displacements. In their paper [7],
the representation is based on the screw displacement pair, i.e., the dual number extension

of the rotational displacement pair, and consists of the dual unit vector of the screw axis
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and the associate dual angle of the amplitude. Chevallier gave a unified algebraic approach
to mathematical methods in kinematics in [4]. This approach requires screw theory, dual
numbers and Lie groups. Agrawal [1] worked on Hamilton operators and dual quaternions
in kinematics. In [1], the algebra of dual quaternions is developed by using two Hamilton
operators. Properties of these operators are used to find some mathematical expressions
for screw motion. The expressions of finite spatial displacements and finite infinitesimal
displacements by using dual orthogonal matrices of the Lie algebra of dual numbers and
exponentials were given by Akyar-Kose in [2].

In the present paper, the spatial motion of a point on a dual sphere is given by using
dual quaternions and Hamilton operators. The aim is to find an aspect of Hamilton
operators for dual quaternions to screw motions. It is well-known that the set of oriented
lines corresponds to the set of all unit dual vector quaternions so a dual quaternion can
be used to write the spatial motion associated with screws. One can extend the Hamilton
operators for any quaternion to the ones for any dual quaternion. The point in the
present paper is to obtain the relation between Hamilton matrices and the transformation
matrix in a different way. We are considering dual spherical motions and combining the
Hamilton matrices with the transformation matrix. That is why we may write the finite
screw motion in terms of the transition matrix for Hamilton operators. We take 3 dual
unit spheres and give the relations among them in view of spherical motion. Although the
necessary 3 x 3 dual transition matrices are already given in [2], in the present work we
express the relative motion in terms of Hamilton operators and give the relation among
the Hamilton matrices for the transformation matrices. Furthermore, we give the rates
of changes of the points on the dual spheres in terms of Hamilton operators for dual
quaternions. By considering the instantaneous screw axes of the motions with respect to
each other, we give the derivative of Hamilton matrices for a dual quaternion in terms
of the Hamilton matrices for the derivative of the same dual quaternion. At the end of
the work, we give an aspect of representation of spatial displacements by using the Lie
bracket and write the velocity in terms of the Lie bracket of Hamilton operators for dual

quaternions.

2. Dual Quaternions

Definition 2.1 A dual number & has the form a +ea’, where a,a’ € R and €2 = 0. Dual

numbers denoted by A form an abelian ring with unity and divisors of zero.
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Definition 2.2 An ordinary quaternion is defined as
q = ag + a1i + azj + ask,

where ag, a1, a2,a3 € R and 1,1,j,k of q may be interpreted as the four basis vectors of
a Cartesian set of coordinates; and they satisfy the non-commutative multiplication rules
iZ=j2=k>=-1,ij = —ji=k, jk=—kj=1i, ki=—ik =j. An ordinary quaternion
may be defined as a pair (s,v), where s is the scalar part (Sc) and v is the vector part of
q. The set of quaternions, H, is a real space with zero 0 = (0,0) under the usual addition

and a multiplication by a scalar defined by
Q1+QQ:(51+52,V1 +V2)a )\(S,V):()\S, )‘V)a AER; (1)

respectively. It is a skew field with unity e = (1,0) under the usual addition and multi-

plication. The latter is defined by
q1.q2 = (51.52 —V1.V2,81Va + S2v] + V1 A VQ). (2)

Here, 7.7 denotes the scalar multiplication and "A\” denotes the vectorial multiplication

of vectors. Finally, it is an associative algebra over R under all the operations (1) and

(2).
Definition 2.3 A dual quaternion q is defined by
q = Gg + a11 + azj + ask.

In other words, this may also be given as @ = q+&q’, where q and ' are real and pure
dual quaternion components, respectively. The set of dual quaternions is denoted by
H and we may write [q,q’] € H. Under the usual operations (addition, multiplication by
a scalar) defined by

Q1+ 4= (a1 + a2, a1’ +q2'), AMa,d)=(Aq,\d), NeR,

(H,4+) is an abelian group and A is an abelian ring with the unity e. H is a A-module

and it is an associative algebra under the usual quaternion multiplication defined by

41-92 = (91.92, 9192 + q2q1”).
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Though we omit ”.”, we still mean the usual multiplication. There is no difference between
writing a1i or iai, since i = ie. The properties of the units for real and dual parts of the
quaternion are obtained by the rules of ordinary algebra.

