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Uniqueness for meromorphic functions and differential polynomials

Chao Meng

Abstract

In this article, we deal with the uniqueness problems on meromorphic functions concerning differential

polynomials and prove the following result: Let f and g be two transcendental meromorphic functions, α

be a meromorphic function such that T (r, α) = o(T (r, f) + T (r, g)) and α �≡ 0,∞ . Let a be a nonzero

constant. Suppose that m, n are positive integers such that n > m+10. If Ψ′
f and Ψ′

g share “(0, 2)”, then

(i) if m ≥ 2, then f(z) ≡ g(z) ; (ii) if m = 1, either f(z) ≡ g(z) or f and g satisfy the algebraic equation

R(f, g) ≡ 0, where R(�1, �2) = (n + 1)(�n+2
1 −�n+2

2 )− (n + 2)(�n+1
1 − �n+1

2 ) . The results in this paper

improve the results of Xiong-Lin-Mori [14] and the author [12].
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1. Introduction, definitions and results

By a meromorphic function we shall always mean a meromorphic function in the complex plane. It is
assumed that the reader is familiar with the notations of Nevanlinna theory such as T (r, f), m(r, f), N(r, f),

N(r, f), S(r, f) and so on, that can be found, for instance, in [5]. Set E(a, f) = {z : f(z) − a = 0} , where a
zero point with multiplicity m is counted m times in the set. If these zeros points are only counted once, then

we denote the set by E(a, f). Let f and g be two nonconstant meromorphic functions. If E(a, f) = E(a, g),

then we say that f and g share the value a CM; if E(a, f) = E(a, g), then we say that f and g share the
value a IM. Let m be a positive integer or infinity and a ∈ C ∪ {∞} . We denote by Em)(a, f) the set of all

a-points of f with multiplicities not exceeding m , where an a-point is counted according to its multiplicity.

Also we denote by Em)(a, f) the set of distinct a-points of f with multiplicities not greater than m . Let

NE(r, a; f, g)(NE(r, a; f, g)) be the counting function(reduced counting function) of all common zeros of f − a

and g−a with the same multiplicities and N0(r, a; f, g)(N0(r, a; f, g)) be the counting function(reduced counting
function) of all common zeros of f − a and g − a , ignoring multiplicities. If

N(r,
1

f − a
) + N(r,

1
g − a

) − 2NE(r, a; f, g) = S(r, f) + S(r, g) ,
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then we say that f and g share a “ CM ”. On the other hand, if

N(r,
1

f − a
) + N(r,

1
g − a

) − 2N0(r, a; f, g) = S(r, f) + S(r, g) ,

then we say that f and g share a “IM”. We now explain in the following definition the notion of weighted
sharing which was introduced by I. Lahiri [8] or [9].

Definition 1 [8]. For a complex number a ∈ C ∪ {∞} , we denote by Ek(a, f) the set of all a-points of f

where an a-point with mutiplicity m is counted m times if m ≤ k and k + 1 times if m > k . For a complex
number a ∈ C ∪ {∞} , such that Ek(a, f) = Ek(a, g), then we say that f and g share the value a with weight
k .

The definition implies that if f , g share a value a with weight k then z0 is a zero of f − a with
multiplicity m(≤ k) if and only if it is a zero of g − a with multiplicity m(≤ k) and z0 is a zero of f − a with
multiplicity m(> k) if and only if it is a zero of g − a with multiplicity n(> k), where m is not necessarily
equal to n .

We write f , g share (a, k) to mean that f , g share the value a with weight k . Clearly if f , g share
(a, k) then f , g share (a, p) for all integer p , 0 ≤ p < k . Also we note that f , g share a value a IM or CM
if and only if f , g share (a, 0) or (a,∞), respectively.

Definition 2 [8]. Let p be a positive integer and a ∈ C ∪ {∞} . We denote by Np)(r, 1
f−a

) the counting

function of the zeros of f − a (counted with proper multiplicities) whose multiplicities are not greater than p ,

N(p+1(r, 1
f−a ) to denote the counting function of zeros of f −a whose multiplicities are not less than p+1. And

Np)(r, 1
f−a ), N (p+1(r, 1

f−a ) denote their corresponding reduced counting functions (ignoring multiplicities),

respectively.

W.K. Hayman proposed the following well-known conjecture in [6].

