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Existence and uniqueness of solutions to neutral stochastic

functional differential equations with infinite delay in Lp(Ω, Ch)

Haibo Bao

Abstract

In this paper, we shall consider the existence and uniqueness of solutions to neutral stochastic functional

differential equations with infinite delay in Lp(Ω, Ch) space:

d[x(t) − G(xt)] = f(t, xt)dt + g(t, xt)dB(t),

where we assume f : R+ × Lp(Ω, Ch) → Lp(Ω, Rn) , g : R+ × Lp(Ω, Ch) → Lp(Ω, L(Rm, Rn)) , G :

Lp(Ω, Ch) → Lp(Ω, Rn) , p > 2, and B(t) is a given m-dimensional Brownian motion.
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1. Introduction

In recent years, the existence, uniqueness and stability of stochastic differential equations have been
extensively investigated by many authors (for example, see L. Arnold [1], A. Friedman [4], R. Z. Has’minskii

[6], N. Ikeda and S. Watanabe [7], X. Mao [12, 13]). It is well known that these topics have been developed
mainly by using two different methods, that is, the iterative method and the Banach fixed point theorem.
As a matter of fact, there exist extensive literatures on the related topics for stochastic functional differential
equations and stochastic partial functional differential equations with finite delay (for example, see K. Liu and

X. Mao [10], K. Liu and X. Xia [11], S. E. A. Mohammed [14], T. Taniguchi et al [15], T. Taniguchi [16] and

the references therein). However, as far as the present authors know, there seems to be no work on neutral
stochastic functional differential equations with infinite delay. We would also like to mention that some similar
topics to the above for functional differential equations with infinite delay have already been investigated by
various authors (cf. [2], [3], [5], [9], [17], [18]).

In this paper, we adopt the symbols as follow: Rn denotes the usual n-dimensional Euclidean space,

R−, R+ and R denote the interval (−∞, 0] , [0,∞) and (−∞, +∞) respectively. Suppose x ∈ Rn , let

|x| =
∑n

i=1 |xi|, x = (x1, ..., xn). Let (Ω,F ,P) be a probability space on which an increasing and right

continuous family {Ft}t∈[0,+∞) of complete sub-σ -algebras of F is defined. Suppose x(t) : Ω → Rn is a

continuous Ft -adapted stochastic process, we can associate with another process xt : Ω → Lp(Ω, Ch), t ≥ 0,

by setting xt(s)(ω) = x(t + s)(ω), s ∈ R−. Then we say that the process xt is generalized by the process x(t).
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Here Lp(Ω, Ch) denotes the space of all F -measurable stochastic processes from Ω to Ch with Lp(Ω, Ch)-norm

(see Section 2). Let B(t) is a given m-dimensional standard Brownian motion.

In this paper, by using Banach fixed point theorem we shall discuss the existence and the uniqueness of
solutions to stochastic functional equations with infinite delay,

{
d[x(t)− G(xt)] = f(t, xt)dt + g(t, xt)dB(t), t > 0,
x0 = φ ∈ Lp(Ω, Ch), (1.1)

where φ is F0 -measurable. Throughout this paper, we shall assume f : R+ × Lp(Ω, Ch) → Lp(Ω, Rn) and

g : R+ × Lp(Ω, Ch) → Lp(Ω, L(Rm, Rn)), p > 2.

The contents of this paper are organized as follows. In Section 2, the Banach space Lp(Ω, Ch) is studied
which is fundamental for the subsequent developments. In Section 3, we shall discuss the existence and the
uniqueness of solutions to stochastic functional equations with infinite delay. Finally, we shall present in Section
4 some applications about Volterra stochastic integro-differential equation with infinite delay:

d[x(t)− κx(t − s)] =
∫ t

−∞
D(t, s)F (x(s))dsdt +

∫ t

−∞
K(t, s)G(x(s))dsdB(t), t > 0.

2. Banach space Lp(Ω, Ch)

Suppose x(t) : [a, b] → Rn. Let

‖x‖[a,b] = sup{|x(s)| : a ≤ s ≤ b}.