The scalar part of a dual quaternion q is Sq = ag.

The dual vector part of a dual quaternion q is Vq = a1i + a2j + ask.

The Hamilton conjugate of a dual quaternion q is
q" = ap — (a11+ agj + ask).
The norm of a dual quaternion q is
+a5+a3=qq" +e(ad” +d'q").

This is, in general, not a real number but a dual number. If N(q) =1 then q is called a

dual unit quaternion.

Definition 2.4 The scalar product of two dual quaternions p and q is defined by

. a 1 0 s 1 N
(@) = S(P'a+4a’p)=5(P4"+ap

= dgby + a1by + doby 4 asbs = (q, p),
where p=p+ep’ and Q=q+¢eq’. If p and q are dual quaternions, then the quaternion
multiplication is given by
pa = (aoho — a1by — aoby — asbs) + (a1bo + doby — dsby 4 agbs)i
+ (in?o + dsby 4 doby — @153)j + (dgi?o — Ggby + a1y + @053)1{-
The quaternion multiplication is in general not commutative. We may consider a dual

quaternion as a tetrad of dual numbers which can also be written in a column matrix

form as
- A A s AT
q= [ao ay a2 a3] )
where
ag ag,
!
_ a1 ’_ ap
q= d =1
a/2 a/2
as ak

are 4 x 1 column vectors.
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Definition 2.5 The vector product of two dual quaternions p and q is defined by

P xq=5(pq—ap).

3. Dual Unit Quaternions and Spherical Displacements

A dual unit vector quaternion corresponds to a directed line. We may consider a dual

quaternion as
a=q+eq = ag+aii+azj+ask+e(ap’ + ar’i+ a2’j+ as’k).

There is a 1-1 correspondence between the set of oriented lines and the set of all unit
dual vector quaternions, that is, ag = ap’ =0 (see [2]). Then we get q = a1i+ a2j + ask
and q' = a1'i + a2’j + as’k. The vector quaternions q and q’ may be interpreted as the
vectors of an unambiguously determined line L having q as its direction vector and passing
through the point p = qxq’. This line becomes an oriented line. The Pliicker coordinates
of an arbitrary line q in space are (a1, as,as,ai’,as’, as’). The dual quaternion can be
used to express the spatial transformations associated with screws. A screw motion is
described as dual angular displacement about a dual vector axis. Here the dual angular
displacement consists of a rotation (the real part of the dual angle) about the screw axis
and a translation (the dual part of the dual angle) along the screw axis. That is, the dual
vector screw axis consists of a direction (the real part of the dual vector) and its moment

(the dual part of the dual vector) about the origin.

4. Hamilton Operators

We can recall some definitions of Hamilton operators as follows.

+ —
Definition 4.1 Let q be a real quaternion then Hamilton operators H, H are respectively
defined as

ap —aip —az —as

+ al ag —as az
H(a)=
az as ap —ai
az —ag aq ap
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and

ap —aip —az —as
aq ap as —as
az —az Qo ax

as a2 —ai aQ

The multiplication of the two dual quaternions p and q

pa =H (P)a =H (4)p (3)

+ -
follows from the definition of H and H and it is very useful to prove several identities

+ —
([1]). Here H and H are seen as left (or right) translations.
. + = . . . .
Since H, H are linear in their elements, it follows that
+ + + . + . +
H(a) = a HM)+a H{)+axH () +as H (k)

H(a) = aoH1)+a H()+aH (j)+as H (k).

We extend the definition of the Hamilton operators to dual quaternions by setting

(@ = H(a)+e (),
H (@) = H(q)+eH ().

+ —
Theorem 4.2 [I] If p and q are two dual quaternions and H, H are the operators as

defined before, then we have the following identities:
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Proof.  Since the first four identities are clear, we can only consider the proof of (v)
which follows by using (3) two times. That is, Vr € H, prq may be written in two

different ways:

pra = H (p)ia =H (p) H ()
pra = H (Q)pF =H (a) I (P)F
So one gets (v). O

5. Dual Matrices

Definition 5.1 A matriz A is called an orthogonal dual matriz (ogdm) if ATA =

AAT =4I, where a is a dual number and I is the identity matriz. If G = 1, then a matriz
A is called an orthonormal dual matriz (ondm). The row vectors (column vectors) of a
dual matriz are mutually orthogonal dual unit vectors, that is, the scalar product of two
different row (column) vectors is zero, otherwise 1. The set of orthonormal dual n X n

matrices is denoted by O(n) We denote the set of special orthonormal dual matrices by
50(n) ={A € O(n) | detA =1}.

