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Local Fourier Bases and Ultramodulation Spaces

Salti Samarah, Fady Hasan

Abstract

It was proved that local Fourier bases are unconditional bases for modulation spaces M,’,. We prove that
the local Fourier bases are unconditional bases for ultramodulation spaces M, = M, , where 0 < p < oo

and wwze“"”vw7 s>0,v€(0,1), zeR.

1. Introduction

Modulation spaces, denoted by M* | where 0 < p, ¢ < co and w is a weight function, are very interesting

p-q’
spaces in functional analysis. They have so many applications in physics, signal analysis and psuedodifferential
operators theory.

These spaces were invented in 1983 by Feichtinger. He developed his theory in terms of the behavior of
the short time Fourier transform.

The local Fourier bases are bases of the form

2 o
{’/A—kbk(x)smA—k(x—ak)}, keZl=1,2,...,

where o) < agt1 < -+, A = agy1 — o is a partition of R and by (x) is a smooth function called a “bell
function”.

Wilson bases represent a special case of local Fourier bases. They are defined by

V2b(x — %) if k is even and [ = 0;
Y p(z) = \/ib(x — %) cos 2wl(x + i) if kis even and [ € Ny;
V2b(z — E)sin2ni(z — 1) if k is odd and I € Ny.

In 1992, Feichtinger, Grochenig and Walnut [1] proved that Wilson bases of exponential decay are

unconditional bases for all modulation spaces.
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In [4], it was proved that the local Fourier bases are unconditional bases for modulation spaces M;’,,

where 0 < p,q < 0o and p = ¢. This work was extended for p # ¢ [9]. This means that the local Fourier bases
are unconditional bases for modulation spaces M’ for all 0 < p,q < oco.

In this paper we prove that the local Fourier bases are unconditional base for ultramodulation spaces

(M) where wy, = e*l*l” s € Rt v € (0,1), r€R and 0 < p < c0.

2. Tools from Time Frequency Analysis

In this section we give important definitions and lemmas which will be used in the next sections.
Throughout this paper the integrals are taken over R, unless otherwise indicated.

For f € L'(R) the Fourier transform is defined by
flw) = [ f@emveaa.
The inner product of f,g € L?(R) is defined by

(f.9) = / H)g@)d.

The Schwartz space S is the space of all smooth functions with rapid decay, and the dual space of S,
denoted by &', can be considered as the space of all functions with slow growth. The elements of S’ are called

tempered distributions.

For z,y € R the translation and modulation operators are defined respectively by:

Tof(t) = f(t — ) and M,f(t) = > f(t). (1)

The window function is a non-zero smooth cut-off a function in an interval.

The short time fourier transform (STFT) of f € &’ with respect to the window g € S is defined as

Sy (. y) = (f, M, Tog) = / FOFE = D)e 2t = (£.7,5)(), ()

for all z,y € R.

We need the following definitions and inequalities.

o If a >0, and wy(z) = (1 + |z])%, Vx € R, then a strictly positive and continuous function w on R? is

called moderate weight with respect to w, if
w(z +vy) < Cwy(r)w(y), z,y€R?* C: constant.
We say that the weight w is submultiplicative if w(z +y) < w(x)w(y).

o If f € L'(I) for every bounded subset I of a set G, we say that f is locally integrable on the set G and
we write f € L},.(G).
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o The weighted LP -space denoted by LP is the space of all functions f satisfying the relation

{f+ Al = [lfwllp < oo}

e Modulation Spaces: Given 0 < p,q < 00, 0 # g € S(R) arbitrary window, and a moderate weight w on
R?, we define the modulation space M, to be the space of all tempered distribution f for which the

norm
1/q

17l = ( [ (155w ya)” dy) ®)

is finite. In the case p = ¢ = oo, we use the supremum. If p = ¢, we write M;" instead of M’ , and if

w is constant weight, then we write M, , instead of M, .

Next, we mention a useful pointwise estimate of STFT. For this we recall the set of functions

C=C(M,K,N)={QECN(R): supp g C [-K, K] maxN||g(k)||1§M}. (4)

" k=0,1,-..,

Lemma 1 [7] Let ¢ € C*°(R), supp ¢ C [-L,L], and C =K + L. Then

1
sup |Sp9(x,y)| < Co——F~A—c,c1(x), forallz,yecR,
i Sealr ) < oy el

with a constant Cy > 0 depending on M, K, N .