Assume h is a continuous function from R− to R with h(s) > 0 and l =
∫ 0

−∞ h(s)ds < +∞ . Let

Ch = {x ∈ C(R−, Rn)|
∫ 0

−∞
h(s)‖x‖[s,0]ds < +∞}.

Then Ch is a Banach space with the norm ‖x‖Ch =
∫ 0

−∞ h(s)‖x‖[s,0]ds (cf. [9], [17], [18]).

Denote by Lp(Ω, Ch) the space of all F -measurable stochastic processes φ : Ω → Ch such that ‖φ(ω)‖Ch

is of class Lp(p > 2), i.e.

Lp(Ω, Ch) = {φ : Ω → Ch|(E[
∫ 0

−∞
h(s)‖φ‖[s,0]ds]p)

1
p < +∞}.

It is easy to see

‖φ‖Lp(Ω,Ch) := (E[
∫ 0

−∞
h(s)‖φ‖[s,0]ds]p)

1
p

is a norm in Lp(Ω, Ch).

Let

Lp(Ω, C([a, b], Rn)) = {φ : Ω → C([a, b], Rn)|(E[‖φ‖[a,b]]p)
1
p < +∞}
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with the norm

‖φ‖Lp(Ω,C([a,b],Rn)) = (E[‖φ‖[a,b]]p)
1
p .

Lemma2.1 For any ε > 0 and any k > 0, there exists δ = δ(ε, k) > 0 such that for any φ1, φ2 ∈ Lp(Ω, Ch) , if

‖φ1 − φ2‖Lp(Ω,Ch) ≤ δ , then ‖φ1 − φ2‖Lp(Ω,C([−k,0],Rn)) ≤ ε.

Proof. If this is not true, suppose there exist ε0 > 0, k0 > 0 such that for any δ > 0, there exist

φ0
1, φ0

2 ∈ Lp(Ω, Ch) satisfying ‖φ0
1 − φ0

2‖Lp(Ω,Ch) ≤ δ , then we have‖φ0
1 − φ0

2‖Lp(Ω,C([−k0,0],Rn)) ≥ ε0 . Let l0 =∫ −k0

−∞ h(s)ds > 0 and select δ0 < ε0l0 , then there exists φ0
1, φ

0
2 ∈ Lp(Ω, Ch) satisfying ‖φ0

1 − φ0
2‖Lp(Ω,Ch) ≤ δ0 .

On the other hand, ‖φ0
1 − φ0

2‖Lp(Ω,C([−k0,0],Rn)) ≥ ε0. Thus

‖φ0
1 − φ0

2‖Lp(Ω,Ch) = (E[
∫ 0

−∞
h(s)‖φ0

1 − φ0
2‖[s,0]ds]p)

1
p

= (E[
∫ −k0

−∞
h(s)‖φ0

1 − φ0
2‖[s,0]ds +

∫ 0

−k0

h(s)‖φ0
1 − φ0

2‖[s,0]ds]p)
1
p

≥ (E[
∫ −k0

−∞
h(s)‖φ0

1 − φ0
2‖[s,0]ds]p)

1
p

≥ (E[
∫ −k0

−∞
h(s)‖φ0

1 − φ0
2‖[−k0,0]ds]p)

1
p

≥
∫ −k0

−∞
h(s)ds‖φ0

1 − φ0
2‖Lp(Ω,C([−k0,0],Rn))

≥ ε0l0,

therefore δ0 ≥ ε0l0, which contradicts δ0 < ε0l0 . This completes the proof. �

Lemma 2.2 Suppose φm are sequences in Lp(Ω, C(R−, Rn)) which are uniformly bounded; then lim
m→∞

‖φm −

φ0‖Lp(Ω,Ch) = 0 if and only if for any k > 0, lim
m→∞

‖φm − φ0‖Lp(Ω,C([−k,0],Rn)) = 0.

