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Sufficient Conditions for the Lp-Equivalence Between

two Nonlinear Impulse Differential Equations

A. Georgieva, S. Kostadinov

Abstract

Sufficient conditions for the Lp-equivalence between two nonlinear impulse differ-
ential equations with unbounded linear parts and possibly unbounded nonlinearity
parts are given. An example of two nonlinear impulse differential parabolic equa-

tions is considered.

Key words and phrases: Impulse differential equations, Lp-equivalence, Partial

impulse differential equations of parabolic type.

1. Introduction

We consider the Lp-equivalence between two nonlinear impulse differential equations
with unbounded linear parts and possibly unbounded nonlinearity parts. This means that
every solution of the one equation which lies in a closed, convex set induces a solution of
another equation which lies in a possibly another closed and convex set and vice versa.
Moreover the difference of the two solutions lies in the space Lp (1 < p < 00).

With the help of a transformation every parabolic impulse differential equation can
be reduced to an ordinary impulse diferential equation with a unbounded operator. We
give an example for this situation and show the Lp-equivalence between the ordinary

equations.
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2. Statement of the Problem

Let X be a Banach space with norm ||.||, identity I and R} = [0, 00).
By D(T) C X we will denote the domain of the operator T : D(T) — X.

Consider the impulse diferential equations

B~ Aty + fultwe) for 14, 1)
wi(th) = Q1 (uitn)) + hi (ui(t,)) for n=1,2, ..., (2)

where A;(t) : D(A;(t)) — X (t € Ry) and Q7 : D(QY) — D(Ai(tn)) (i = 1,2) are linear
possibly unbounded operators and f;(¢,.) : Ry x X — X are possibly unbounded for any
fixed ¢ € Ry functions and A%, : X — X are possibly unbounded functions. The sets
D(A;(t)) and D(Q%) (i =1,2;n=1,2,...;t € R}) lie dense in X. The points of jump
t,, satisfy the conditions 0 =ty < t; < to < ... <t, < ..., lim t, = oco.

n—oo
Set Qi =1, hi(u)=0 (i=1,2; ueX).
Furthermore, we assume that all considered functions are left continuous and that

there exist the Cauchy operators U;(t, s) (i = 1,2) of the equations

dui
dt

= Ai(t)u; (3)

Remark 1 Sufficient conditions for the existence of U;(t, s) can be found in [5]

We introduce the following condition.
(H1) [5] There exist constants ¢; >0 (i = 1,2) such that for t € Ry

Ci

M+ A,0) 7 < 4
10T+ 4e) 7l < @
for each A which ReX < 0 hold.
From (4) it follows that
A7 O < (5)
fora € (0,1) and t e Ry (i =1,2).
It is not hard to check that
V;(t, 5) =U; (ta tn)Q%Ui (tna tn—l) iz—l"'Q}lcUi(tka 5) (6)
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(0 < s <t <t, <t; i=1,2) are the Cauchy operators of the linear part of the impulse
equations (1), (2).

Lemma 1 Let condition (H1) holds and integral equations

wit) = Vi(t,0)AF(0)& + { AT(0)Vilt, 5) fi(s, A7 (0)wi(s))ds+

. (7)
+ 2 AF(O)Vilt, )R, (A7 (0)wi(tn))
0<tn<t
for 0 <s<t, & € D(A$0)), ui(0) =& have solutions (i = 1,2).
Then the functions
wi(t) = A7° (O)wi(t) (8)

are, for any a € (0,1), solutions of the equations (1),(2) (i =1,2).

Lemma 1 can be proved by help of the proof of Theorem 23.6 (pp.473) [5] and

straightforward verification.

Remark 2 In [5] are given sufficient conditions for the solvability of the ordinary case
i.e. without of impulses of (7). If these conditions are fulfilled and h{ are of Lipschitz

type, then equations (7) have unique solutions for any &; € D(A$(0)).

By L,(X), 1 < p < oo we denote the space of all functions v : Ry — X for which

1

oo oo P
{ [u(t)||Pdt < oo with norm [|ul|,, = (Of |lulPdt) .