3.

Weights

The weights are strictly positive and continuous functions on R?, and we denote them by letters: v, w, . ...

A weight v is submultiplicative if:

v(x +&y+n) vy, n), Vo,y,{n R
A weight w is v-moderate if 3C' > 0 such that:
w(z+&y+n) < Cv(z,y)w(én), Vz,y,§n ER,

If v is of the form (1 + |z|+ |y|)®, s > 0, then w is called s-moderate weight.

We consider the weight function w satisfying Beurling-Domar’s non-quasi analyticity condition:
oo
Z n~2logw(nz,ny) < co. z,y € R. (5)
n=1

We exhibit some examples of weight functions satisfying condition (5).
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Example 1.
1. (14 |z|+ |y|)* where z,y € R, s > 0.

2. estlzl"+s20yl” where z,y€ER,, 51,5 >0,7 € (O, 1)

Proof. 1.
Zn Zlog(1 + |nx| + |ny|)® an Zlog(1 + n(|z| + |y|))
n=1 n=1
Z 2Vn(a] +Jyl) <
2.
oo oo ln(esl|nw|w+52|ny|w)
-2 s1|nx|Y+s2|ny|” _ -2
Zn loge®! 2Iny —Zn 10
n=1 n=1
T fjszwwzﬂ
n10 & n10 &~
1 oo

(s1]z]|” + s2ly]7) Z n~* < oo

~In10

Definition 1 [6] A strictly positive and continuous function w, on RxR,~ € (0, 1), is said to be an exponential

type (exp-type) weight if there exist s € R and C > 0 such that:

wy(z+ &y +n) < CelT Ty (¢n), 2,y,6,neR,
and
wy (2, ey) = wy(z,y), €€ {-1,1}.
Proposition 1 The condition of exp-type weights
wy(@+&y+n) < Ce W (6m), 2,y,6,n,5 €R,

is equivalent to:

zI2 2\7/2
wy (@ + &y +n) < CeSTHW (), 2,y,&,m, S € R.
Proof.

wy (@ + & y+n) < Ce TNy ()
< Ce25(|w|+|y|)ww7(§,17)
v/2

< Ce2 (202 +1y?) wy(€,n)

_ O PSP (6 ) = STy
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where § = 27/2+1g, |

From the definition of the weights of exponential type we see that w., is a weight moderate with respect

to /U(x7y) = eS(IwI’Y-HyI’Y) .

Example 2 (Weights of Exp-Type).
L wy(z,y) = esrlzl 2l 3y e R,y € (0,1), 51,82 > 0.

— Az =7lyl”

2. Wy (z,y) = wy(z,y)e , where w. (z,y) is exp-type weight and z,y, \, 7 € R,y € (0,1).

4. Ultramodulation Spaces

In this section we introduce the class of modulation spaces called ultramodulation spaces defined by the

corresponding class of weights.

Definition 2 (Ultramodualtion Spaces) [10] Modulation spaces M}, defined by an exp-type weight w, are
called ultramodulation spaces.

Here we take up a special case: wy @ wa(x,y) = wi(x)wa(y), where:
wi(@) = e wa(y) = ez y € R, v €(0,1), 520,

the corresponding ultramodulation space, denoted by M;jj&®w2 , 1s defined by

My = {f es’: /(/ |(f, My Tog)|Per* U0 dzya/pdy < oo}. (6)
R JR

with norm

1/p
HfHMM = (/ (/ |<f, Myng>|peps(|z|v+|y|v)dx)q/pdy> )
P R JR

Proposition 2 The Fourier transform F:f — f is an isomorphism between Mz}%w and M;jjé@.

Proof. In the proof of this proposition we will use the following facts:
o |(f,M,T.q)| = {T.My,g, f)|, where g € S and f € §'.

o [(M,Tyg, f)| = {T,My.g, f)|, where g € S and f € §'.
o (h,f)=(h,f), where he S and f € §'.
o (TpyMygy= M_wT_yﬁ, where g € S.
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Now,

R q/p N q/p
/ (/ I<f,Myng>lpe”'w'wdx> = | |<TwMyg,f>|peps'w'wdx> w
R \J/R R \J/R

q/p
( |<M_wT_y§,f>|peps'w”dx> dy

_ N a/p
:/ /|<T_yM_wg,f>|pep5|w| dx> dy
R \JR

q/p
= / ( / |<TwMyg,?>|PepS'y”dy> dz,
R R

where § = g, and we replace —z by y and —y by « in the last equality. Therefore, f € M;jjé@ — fe MI}%W.

a

A special case for ultramodulation spaces (p = ¢ = 2):

M§,§w2={f68’: A1 s = / / |<f,Myng>|2e25'y“dxdy<oo}
2,2 R JR

{1 MR ges = [ [ 1807t )2 dndy < oo}

where 0 £ g € S.