The space M, (A) of all n x n matrices over the ring A, forms a Lie algebra under the

Lie bracket operation [A,B] = AB — BA for A,B € M,,(A). The Lie algebra of §5(n)
is isomorphic to the Lie algebra of vectors with the Lie bracket taken to be the vector

product.

Definition 5.2 The symplectic group is defined by
Sp(n) ={A € M,(H) | AxAy = xy for all z,y € H"}.
Sp(1) is the group of all quaternions of unit length. That is, Sp(1) = {g € H | N(q) = 1}.

If we define S*~! = {z € R* | ||z|| = 1} to be the unit (k — 1)-sphere, one can see that
Sp(1) = S3, that is, Sp(1) is the unit 3-sphere in R*; here R* is identified with H. Define
amap p:S® — SO(3) for g € S and a € H by p(q)(a) = qaq*. Here, we do a left
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translation by q and a right translation by q*. In fact p(q) € O(4). Note that, p(q*) is
the inverse of p(q) in the group O(4). Moreover real quaternions commute with all other
quaternions. That is, if Sca = v, then p(q)a = qaq® = q*qa = a. If « is in Span{i, j, k}
then one can show that p(q)« is also in Span{i, j, k}. These two observations imply that
p(q) maps the 3-space spanned by i, j, k to itself. Thus p(q) can be considered as an
element of O(3). By detp(q) = 1, we identify p(q) with an element in SO(3).

|span{i,j,k}

Proposition 5.3 [1] p: S* — SO(3) is a surjective homomorphism and Kerp = {1, —1}.

In order to give a relation between an ondm and the Hamilton operators, we will need

the following theorems.

+ —

Theorem 5.4 [I] Matrices generated by operators H and H are orthogonal matrices,
i.e.,

PR + . + .+ . .

i) H ()" H(4) =H (&) H (@)" = N(a)I,

i) H (@)" H (&) =H () H (@)" = N(@!I and

+ —

iii) H (q) and H (q) are orthonormal dual matrices if and only if q is a unit dual

quaternion, that is, N(q) = 1.

Theorem 5.5 [I] Let A be a 3 x 3 orthonormal dual matriz with &, = aj +ca’ j as its

k-th column vector. Then there exists one and only one vector a such that
axap=ay k=1,23.
Then any 3 x 3 orthonormal dual matriz can be represented as

A =mat(a; +eaxaj,az+eaxas,azt+eaxas),

where A = (a;) s a real orthogonal matrix.

Theorem 5.6 [1] Let A be a 4 x 4 orthonormal dual matriz with & = aj, +ca’  as its
k-th column vector. Then there exist two vectors u and v (i.e. ug = vg = 0) such that

a'p=uay,+ayv, k=0,1,2,3 and the vectors u and v are unique.
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Let A be written as A = A + cA’. By using the orthonormality condition, we get
AAT = ATA = I, A’/AT + AA'" = 0. Define A’AT = B. It is clear that B is a

skew-symmetric matrix. The matrix B can be written uniquely as
+ —
B =H (u)+ H (v),
where u and v are two vectors, i.e., ug = vg = 0. If we consider a dual quaternion vector

+ —
a, we can define Hamilton matrices H (1) and H () which are skew-symmetric matrices.

+ -
Here these two matrices H (1), H () are generated by using the vector component of a

quaternion only and they are written as

0 —121 —@JQ —Uus
+ U 0 - U
Hva=| "~ 7" (4)
Us U3 0 —U1
uz —Us U 0
and
0 —uy —Us -—usg
- U u —1U
Hva=| " o T (5)
Us —U3 0 U1
uz Uz —U 0
respectively.