Definition 1 Eqution (1), (2), i =2, is called Ly-equialent to equation (1), (2), i =1,
in the unempty, closed and convex subset B of X if there exists convex and closed subset
D of X such that for any solution ui(t) of (1),(2), i = 1, lying in the set B there
exists a solution us(t) of (1),(2), i = 2, lying in the set B U D and satisfying the
relation ua(t) — u1(t) € Ly(X). If equation (1),(2), i =2, is Lp-equivalent to equation
(1),(2), i=1, in set B, and vice versa, we shall say that equations (1),(2) i =1 and
(1),(2), i=2, are Ly-equivalent in set B.

We introduce the condition (H2) A;(0) = A2(0). Set A = A;(0).
The paper aims at finding of sufficient conditions for the existence of L,-equivalence

between impulse equations (1), (2), i =1, 2.
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3. Main Results

Set
u(t) = ua(t) — ur(t), 9)

where u;(t) (i = 1,2) are defined by (8).

Then the function u(¢) is a solution of integral equation
u(t) = T(A™%w1, u)(t), (10)

where w1 (t) = A%uy (t) and

T(u1, u)(t) = Va(t,0)(u1(0) +u(0)) — Vi(t, 0)ur (0)+

+{{Vg(t, ) fa(s,ui(s) +u(s)) — Vi(t, s) f1(s,u1(s)) }ds+ (11)
+O<;<t{V2(ta ) ha (i (tn) +ultn)) — Vit 6y, (ui(tn)) -

By S(R4,X) we denote the linear set of all functions which are continuous for
t#t, (n=1,2,..), have at points t,, limits on the left and right and are left continuous.
The set S(Ry, X) is a localy convex space with respect to the metric

ma [u(t) —v(t)|

-1
plu,v) = sup (1+7T) .

0<T <00 1+ OréltaéXT [[u(t) —v(@)|]
The convergence with respect to this metric coincides with the uniform convergence

on each bounded interval. For this space an analog of Arzella-Ascoli’s theorem is valid.

Lemma 2 [1] The set H C S(R,, X) is relatively compact if and only if the intersections
H(t) = {h(t) : h € H} are relatively compact fort € Ry and H is equicontinuous on each
interval (tn,tn+1] (n=0,1,2..).

Proof. = We apply the theorem of Arzella-Ascoli on each intervals (t,,tn4+1] (n =

0,1,2,...) and constitute a diagonal line sequence. O

Let C be an unempty subset of X. Set C = {u € S(Ry,X) :u(t) € C, t € R, }. We

now have the following lemma.
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Lemma 3 Let C be a non empty, convexr and closed subset of X. Suppose an operator
F transforms C in the itself and is continuous and compact.

Then F has a fized point in C.
Proof. The proof of Lemma 3 follows from the fixed point principle of Schauder-
Tychonoff. a

Theorem 1 The following conditions are fulfilled.

1. Let conditions (H1) and (H2) hold.

2. There exists an unempty, convetz, closed subset D of X such that T(A™%w1,u)(t) €
D for each u with u(t) € D (t € Ry).

3. There exist positive functions q;(t,s) (i =1,2) such that

Vi (t, s)Ell < au(t, )II€]],

[(Va(t, 5) = Va(t, s))nll < ga(t, 5)[nll;
where & € D(A1(s)), n € D(A1(s))ND(Az(s)), 0<s <t and functions ¢;(t,s), fi(t,v)
and h (v) i=1,2, satisfy the following conditions.
3.1 The functions g;(.,0) belong to L,(R4) (i =1,2).
3.2

¢ ¢

sup /q1(ta s)|f2(s,w) = fu(s, v)|lds + sup /qQ(t, s)|[f2(s, w)llds < ¥(t),
vEB weBUD

weBUD © 0

where the function ¥(t) is continuous and ¥ € L,(Ry).