Hayman’s Conjecture. If an entire function f satisfies fnf ′ �= 1 for all positive integers n ∈ N , then f is
a constant.

It has been verified by Hayman himself in [7] for the case n > 1 and Clunie in [3] for the case n ≥ 1,

respectively.

It is well-known that if f and g share four distinct values CM, then f is a Möbius transformation of g .
In 1997, corresponding to the famous conjecture of Hayman, Yang and Hua studied the unicity of differential
monomials and obtained the following theorem.

Theorem A [16]. Let f and g be two nonconstant meromorphic functions, n ≥ 11 be an integer and
a ∈ C − {0} . If fnf ′ and gng′ share the value a CM, then either f = dg for some (n+1)-th root of unity d

or g(z) = c1e
cz and f(z) = c2e

−cz , where c , c1 and c2 are constants and satisfy (c1c2)n+1c2 = −a2 .

In 2001, Fang and Hong studied the unicity of differential polynomials of the form fn(f −1)f ′ and proved
the following uniqueness theorem.
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Theorem B [4]. Let f and g be two transcendental entire functions, n ≥ 11 an integer. If fn(f − 1)f ′ and
gn(g − 1)g′ share the value 1 CM, then f ≡ g .

In 2004, Lin and Yi extended the above theorem in view of the fixed-point. They proved the following
results.

Theorem C [11]. Let f and g be two transcendental meromorphic functions, n ≥ 12 an integer. If fn(f−1)f ′

and gn(g − 1)g′ share z CM, then either f(z) ≡ g(z) or

f =
(n + 2)h(1 − hn+1)
(n + 1)(1 − hn+2)

, g =
(n + 2)(1 − hn+1)
(n + 1)(1 − hn+2)

where h is a nonconstant meromorphic function.

In 2005, Xiong, Lin and Mori considered the function Ψf = fn+1(fm + a) + α , where a is a constant
and f , g , α are meromorphic functions. They improved Theorem C and obtained the following result.

Theorem D [14]. Let f and g be two transcendental meromorphic functions, α be a meromorphic function
such that T (r, α) = o(T (r, f) + T (r, g)) and α �≡ 0,∞ . Let a be a nonzero constant. Suppose that m, n, k are
positive integers such that (k − 1)n > 14 + 3m + k(10 + m) . If Ek)(Ψ′

f ) = Ek)(Ψ′
g) , then (i) if m ≥ 2 , then

f(z) ≡ g(z) ; (ii) if m = 1 , either f(z) ≡ g(z) or f and g satisfy the algebraic equation R(f, g) ≡ 0 , where

R(�1, �2) = (n + 1)(�n+2
1 − �n+2

2 ) − (n + 2)(�n+1
1 − �n+1

2 ) .

In 2007, Shen and Lin improved Theorem D by deriving the following.

Theorem E [13]. Suppose the condition (k − 1)n > 14 + 3m + k(10 + m) is placed by n > 6 + (4 + m)k in
Theorem D, then the conclusion remains valid.

Recently, the author improved Theorem D by the idea of weighted shared value and obtained the following
theorem.

Theorem F [12]. Let f and g be two transcendental meromorphic functions, α be a meromorphic function
such that T (r, α) = o(T (r, f) + T (r, g)) and α �≡ 0,∞ . Let a be a nonzero constant. Suppose that m, n are
positive integers such that n > m + 10 . If Ψ′

f and Ψ′
g share (0, 2) , then

(i) if m ≥ 2 , then f(z) ≡ g(z) ;

(ii) if m = 1 , either f(z) ≡ g(z) or f and g satisfy the algebraic equation R(f, g) ≡ 0 , where

R(�1, �2) = (n + 1)(�n+2
1 − �n+2

2 ) − (n + 2)(�n+1
1 − �n+1

2 ) .

Now one may ask the following question which is the motivation for this paper: In Theorem F, can the
nature of sharing value be further relaxed other than the concept of weighted sharing?

To answer the above question, we need the following notion of weakly weighted sharing introduced by Lin
and Lin [10].