5. Unconditional Bases for Ultramodulation Spaces

It was proved that the local Fourier bases are unconditional bases for all modulation spaces defined via
weight functions satisfying the condition w(z +y) < C(1 + |z|)w(y), C,a € R* and z,y € R. In this section
we will show that the local Fourier bases are unconditional bases for ultramodulation spaces M, = My}

defined via an exp-type weight w, = e*l1*I"  where v € (0,1), s >0 and = € R.

Theorem 1 Suppose that {1y, (k,1) € Z x N} C CN(R) are the local Fourier bases whenever the underlying
partition satisfies % <oagpr—ap <A A>1, and infrep =e€>0. If wy = eslel” ~ e (0,1) ands >0,z € R
is a weight of exponential type on R? for N > max(l, 11—7) where 0 < p < oo and N was defined in lemma (1),
then {1} are unconditional bases for M, . Every distribution f € M, has a unique expansion

f= > (fu)n, (8)

(k,l)EZXN
with unconditional convergence in the norm of M, . Moreover,

1/p

Sl <[ 2 WhwPuste)r ] <Ol )

(k,l)€(ZxN)
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for some constant C > 0.

Since the Wilson bases is a special case of the local Fourier bases, we have the following corollary

Corollary 1 The Wilson bases of exponential decay are unconditional bases for My ", 0 < p < 00.

We use the same techniques in [7] to prove Theorem 1. First we define the analysis operator 7 : L?(R) —
P(R),
Tf = (f, V1) kel
where I is the index set.
The synthesis operator defined by 7* : I?(R) — L%(R), is

((er)i,) E CriVkl-

(keI

We write: ng; = (o, 2ﬁTk)7 (k,1) € Z%; and for a given weight function w we denote its restriction to

the discrete set {ni} by w'(k,1) = w(n).

Lemma 2 [/] Using the notation of Lemma 1, set

1

G(r,y) = X_c,o (@W

If {tg1, (k1) € Z x N} C CN(R) are the local Fourier bases satisfying the assumptions of Theorem (2), then
there exists C1 > 0, such that

|Sw¢kl($u y)| <O (Tnsz( ) Tnk,sz(xa y))u for all z,y € R.

Lemma 3 (Schur)[4] Suppose that wi(i), i € I and wa(j), j € J are two weight functions on the index sets

I, J respectively, and let A = (aj;)jeticr s an infinite matriz such that

Z lajilwi (i)t < Cowa ()™ < o0 Vj € J, (10)
i€l
and
Z lajilwa(j) < Crwi (i) < oo Viel. (11)
jeJ

for some constants Co,C1 > 0. Then the map A is bounded from 15, (I) into 1%, (J) for 1 <p < oo.

Lemma 4 (Schur) Suppose that w1(i), i € I and ws(j), j € J are two weight functions on the countable index

sets I, J respectively, and let A= (aj;)jericr be an infinite matriz such that

> ajilPwa(5)P < Cowy (i) < o0 Vi€, (12)
JjeJ

for some constant Cy > 0. Then the map A is bounded from I5, (I) into I}, (J) for 0 <p <1.
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Proof. Let ¢ = (c;)ier € 45, (I). Then

||AC||532 = Z Zajici

jeJ lier

wa(5)

< Z E lajil?|ci|Pwa(5)P  (because p < 1)
i

= D lal” D lajil wa (i)
i J

= (o E |ci|Pwi ()P = Co ||l -
. wl
K2

Theorem 2 [3] Given g € S, 0 < p < 00, and a moderate weight w. Let §,3 > 0 be such that for some
integer M > 1, 83 < 1/M. Suppose that Ms,Tsmg, k,n € Z generates a frame for L*>. Then given any

[ € My, we can write

f = Z<f7 M§nTBmS_1g>M6nTBmg

m,n

The sum converges in the norm topology of M,". Moreover, there exists C = C(9,,9) > 0 such that for all
feMy

1/p
Sllfllary < (Z 15 ManTgmgMpw(ﬂmﬁn)p) < Ol 7l

m,n

where S is the Gabor frame operator

Sf= Z(ﬁ My Tmg) MsnTamg-

m,n
Proposition 3 Suppose that w(x) = es1*1" s an exp-type weight, where v € (0,1) and x,s € R, then:
1. wy(z) < w,(Bm)esl#=Fm" where 3> 0, m € Z.