6. The Transformation Matrix

Let us consider a dual-quaternion vector x, that is, Dx = 0. We assume that we are
given two triples of points on the dual unit sphere by means of two orthonormal trihedra
{i1,i2,i3} and {&1,&,,é3}. So we may write any point on the dual sphere as a linear
combination of the orthonormal trihedra

X1i) + Xoip 4 Xaiz = £1€; + £06y + £363. (6)

The column vectors Xz- and X; are the position vectors of x with respect to the row

vectors {il,ig,ig} and {é1, €2, €3}, respectively, where ¢ = 1,2,3 and j = 1,2,3. From
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(6), we get

X,L' = (iiél).ﬁl + (iiég).fg + (iiég).fg. (7)
By putting (i;6x) = &, and introducing the dual matrix A = (&), where k = 1,2, 3,
we see that (7) expresses that X = Ax. Here A is an orthogonal dual matrix, called

the transformation matrix, from the trihedron {é;, &z, &3} onto {il, i, 13} For further
information see [2]. The aim is to combine this matrix with Hamilton operators and see
the role of the Hamilton operators in dual motions. Before giving the relation between

Hamilton operators and dual motion, let us consider dual spherical motions.

7. Dual Spherical Motions

By using the notations given in the previous section, we suppose that {il, ig, 13} is
fixed and the vectors €1, €, &3 of {1, €2, €3} are functions of a real parameter ¢. Then
{€1, &2, €3} moves with respect to {il, io, 13} for a dual unit sphere K5 rigidly connected
with {é;, &, €3} and a dual unit sphere K; rigidly connected with {iy, iz, is}. Here K is
called the fixed and K» the moving sphere. This motion is called a dual spherical motion
and denoted by Ky/K;. If X € K3 coincides with X ¢ K at t, we have X = Af{, where

A= (4;x) = A + €A’ is an ondm.
8. The Relation Between A and the Hamilton Operators

+ —
We have already written a unique skew-symmetric matrix B =H (u)+ H (v) for

two vectors u and v in Theorem 5.6. We would like to get a relation between A, given
+ —
in Theorem 5.6, and the Hamilton operators H and H for a dual quaternion. In other

+ - .
words, we want to reduce H (q) H (q*) from A, u, v mentioned in Theorem 5.6.

The following theorem is motivated by Blaschkes’s book [3].

Theorem 8.1 There is a surjective map p : ,S/';)(l) — §5(3) with Kerp ={—1,1}. More

. + - —
precisely, there is a 1-1 correspondence between A and H (q) H (q*) for q € Sp(1), up

to sign.
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Proof. Let q € ,S/';)(l) We wish to argue that A defined by Ax = Gxq*, X €
Span{i, j, k}, is in §5(3) We can easily show that A is in §5(3) The following
calculation shows that A is in §5(4) Indeed,

If X is real then A% = % and if X € Span{i, j, k} then Ax € Span{i, j, k}. We identify R?
with Span{i, j, k} and since detA =1, weget A e §5(3) Now, let A € §5(3) We want
to show that there exists q € S/';)(l) such that Ax = gxq*, where x € Span{i, j, k}. We

—~ " + _
need to find q € Sp(1) such that A=H (q) H (q*). Let q=q+¢d, q,q' € H.

A=H (&) H (@) =H (a) H (@) +elH (@) H (d")+ 1 (@) H ()],

Here the real and the dual parts of A are

A = ﬁ(q)ﬁ(q*)
A = H(Q)H@)+H W) H @), (8)

respectively. The first equation in (8) can be solved by using proposition 5.3, that is,
for every A, there exist two and only two normalized dual quaternions q and —q which
are mapped onto. On the other hand, by Theorem 5.6, there is a 1-1 correspondence

between A and triples A,u,v. If A’ and A are orthonormal matrices, they are related

+ —
to vectors u,v by A’AT =f (u)+ H (v). The second equation in (8) can be solved by

+
using A’AT =H (u)+ H (v), where u and v are vectors. So we get

+ — el * — Lt -,
A'AT = [H (@) H(d")+ H (d) H (a")][H (a) H (a")]"
+ = .
= H(dq)+ H (aq").
Thus u = q/q* and v = qq'". We can solve for ¢/, given u, v, q as

q =uqor q =v'q.