3.3 For any fized u; € B the following inclusions hold:
t
/Vg(t, 8)fa(s,ur(s) +u(s))ds € K" (t), (u€ D),
0

where K“1(t) is for any fivred t € Ry a compact subset of X.
3.4

sup > quttH)[ha(w) = AL @)1+ sup > qa(t, B[RS (w)]] < o(t),
vEB _ o<t <t weBUD g<t,, <t
weBUD
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where p € Ly(Ry).

3.5 For any fized u; € B the following inclusion holds:

Y. Valtt)hn(un(tn) +ultn)) € K3, (u € D)

0<tp<t

where K is for any fived n = 1,2, ... a compact subset of X.

3.6

¢ ¢

Jai(t,s) sup ||fa(s,w)||ds < oo and [qa(t,s) sup | fao(s,w)||ds < oo for any
0 w€eBUD 0 w€eBUD

fized t € Ry.

Then the equation (1),(2) (i = 2) is Ly-equivalent to the equation (1),(2) (i = 1) in
the set B.

Proof. We will prove that for each solution us(t) of equation (1),(2) (¢ = 1) lying in
the set B the operator T'(A~%wy, u) has a fixed point u(t) such that u; +u € BUD and
which lies in L, (X).

From condition 2 of Theorem 1 it follows that the operator T(A~“wy, u) defined by
(11) maps the set

D={uc SR, X):u(t)eD, tc Ry}

into itself for A~ %w; € B.
Let be H = {h(t) = T(A=®w,u)(t) :u € D, t e R, }.

We will show the equicontinuity of the functions of the set H. Let ¢ > '’ and
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t',t" € (tn, tnt1]. It can be verified that

[A(t") = h(t")]| <
< |[Va(t, 0)ug(0) — Va(t”,0)usz(0)|| + || VA (¢, 0)ui(0) — VA(t”,0)us(0)]|+

t”

+ sup [ [Va(t', 8)fa(s,w) = Va(t”, ) fols, w) | ds+

weBUD 0
o
+sup j‘Hvﬁ(ﬂ,S)ji(S,U) _'Lﬁ(t”as)jl(sav)nds*_
veB 0
t t
+ sup qu(tl,5)||f2(5,w)||d5+ sup fq1(t',s)||f2(s,w) —fl(S,U)||d5+
weBUD ! veB !

weBUD
+ osup 3 [IVa(t' )i (w) = Va (", )R (w) |+

weBUD 0<t,<t!
tsup 3 (VA 5Dk, (0) = VA", 5 hy, (0)]]-
veEBO<t, <t
From (6) and condition 3.2 of Theorem 1, it follows equicontinuity of the set H.
From conditions 3.3, 3.5 and (11) it follows the compactness of the intersections
H(t) ={h(t): h e H} fort € Ry. Consequently from Lemma 2 it follows the compactness
of the set H.
We will show that the operator T'(A~%w1, u) is continuous in S(R4, X).
Let the sequence {ix} C D be convergent in the metric of the space S(R;, X) to the
function @ € D. Then for t € R, the sequence fa(t, A~%w1(t) + 4z (t)) convergence to
fa(t, A= %w1(t) + @(t)). From condition 3 of Theorem 1 we obtain

IVa(t, 5) fa (s, w)[| = [IVa(t; 8) fa(s, w)]| <
< (Va(t, s) = Vit 8)) fa(t w)| < q2(t; 8)l[ f2(s, ).

Hence

[Va(t, s) fa(s, )|l < (q1(t, 8) +q2(t,s)) sup || fa(s,w)]. (12)
weB+D

From condition 3.6 of Theorem 1 and (12) it follows that the convergent sequence of
functions Va(t, s) fa(s, A~ w1 (s) + @xr(s)) is majorized by a integrable function. Hence
T(A*wy,ay)(t) tends to T (A~ %wy, @) (t) for t € Ry.