Definition 3 [10]. Let f and g share a “IM” and k be a positive integer or ∞ . N
E

k)(r, a; f, g) denotes the

reduced counting function of those a-points of f whose multiplicities are equal to the corresponding a-points of

g , both of their multiplicities are not greater than k . N
O
(k(r, a; f, g) denotes the reduced counting function of

those a-points of f which are a-points of g , both of their multiplicities are not less than k .
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Definition 4 [10]. For a ∈ C ∪ {∞} , if k is a positive integer or ∞ and

Nk)(r,
1

f − a
) − N

E

k)(r, a; f, g) = S(r, f) ,

Nk)(r,
1

g − a
) − N

E
k)(r, a; f, g) = S(r, g) ,

N (k+1(r,
1

f − a
) − N

O
(k+1(r, a; f, g) = S(r, f) ,

N (k+1(r,
1

g − a
) − N

O
(k+1(r, a; f, g) = S(r, g) ,

or if k = 0 and

N(r,
1

f − a
) − N0(r, a; f, g) = S(r, f), N(r,

1
g − a

) − N0(r, a; f, g) = S(r, g),

then we say f and g weakly share a with weight k . Here, we write f , g share “(a, k)” to mean that f , g

weakly share a with weight k .

Now it is clear from Definition 1 and Definition 4 that weighted sharing and weakly weighted sharing are
respectively scalings between IM, CM and “IM”, “CM”. Also weakly weighted sharing includes the definition of
weighted sharing.

In this paper, we prove the following theorem which improves Theorem F by the notion of weakly weighted
sharing.

Theorem 1. Let f and g be two transcendental meromorphic functions, α be a meromorphic function such
that T (r, α) = o(T (r, f) + T (r, g)) and α �≡ 0,∞ . Let a be a nonzero constant. Suppose that m, n are positive
integers such that n > m + 10 . If Ψ′

f and Ψ′
g share “(0, 2)” , then

(i) if m ≥ 2 , then f(z) ≡ g(z) ;

(ii) if m = 1 , either f(z) ≡ g(z) or f and g satisfy the algebraic equation R(f, g) ≡ 0 , where

R(�1, �2) = (n + 1)(�n+2
1 − �n+2

2 ) − (n + 2)(�n+1
1 − �n+1

2 ) .

Recently, A. Banerjee [2] introduced another sharing notion which is also a scaling between “IM” and
“CM” but weaker than weakly weighted sharing.

Definition 5 [2]. We denote by N(r, a; f | = p; g| = q) the reduced counting function of common a-points of f

and g with multiplicities p and q respectively.

Definition 6 [2]. Let f , g share a “IM”. Also let k be a positive integer or ∞ and a ∈ C ∪ {∞} . If

∑
p,q≤k(p�=q)

N(r, a; f | = p; g| = q) = S(r) ,

then we say f and g share a with weight k in a relaxed manner. Here we write f and g share (a, k)∗ to mean
that f and g share a with weight k in a relaxed manner.
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With the notion of weight in a relaxed manner, we prove the following theorem which also improves
Theorem F.

Theorem 2. Let f and g be two transcendental meromorphic functions, α be a meromorphic function such
that T (r, α) = o(T (r, f) + T (r, g)) and α �≡ 0,∞ . Let a be a nonzero constant. Suppose that m, n are positive
integers such that n > 2m + 14 . If Ψ′

f and Ψ′
g share (0, 2)∗ , then

(i) if m ≥ 2 , then f(z) ≡ g(z) ;

(ii) if m = 1 , either f(z) ≡ g(z) or f and g satisfy the algebraic equation R(f, g) ≡ 0 , where

R(�1, �2) = (n + 1)(�n+2
1 − �n+2

2 ) − (n + 2)(�n+1
1 − �n+1

2 ) .

Without the notions of weakly weighted sharing and weight in a relaxed manner, we prove the following
theorem which also improves Theorem F.

Theorem 3. Let f and g be two transcendental meromorphic functions, α be a meromorphic function such
that T (r, α) = o(T (r, f) + T (r, g)) and α �≡ 0,∞ . Let a be a nonzero constant. Suppose that m, n are positive

integers such that n > m + 10 . If E4)(0, Ψ′
f) = E4)(0, Ψ′

g) and E2)(0, Ψ′
f ) = E2)(0, Ψ′

g) then

(i) if m ≥ 2 , then f(z) ≡ g(z) ;

(ii) if m = 1 , either f(z) ≡ g(z) or f and g satisfy the algebraic equation R(f, g) ≡ 0 , where

R(�1, �2) = (n + 1)(�n+2
1 − �n+2

2 ) − (n + 2)(�n+1
1 − �n+1

2 ) .