This concludes the proof. O
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9. The Transformation Matrix for Hamilton Operators

The transformation law of real vectors, which is written in terms of quaternion form
X = gxq*, can be replaced by the dual quaternions X = qxq*, where X and % are
dual vectors in dual unit moving and fixed spheres, respectively, and ¢ is a dual-unit-
quaternion, as in see Theorem 8.1. The advantage of dual-quaternions is obvious when

finite screw motion in terms of a screw-displacement pair is presented. We can write X

+ —
by using the Hamilton operators H and H as:

T T A T ey T ana
X =H (4) H (@")x=H (q") H (q)x.
The time derivative of X, %, is computed by using x = Q_IXQ, which is equal to

%=1 (@)" 1 (@)X =H (&) 7 (§)X. Then

dX o+ dg, = o= dat o+
o = H(Zp)H@)x+H (5 )H(Q)x
+ dq, = et e, = dQT
= H(Z)H (@) H (@ H @)X+ H (5 ) H (@) H (@ H (@)X
+ dq ... = ,.dq" <
= Ha X «
H (- d)X+ H(Q )X,
and qq* = 1 implies q%* = —d—‘}q*. Therefore one concludes
dX + dq...o = .dq... <
2 og (5 q)X- H (449X
g H (Gra)X=H (Grd)

dX dq ...« <.,dq.
= = (=X -X(=q"
o (tq) (tq)
= QQA*XX
- wxX

where W is the dual vector of velocity screw of a line (or the dual angular velocity of

instantaneous screw axis of the spherical motion) and it is given by w = 2 61 q* or

. . + A
equivalently w = 2 H (q)q*.
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10. Relative Motion

Let K;, K2 and K3 be dual unit spheres moving with respect to each other, rigidly
connected with the bases {il,ig,ig}, {€1, 89,63}, {F'1,T2, T3}, respectively. Let X € K3

coincide at ¢ with X € K; and é € Ko, respectively; so we write

where
X 3 1
X=| X |,é=| & |.x=] & |,
X3 &3 T3
i é, i
i = ig ,é = ég and r = f‘g
ig é?, IA‘S

By observing &é = ATi, & = BTi, t = CTé, that is, ATi := {ATi;, ATi,, ATis},
B7i := {B7i;,BTi,,BTi3}, CTé := {CTé;,CTé,y,CTé3}, and introducing the dual
matrices A = (Gik), B= (l;ik) and C = (éir), we may express that X = Aé, X = Bx and
é = Cx. The necessary transformation matrices are already given in [2] with aid of 3 x 3
dual matrices. Now we want to give the relative motion in terms of Hamilton operators.
We have already written the transition matrix with Hamilton operators in the previous
section. We may replace the 3 x 3 matrices A, B and C with the corresponding Hamilton
operators for dual quaternions by Theorem 8.1. Let us write the transition matrices for

X, x and é as
X = 421 = 41Gza% = qa1%, 9)

where qQ21,qs31 and qs2 are the corresponding transition matrices in the dual spherical
motions Ky/K;, K3/K; and K3/K>, respectively. In other words,

~ o ok ~ o 7 ok S o T (A
d21 =H (a4) H (4%), a1 =H (qp) H (43) and as2 =H (4¢) H (q;). Then we
substitute the value of é in X, we get

X = H(ay H @) (@e) B (@)% = (a,40) H (@555

—
>
Nox
Tt
—
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Thus from (9), we get

H (ap) H (&) =H (a340) H (4480)°)

We can write the sets of bases €, i and # in terms of Hamilton operators
r'=qs

&= ajan i

The derivative of € given in (11) becomes
% i (S @) g (S
dt dt 94

de  —  .dag. o+ day
T [H ( AW) (WQA)]G,

+ . + + —
which follows from H (qA)T =H (q’;i) H (quA) =1 H(
+

asa;) =1
P + dA*» — dA*» — P
H (GA)" =H () and H () =H (G4
~ — + dg
Let Q4 =H (q%%%)+ H ( Mig,).

Thus & = Qéé, here QAa is a 4 x 4 dual
skew-symmetric matrix defined in terms of Hamilton operators H (V) and H (V) given
in (4) and (5).