From Lemma 3 it follows that for any vy = A7%w; € B the operator T(A™“wy, u)

has a fixed point w in D i.e. u = T(A~%wy,u).
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We will show that this fixed point w lies in Lp(X).
[u(®)] < g2(t, 0)]lus(0) + u(0)]| + g1 (¢, 0)[|u(0)[+

¢ ¢
+ sup [ ot s)l fals,w)lds + sup [ it s)llfa(s, w) = fa(s,v)[lds+

weBUD 0 veB O

weBUD
+ osup > @ tD)hR ()[4 sup Y it )[R (w) = Ay (0)]] <
weBUD 0<tn<t veB 0<t,<t

weBUD

< q2(t, 0)[Ju1(0) + u(0) ]| + q1(t, 0)[|u(0)]| + ¥ (t) + (1),

hence

[ull, < u1(0) +u(O)l[lgzll, + [lu(O)[llrll, + 11, + ll@ll,-

Hence this fixed point belongs to the space L,(X) i.e. equation (1),(2),i = 2, is
L,-equivalent to the equation (1), (2),7 =1 in the set B. O

We shall illustrate Theorem 1 with an example of the qualitative theory of the

nonlinear partial impulse differential equations. We shall begin with the following lemma.

Lemma 4 Let A;(t), QF, (i =1,2) be unbounded operators and W;(t,s)(i = 1,2) are the
Cauchy operators of the corresponding linear impulse equations.

Let the following conditions hold.

1. The operators As(t) — A1(t) are bounded for any t € Ry.

2. The operators Q2 — QL are bounded for any n = 1,2, ...

3. There exist constants N > 0 and v € R such that

IWat, s)[| < Nem(=)

for any 0 < s,t < 0.
Then the following estimates hold

t
N [|Az2(T)=As(7)|ldr

[Walt, s)|| < Ne*(=2)e a+ JJ 1Q-a;il (13)

s<t;<t
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and

t
N [ |A2(m)=A1(7)||dr
[Walt, s) — Wi(t, s)|| < Ne—v(t=9)e = .

A+ IT 1QF-QiInA+N > Q7 -ajl).
s<t;<t

s<t;<t

Proof. The function Va(t) = Wa(t,0) is a solution of the initial value problem.

L2 — AWs = (Ay — A)Ws  (t # 1)
Va(th) = QL Va(tn) + (Q2 — Q) Va(tn)
V2(0) = I.

The solution X (¢) of the impulse equation

— ALX = (Ao(t) — AL)Valt) (t# ta)
X(6) = QLX () + (Q2 — Q1) Va(t)

has the representation

X(t) = Wi(t,0)+ f Wa(t, 7) (As(r) — Ay (7)) Va(r)dr+

+ 3 Wit t)(QF - Q))Valty)

0<t; <t
Valt) = WA0)+ [ Wt 7)(Aa(r) — A(r)Valr)ir+

+ 3 Wit t)(@QF - @Q))Valty).

0<t; <t
With o(t) = |[Va(t)l], p(t) = [[A2(t) — A1), a5 = |QF — Q3| we obtain

t
p(t) < Ne "' + N/e_”‘t_T)p(T)w(T)dT +N Y e gp(t;).

0 0<t; <t

(15)
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From [6] and (15) it follows the estimate (13). Inequality (14) follows from (13). O

Example In our example we shall consider two nonlinear partial impulse differential
equations. We transform this equations to ordinary impulse differential equations and
show that they satisfy the conditions of Theorem 1. The following short introduction in
the qualitative theory of nonlinear parabolic impulse differential equations is taken from
[2].

Let Q be a bounded domain with smooth boundary 9Q in R™, @ = (0,00) x 2 and
' = (0,00) x O9.