2. Some lemmas

In this section, we present some lemmas which will be needed in the sequel. We will denote by H the
following function:

H =
(

F ′′

F ′ − 2
F ′

F − 1

)
−

(
G′′

G′ − 2
G′

G − 1

)
.

Lemma 1 [15]. Let f be a nonconstant meromorphic function, and let a1, a2, ..., an be finite complex numbers,

an �= 0 . Then

T (r, anfn + · · · + a2f
2 + a1f + a0) = nT (r, f) + S(r, f) .

Lemma 2 [2]. Let H be defined as above. If F and G share “(1, 2)” and H �≡ 0 , then

T (r, F ) ≤ N2(r,
1
F

) + N2(r,
1
G

) + N2(r, F ) + N2(r, G) −
∞∑

p=3

N (p(r,
G

G′ )

+S(r, F ) + S(r, G) ,

the same inequality holds for T (r, G) .
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Lemma 3 [2]. Let H be defined as above. If F and G share (1, 2)∗ and H �≡ 0 , then

T (r, F ) ≤ N2(r,
1
F

) + N2(r,
1
G

) + N2(r, F ) + N2(r, G) + N(r,
1
F

) + N(r, F )

−m(r,
1

G− 1
) + S(r, F ) + S(r, G) ,

the same inequality holds for T (r, G) .

Lemma 4 [1]. Let H be defined as above. If E4)(1, F ) = E4)(1, G) and E2)(1, F ) = E2)(1, G) , and H �≡ 0 ,

then

T (r, F ) + T (r, G) ≤ 2{N2(r,
1
F

) + N2(r, F ) + N2(r,
1
G

) + N2(r, G)}+ S(r, F ) + S(r, G) .

Lemma 5 [13]. Let f , g , Ψf , Ψg and α be defined as in Theorem 1. If Ψ′
f and Ψ′

g share 0 CM and

n > 10 + m, then (i) if m ≥ 2 , then f(z) ≡ g(z) ; (ii) if m = 1 , either f(z) ≡ g(z) or f and g satisfy the

algebraic equation R(f, g) ≡ 0 , where R(�1, �2) = (n + 1)(�n+2
1 − �n+2

2 ) − (n + 2)(�n+1
1 − �n+1

2 ) .

Lemma 6 [17]. Let f be a nonconstant meromorphic function. Then

N(r,
1

f(k)
) ≤ N(r,

1
f

) + kN(r, f) + S(r, f) .

3. Proof of Theorem 1

Let

F =
fn(fm + a1)f ′

α1
, G =

gn(gm + a1)g′

α1
, (1)

F1 =
1

n + m + 1
fn+m+1 +

a1

n + 1
fn+1 , G1 =

1
n + m + 1

gn+m+1 +
a1

n + 1
gn+1 , (2)

where

a1 =
(n + 1)a

n + m + 1
, α1 =

−α′

n + m + 1
. (3)

Then F and G share “(1, 2)”. By Lemma 1, we have

T (r, F1) = (n + m + 1)T (r, f) + S(r, f) , T (r, G1) = (n + m + 1)T (r, g) + S(r, g) . (4)

Since F ′
1 = α1F , G′

1 = α1G , we deduce that

T (r, F1) + T (r, G1) ≤ T (r, F ) + T (r, G) + N(r,
1
F1

) + N(r,
1

G1
)

−N(r,
1
F

) − N(r,
1
G

) + S(r, f) + S(r, g) . (5)
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From (1) we get

N2(r, F ) + N2(r, G) + N2(r,
1
F

) + N2(r,
1
G

) ≤ 2N(r, f) + 2N(r, g) + 2N(r,
1
f

)

+2N(r,
1
g
) + N(r,

1
fm + a1

) + N(r,
1

gm + a1
) + N(r,

1
f ′ )

+N(r,
1
g′

) + S(r, f) + S(r, g) . (6)

Let H �≡ 0, thus by Lemma 2, we have

T (r, F ) + T (r, G) ≤ 2{N2(r,
1
F

) + N2(r,
1
G

) + N2(r, F ) + N2(r, G)}+ S(r, f) + S(r, g) . (7)