— . dd + *

H (42 57)

From now on, we will use the notation - for the Hamilton operators
aq*
(WQA

dr aq’

). Let us compute the rate of change of © with respect to K3
- . .r + .d4g
dt [H(dt) 1 (4p) +

(13)
T SN s A s
By substituting i =H (q3) H (q%)T in (13), we get

or

Ty Ak dqc + dqg ~ A~
pm =[H (4 0t )+H(ch)]
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The rate of change of X with respect to Kj is

dx dxT .. ddp + dél,@A R
- (dt +%7[H (qj—g,WHH(—qB)])ra (14)

and the rate of change of X with respect to Ky is given by

quA

& 4

ox _ ( A % qu
dt dt

9 g P (g

+x"[H (4

+ -
If X is fixed on K5 then 2% =0 so - = x"[f (ag dgtc )— H (a4, dgtc )]. Let us substitute

this in (14), we obtain the velocity of x fixed on K as

Ak qu

a0y (e (15)

5"t

~ % qu
de gt

A* qu
¢ dt

dix . p,it - +
R ST (a5 H (@5 - [H (
We may express the difference in (15) only in terms of Hamilton operators for the

matrices A and C. By deriving (10), we get

=
T+
=
w
il
o
m%
I
=+
il
o)
m%
+
=
T+
o)
w

+OH (@) H (Ge) H(52) H (@5).

T+
o
@,

il
=
m%

We know that Qp —H ( at qB)+ H (ay dgf ). So if we multiply d(

given in (16) by H (qu) H (dgf) on the left, we get 5. That is,

dq® - do - R
i (S52) 1 (“8a (77 (ap) 1T (@) = 0
Thus we get
+ . Tk — dél*B + d(ié ~
d(H (ag) H (ap)) =H (W) H (W) B (17)
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By doing some calculations and using the fact that B=AC , which implies 5 = q 4194,

one can find:

— . adaj . + . . Ldaj .
Qp— Qs = 2H ((a380)" =241+ H ((a460)" —240)]

which implies that

dsx Tro T ira o~ w04 + o .day .
= X2H(@xa0) —a0)1+ H (4440)"—40)]
£ dag . . . = . dqes. . day .
20 (HAg-)q:4)1 2y« TA
+ H (( dt ae)*as96)[1+ H (a4 dt ) dt )]
—  ,dqs 3+ dqi. ... dq
+ délé*A 1 = . d(ié Lday . .
) He -
+ 2H (= ag)lgt H (A7) 7 a0)ll
a 2 + dq}A ok dA4
Now, we define a matrix W as W = eH(# 92)+H(@3—7) which is an orthogonal

+ + —~ —~
dual matrix, since H (@) =H (") and H ()7 =H (q*). We will denote this by

5 +
W = ¢%%i. The matrix W defined before turns out to be the matrix H (43) H (aj)

+ ~
follows from (9) , that is, H (qpz) H (QE,) = e84 for a dual quaternion; then we may

5 SN +dg% . + g5 A
write the motion K3/K; as X = e?4%. Note that H (%qA)— H ('{;l—fqg) = 0 and

H (qg%)— H (q A% ) = 0 for a dual vector quaternion. So one can get the formula
for the displacement in terms of dual quaternions as
oo 1 (Mas Vo7 (g Ak
X_Z[H( dt qA)+H(qA at )] 2
N k! '

k=0
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11. Representation of Spatial Displacements in H

One can see [4],[5] and [10] to read more about operations on screws and further

information.

Lemma 11.1 The velocity for a rigid body motion can be given by using Lie bracket as

dX .. 4
E_[ aX]'

Proof. We want to prove

d +daY | —oodag. . .. + dqy — . ddy. ..
OPH (s + H (a5 0))% = [Woexp(H (—Aaa)+ H (@5—0))%] (18)

for a fixed X, here w = 2(%1 Aqiﬁ' This is the velocity for a rigid body motion. We have

X = H(a,) H (@

S + oz Ak O\ W 7 Ak Ak

X = H(q;47)X- H (@;a3)X.
We can write X in terms of dual quaternions as X = (éng)X — X(émélg), which can
also be written as

X =2(q44%) x X,

since 61 Aqg is a dual vector. We have seen that X = w x X. Since % is an arbitrary

vector, we get
W = 24,45 (19)

or

and
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In order to prove (18), we consider the derivation %(ép%qA*) then by using (19) we get
(18) as
dX d b N T (A
o plaaxdy) =H (a;93)X- H (a3q93)X

12. Conclusion

Hamilton operators for dual quaternions to screw motions have been given in a differ-
ent aspect. It leads us to give the relation between Hamilton matrices and the transition
matrices. The relative motion has been expressed in terms of Hamilton operators and

the relation among the Hamilton matrices for the transition matrices has been given.
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