We denote

P, ={(th,z):2€Q}, P= U P,,

n=1
Ay ={(th,x) : 2 €09}, A= U Ay
n=1

Consider the impulse nonlinear parabolic initial value problems

G = Ai(t,x, Dyui+ filt,w,u), (t,7) € Q\ P
DYu;(t,x) =0, |a|f<m, (t,z)eT\A
u;(0,2) = v;(x), x€Q

wi(th, ) = Q (ui(tn, z)) + b (u;(tn, 1)), 2€Q, n=1,2, ..,

where
/L-(t, x, D)u; = Z ao,(t, ) Du; + kiug,

la|<2m

Qi : D(Q}) — D(Ai(t,z, D)) (n=1,2,..; i = 1,2) are linear operators and ﬁ(, o)
Ry xR*" xR — R, h%:R—)R.
Let X = L,(,R), (1 < p < x0), where

L,(Q.R)={v:Q2—R, /|U(x)|pdx < oo}
)

S

with norm |v|, = ([ |v(z)[Pdz)".
O
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With the family A;(t,z, D), t € Ry, i = 1,2, of strongly elliptic operators we
associate a family of linear operators A;(t), t € Ry, n = 1,2, acting in X by

A;(t)u; = /L-(t, x, D)u;, for u; € D.

This is done with D = D(4;(t)) = W?™P( Q)W P(Q), (i=1,2; t € Ry).
The real constans k; > 0 (i = 1,2) are chosen such that condition (H1) holds.
Let v; € X. We set

fit,w)(x) = filt,z,uit,x)), ;€ X, te Ry, € Q(i=1,2),
Q%(ui(tn))(x) = Q%(Ui(tn,.ﬁ)), h%(ul(tn))(x) = h%(ui(tnax))a
where Q% : D(Q) — D (D(Q%) C X lie dense in X (i = 1,2)) are linear operators,

fi:Ry x X — X and b}, : X — X.
Let U;(t,s) i = 1,2, be the Cauchy operators of the equations

dui
dt

= Ai(t)u;

In [4] are given sufficient conditions for the validaty of the estimates

|U;(t, s)] < M; (0<s<t; M; >0 constants, i = 1,2).

p—p —

We shall consider the concrete case when t, =n (n =1,2,...),

—2k 2 n,—2Kk
<1 em o 12(M7 + 1) + 2"e2m
e = R
@né 12(M? + 1)5’ @né 12.27(M2 + 1) & (CER)
where k1 > %“@’2 — k1.
We denote
—2k 2 n,—2K
1 em 9 12(M7 + 1) +2ne2m
- = X).
M= oren” 9 n (neX)

12.27(M2 + 1)

Let Vi(t,s) (1 = 1,2; 0 < s < t) are the Cauchy operators of the linear impulse
equations

dui

dt

= A;(t)u; fort #£t,

ui(th) = Qb (uilty)) forn=1,2,...
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Then for 0 < s <k <n <t, £ € D the following estimates are valid

—2r7 2k

< M, 12(M2+1) My 12(M2+1)M1|§|p <
1 —r1(n—k) _
< Le k1 (n— k‘+2)612( - |§| k1 (t— s)|§|

Let

1 _ .
q(t,s) = 2° F1(e=s),

From Lemma 4 we obtain the estimate

[Va(t, s)€ — Va(t, s)],
%fu@ E1|dr

Sl1_26—;@1(1: s) 1+ I 2%)(1—1-11—2 > %)|§|p§

s<j<t s<j<t

< %eﬁlkz—kll—m)(t—s)g(l + 1) )L, = (ko —ki|—r1)(t— s)|§|

"

Let

13, s
qg(t,S) = 56 2(t 6)5

where ko = K] — 11—2|k:2 — k1|. We take

fl(t, z,uy) = e (In(1 4 2712 — (¢, ),
Falt 2, uz) = €7 In(2 + Jua(t, 7)),
Rl (u1(tn, ) = e (sinu (tn, ) — g (tn, ),

B%(Ujg(tn,.f)) = eatn(sin m + Ug(tn,$)),
where v+ £; < =1 and a +7; <Ini (i =1,2). Then

filt,un) = e (In(1 + 27O —uy (1)),
(

hi(ui(tn)) = e (sinuy(t,) — ui(ts)),

uz(tn)) = e (sin oy + 2 (tn)-
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Let » > 0 and
21 1
p> =+ (u@)?).