By (5), (6), (7), we obtain

T (r, F1) + T (r, G1) ≤ 4{N(r, f) + N(r, g)} + 5{N(r,
1
f

) + N(r,
1
g
)} + {N(r,

1
fm + a1

)

+N(r,
1

gm + a1
)} + {N(r,

1
f ′ ) + N(r,

1
g′

)} + {N(r,
1

fm + a
) + N(r,

1
gm + a

)}

+S(r, f) + S(r, g) . (8)

Thus we have from (8) and Lemma 6

(n + m + 1){T (r, f) + T (r, g)} ≤ (2m + 11){T (r, f) + T (r, g)} + S(r, f) + S(r, g) . (9)

Thus we can deduce that n ≤ m + 10, which contradicts with n > m + 10. Therefore H ≡ 0. That is,

F ′′

F ′ − 2
F ′

F − 1
≡ G′′

G′ − 2
G′

G − 1
. (10)

By integration, we have from (10)

1
G − 1

≡ A

F − 1
+ B . (11)

where A �= 0 and B are constants. Thus F and G share 1 CM, and hence, we obtain from (1) that Ψ′
f and

Ψ′
g share 0 CM. Therefore by Lemma 5, we get the conclusion. �

4. Proof of Theorem 2

Let

F =
fn(fm + a1)f ′

α1
, G =

gn(gm + a1)g′

α1
, (12)

F1 =
1

n + m + 1
fn+m+1 +

a1

n + 1
fn+1 , G1 =

1
n + m + 1

gn+m+1 +
a1

n + 1
gn+1 , (13)
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where

a1 =
(n + 1)a

n + m + 1
, α1 =

−α′

n + m + 1
. (14)

Then F and G share (1, 2)∗ . Similar to that which proceeded proof of Theorem 1, we also have (4), (5) and
(6). Let H �≡ 0. Thus by Lemma 3, we have

T (r, F ) + T (r, G) ≤ 2{N2(r,
1
F

) + N2(r,
1
G

) + N2(r, F ) + N2(r, G)}+ N(r,
1
F

)

+N (r, F ) + N(r,
1
G

) + N(r, G) + S(r, f) + S(r, g) . (15)

By (15) and (1), (5), (6), we have that

T (r, F1) + T (r, G1) ≤ 5{N(r, f) + N(r, g)} + 6{N(r,
1
f

) + N(r,
1
g
)} + 2{N(r,

1
fm + a1

)

+N(r,
1

gm + a1
)} + 2{N(r,

1
f ′ ) + N(r,

1
g′

)} + {N(r,
1

fm + a
) + N(r,

1
gm + a

)}

+S(r, f) + S(r, g) . (16)

Thus we have from (16) and Lemma 6

(n + m + 1){T (r, f) + T (r, g)} ≤ (3m + 15){T (r, f) + T (r, g)} + S(r, f) + S(r, g) . (17)

Thus we can deduce that n ≤ 2m + 14, which contradicts with n > 2m + 14. Therefore H ≡ 0. That is

F ′′

F ′ − 2
F ′

F − 1
≡ G′′

G′ − 2
G′

G − 1
. (18)

By integration, we have from (18)

1
G − 1

≡ A

F − 1
+ B . (19)

where A �= 0 and B are constants. Thus F and G share 1 CM, and hence, we obtain from (1) that Ψ′
f and

Ψ′
g share 0 CM. Therefore by Lemma 5, we get the conclusion.

5. Proof of Theorem 3

Let

F =
fn(fm + a1)f ′

α1
, G =

gn(gm + a1)g′

α1
, (20)

F1 =
1

n + m + 1
fn+m+1 +

a1

n + 1
fn+1 , G1 =

1
n + m + 1

gn+m+1 +
a1

n + 1
gn+1 , (21)
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where

a1 =
(n + 1)a

n + m + 1
, α1 =

−α′

n + m + 1
. (22)

Then E4)(1, F ) = E4)(1, G) and E2)(1, F ) = E2)(1, G). Similar with the proceeding of the proof of Theorem

1, we also have (4), (5) and (6). Let H �≡ 0. Thus by Lemma 4, we have

T (r, F ) + T (r, G) ≤ 2{N2(r,
1
F

) + N2(r,
1
G

) + N2(r, F ) + N2(r, G)}+ S(r, f) + S(r, g) . (23)