2. wy(z+y) < wy(z)wy(y), where x,y € R.
Proof.

L. wy(ag) = eslanl” = gslar=pm+Bm|7 < os(lax—Bml+|Bm))T < gslar—Bm|” s|Bm|

= wy(ﬂm)esla’“_ﬁmlw.

9. wy(:c—i—y) — Sletul” < esUzl+lyD)” < Sz +yl™) _ sl gslyl” _ ww(x)wv(y)
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Proposition 4 Let 0 < p < oo and let{tr;, (k,1) € Z x N} C CN(R) be the local Fourier bases whose

underlying partition satisfies % <opr—ap <A A>1, and infrep, =€e>0. If w, = esl?l” 4 e (0,1), 0s >

0,z € R is an exp-type weight, then for N > max(1, 11—7), then T is a bounded operator from M, into IV, (I).
Y

Proof. The proof of this proposition is based on Lemmas 3, 4 and Theorem 2.

For the case 1 < p < oo we follow the same steps as in [9, Proposition 1].

We use also Proposition 4 for the proof of this case.

For the case 0 < p <1 . Since by Theorem 2

feMy ifandonlyif f= > (f,MsnTsm)MsnTpmg

m,n€”Z
with
1/p
1 p p
Gl < [ D2 (F ManTm)Pro(Bm. on)” | < ClIfl|arg-

m,n€Z

(Thre = Foea) = > (fs MsnTam)(Msn Tomg, vnt),

m,n€”Z

then to show ((7f)r) € li,w , it is enough to show that the map

A(k,l),(m,n) = <M6nTBmg7 wkl%

maps the sequence ((f, MsyTpm)) € 18, (Z*), wi(m) = wy(Bm) into ¥, (I). For this, it is sufficient to verify
vy
Condition (12), i.e.

{(MsnTmg, V1) |Pwy(o)P < Cowy(Bm)P < oo, Ym,n € Z.
k,l

By Lemma 2, Condition (12) becomes

Z |{(Ms5nTamg, Vi) [Pw- (ak)?
klez

+l
< Cow,(Bm)P Z G(fm — ay, on — 5A

k,l€Z

— Y
)P6P5|ak Bm|

k

+1 PN i
< Cowy(Bm)? Z X—c,c1(Bm — ay) (1 + |E — 5n|> epsloar=pmlT — (4,
k,l€Z
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Since % < agq1 —ap <A, A>1, there are at most 2C' A terms «y, in every interval of length 2C'.

e +l e
(%) < Cow,(Bm)P2C Ae? supz (1 + |E — on| .

kEZ 17

Since N > 11—7, the sum is finite with a bound independent of m and n. O

Proposition 5 7% is a bounded operator from 12, into M, for 0 < p < .
Y

Proof. For the case 1 < p < oo the proof is similar to that in [4, Proposition 2 |.

For the case 0 < p <1 the proof is similar to that in [7, Proposition 3]. O

Proof of Theorem (1).

Proof. Since 7 and 7* are bounded operators on M, and [, , the identity
Y

f = Z<f7 wkl>wkl = T*Tfu

k.l

extends from L?(R) to M,", 0 < p < co with unconditional convergence of the series above. Thus {t;}xi

spans a dense subspace in M, . The norm in the theorem follows from:

1l = I (s erd e e
< N7 llpll (s idryerlls,
= 17" oI lop 1/ 1l are

also, since the coefficients in f =" k1 Cki¥kt are uniquely determined by
ekt = (fy k) = (T,

we estimate

[ Z)\kzckzwleM;uw = 7" (Awicrt) e,y L
.l

<" lop [ (Arecrt) ey iz,
;
<A lop Moo I llop 1 £l aze

where A = (Aw1)k,)er, ¢ = (ckt)yer- This completes the proof that {vp;, (k,I) € I} is an unconditional

bases for M, . a
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