We shall show that the conditions of Theorem 1 are fulfilled.
Set B, ={u € X : |ul, <o}. Forany { € B,, 1) € By, t € Ry we obtain

1 13
e_mtp-i- - _mt(T-i-p)

01 (1, 0)l€l, + aa(t, )l < = =

Let us set

1, 13 _,
Xrp(t) = e " p+ —e "' (r + p).

12 72

We shall show the validaty of the condition 3.2 of Theorem 1.

sup fql t,s)|f2(s,w) — fi(s,v)],ds+ sup fqg t,s)| f2(s, w)|,ds =

[vl,<r |w|,<r+p0
[wl,, <7“+ﬂ
2
= sup fﬁe F1(t=5)e7s | In ¢ 'glufl‘ +v| ds+
[v],<r 0 p
|wl], <r+p

+ sup f Ber2(t=5)e75|In(2 + |w)) )], ds <
|w|,<r+p0

< sup f% T s (12 4 |wl|, + [v],)ds+
[v],<r 0
|w|p§r+p

+ sup fls —r2(t— 5)675|2+|w|| ds <
|w|,<r+p0

1
< 1=t 2((@Q) P +2r4p +1 13 —mt2(u(ﬂ))f’+r+p
12°¢ —(k1+7) —(k2t7y)

Let us set

1207 2t p 13 2(u(@)F 47t p

brp(t) = 5 (k1 + ) 72 —(k2 +7)

(16)
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We prove condition 3.4 of Theorem 1.

sup 30 qu(ty ) |ha(w) = ha(u)l, + sup 3T galt, t)[he(w)], =

|'u|p§r 0<t,<t |'w|p§r+p 0<tn<t
o, <r+p
—  sup > Lemmlnean| gy 1+|w| +w —sinv+v| +
[v],<r 0<n<t P
jul, <+
13 —ka(t—m) an|
+ sup Y e e*™| sin 1+| | +w|

|w|,<r+p 0<n<t

< sup het 3 (@) + ful, + Jol, )+

[v],<r 0<n<t
jwl, <r+p
1
+ osup et 3 el ((u(Q)F +|wl,) <
[w],<r+p 0<n<t

— K1 1 K1t —k er2ta
< et (2(u(Q)) 7 + 2 + p) T 4 Bkt (u(Q)F + 1 + p) T

Set

1 et eh2ta

Orp(t) = e 1 (2(u(Q)) 7 +2r + p) T 4 B2t (1(Q)7 47 + p) T

It is not hard to check that the functions ¢;(.,0) (i = 1,2), ¢, , and ¢, , lie in the

space L,(R4).

From condition (16) we obtain
Xrop(t) + Urp(t) + @r p(t) < p for each t € R,

By means of a compactness criterion from [3] we prove condition 3.3.

Set

M(t) = {m(t) = / Valt, 8) o5, 1 (s) + u(s))ds : |ul, < p}
0

is a compact subset of X for any fixed ¢ € R..
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Indeed,
t
Im(t)], < [ 1(Va(t, s) = Vi(t, s)) f2(s, ur(s)(2) + u(s)(x))],ds+
0
t
+ [Vi(t, 8) fa (s, ua(s)(x) + u(s)(x))],ds <
0
t
< Ber Of e In(2 + [y (5)(z) + u(s)(x)|)],ds+
e f D In(2 + Jur (s)(2) + u(s)(z)])] ds <
13 2(;L(Q))P+T+p 1 2(;L(Q))P+T+p
SHRT ey T —tmEn
Moreover

[m(t) (e + h) = m(t)()],, <

t
13 —k K ; 2+|us(s)(z+h)+u(s)(z+h)|
< Be 2t0fe( 2+’Y)6|1n ;+|;1(2)(x)+1;(2)(§)| | ds+

t
L mmrt b (man)s| 1o 2l (s) (@ th)bu(s) (a-th)|
+1z€ t{e( I e S | ds-

In a similar way we show the validaty of condition 3.5.
Obviously condition 3.6 of Theorem 1 is fulfilled.
The conditions of Theorem 1 are fulfilled and hence the equations (1), (2)(i = 1,2)

are in B,, Ly-equivalent.
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