By (23) and (1), (5), (6), we have that

T (r, F1) + T (r, G1) ≤ 4{N(r, f) + N(r, g)} + 5{N(r,
1
f

) + N(r,
1
g
)} + {N(r,

1
fm + a1

)

+N(r,
1

gm + a1
)} + {N(r,

1
f ′ ) + N(r,

1
g′

)} + {N(r,
1

fm + a
) + N(r,

1
gm + a

)}

+S(r, f) + S(r, g) . (24)

Thus we have from (24) and Lemma 6

(n + m + 1){T (r, f) + T (r, g)} ≤ (2m + 11){T (r, f) + T (r, g)} + S(r, f) + S(r, g) . (25)

Thus we can deduce that n ≤ m + 10, which contradicts with n > m + 10. Therefore H ≡ 0. That is

F ′′

F ′ − 2
F ′

F − 1
≡ G′′

G′ − 2
G′

G − 1
. (26)

By integration, we have from (26)

1
G − 1

≡ A

F − 1
+ B . (27)

where A �= 0 and B are constants. Thus F and G share 1 CM, and hence, we obtain from (1) that Ψ′
f and

Ψ′
g share 0 CM. Therefore by Lemma 5, we get the conclusion. �

Acknowledgements

The author would like to thank the referee for the careful reading and useful suggestions.

References

[1] Banerjee, A.: On uniqueness of meromorphic functions when two differential monomials share one value, Bull.

Korean Math. Soc. 44, part 4, 607-622 (2007).

[2] Banerjee, A. and Mukherjee, S.: Uniqueness of meromorphic functions concerning differential monomial sharing the

same value, Bull. Math. Soc. Sci. Math. Roumanie. 50, 191-206 (2007).

339



MENG

[3] Clunie, J.: On a result of Hayman, J. London Math. Soc. 42, 389-392 (1967).

[4] Fang, M.L. and Hong, W.: A unicity theorem for entire functions concerning differential polynomials, Indian J.

Pure Appl. Math. 32, 1343-1348 (2001).

[5] Hayman, W.K.: Meromorphic Functions, Clarendon, Oxford, 1964.

[6] Hayman, W.K.: Research Problems in Function Theory, Athlore Press (Univ. of London), 1967.

[7] Hayman, W.K.: Picard values of meromorphic functions and their derivatives, Ann. Math. 70, 9-42 (1959).

[8] Lahiri, I.: Weighted sharing and uniqueness of meromorphic functions, Nagoya Math. J. 161, 193-206 (2001).

[9] Lahiri, I.: Weighted value sharing and uniqueness of meromorphic functions, Complex Variables Theory Appl. 46,

241-253 (2001).

[10] Lin, S.H. and Lin, W.C.: Uniqueness of meromorphic functions concerning weakly weighted sharing, Kodai Math.

J. 29, 269-280 (2006).

[11] Lin, W.C. and Yi, H.X.: Uniqueness theorems for meromorphic functions concerning fixed-points, Complex Vari-

ables Theory Appl. 49, 793-806 (2004).

[12] Meng, C.: Uniqueness for meromorphic functions concerning differential polynomials, Georgian Math. J. 15, part

4, 731-738 (2008).

[13] Shen, S.H. and Lin, W.C.: Uniqueness of meromorphic functions, Complex Variables Elliptic Equ. 52, part 5,

411-424 (2007).

[14] Xiong, W.L., Lin, W.C. and Mori, S.: Uniqueness of meromorphic functions, Sci. Math. Jpn. 62, part 2, 305-315

(2005).

[15] Yang, C.C.: On deficiencies of differential polynomials II, Math. Z. 125, 107-112 (1972).

[16] Yang, C.C. and Hua, X.H.: Uniqueness and value-sharing of meromorphic functions, Ann. Acad. Sci. Fenn. Math.

22, 395-406 (1997).

[17] Yi, H.X.: Uniqueness of meromorphic functions and a question of C.C.Yang, Complex Variables Theory Appl. 14,

169-176 (1990).

Chao MENG

Department of Mathematics, Shandong University,

Jinan 250100, People’s Republic of CHINA

e-mail: mengchao-syiae@sohu.com

Received 25.12.2007

340