Proof. Necessity can be proved straight away by Lemma 2.1, so we only need to prove the sufficiency. Suppose
‖φm‖Lp(Ω,C(R−,Rn)) ≤ H. Since for any k > 0, lim

m→∞
‖φm−φ0‖Lp(Ω,C([−k,0],Rn)) = 0, thus ‖φ0‖Lp(Ω,C([−k,0],Rn))

is bounded, so ‖φ0‖Lp(Ω,C(R−,Rn)) is also bounded. Assume ‖φ0‖Lp(Ω,C(R−,Rn)) ≤ H ′.

By l =
∫ 0

−∞ h(s)ds < +∞ , then for any ε > 0, there exists k > 0 such that
∫ −k

−∞ h(s)ds < ε , and there

exists N > 0 such that when m > N , we have ‖φm − φ0‖Lp(Ω,C([−k,0],Rn)) < ε. Therefore, if m > N, we have
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‖φm − φ0‖p
Lp(Ω,Ch) = E[

∫ 0

−∞
h(s)‖φm − φ0‖[s,0]ds]p

= E[
∫ −k

−∞
h(s)‖φm − φ0‖[s,0]ds +

∫ 0

−k

h(s)‖φm − φ0‖[s,0]ds]p

≤ 2p−1E[
∫ −k

−∞
h(s)‖φm − φ0‖[s,0]ds]p + 2p−1E[

∫ 0

−k

h(s)‖φm − φ0‖[s,0]ds]p

≤ 2p−1[
∫ −k

−∞
h(s)ds]pE(‖φm‖R−

+ ‖φ0‖R−
)p + 2p−1E[

∫ 0

−k

h(s)‖φm − φ0‖[−k,0]ds]p

≤ 4p−1[
∫ −k

−∞
h(s)ds]p[‖φm‖p

Lp(Ω,C(R−,Rn))
+ ‖φ0‖p

Lp(Ω,C(R−,Rn))
] + 2p−1(ε l)p

≤ 4p−1[(Hp + H ′p)εp + εplp].

This completes the proof. �

Lemma 2.3 Lp(Ω, Ch) is a Banach space.

Proof. Suppose{φm} are a Cauchy sequence in (Lp(Ω, Ch), ‖ · ‖Lp(Ω,Ch)), then for any ε > 0, there exists a

positive integer N , if m′, m > N , then we have

‖φm′ − φm‖Lp(Ω,Ch) = (E[
∫ 0

−∞
h(s)‖φm′ − φm‖[s,0]ds]p)

1
p < ε

and

|‖φm′‖Lp(Ω,Ch) − ‖φm‖Lp(Ω,Ch)| = |(E[
∫ 0

−∞
h(s)‖φm′‖[s,0]ds]p)

1
p − (E[

∫ 0

−∞
h(s)‖φm‖[s,0]ds]p)

1
p |

≤ [E(
∫ 0

−∞
h(s)‖φm′‖[s,0]ds−

∫ 0

−∞
h(s)‖φm‖[s,0]ds)p]

1
p

= ‖φm′ − φm‖Lp(Ω,Ch) < ε.

Thus ‖φm‖Lp(Ω,Ch) is also a Cauchy sequence, thus it is bounded.

Suppose ‖φm‖Lp(Ω,Ch) ≤ M, we prove that for any k > 0, {‖φm‖Lp(Ω,C([−k,0],Rn))} is bounded.

If this is not true, then there exist mi, i = 1, 2, · · · such that ‖φmi‖Lp(Ω,C([−k,0],Rn)) ≥ i. Thus,
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‖φmi‖Lp(Ω,Ch) = (E[
∫ 0

−∞
h(s)‖φmi‖[s,0]ds]p)

1
p

≥ (E[
∫ −k

−∞
h(s)‖φmi‖[s,0]ds]p)

1
p

≥ (E[
∫ −k

−∞
h(s)‖φmi‖[−k,0]ds]p)

1
p

≥ i

∫ −k

−∞
h(s)ds → +∞.

This contradicts ‖φm‖Lp(Ω,Ch) ≤ M.

By Lemma 2.1, we have ‖φm′ − φm‖Lp(Ω,C([−k,0],Rn)) < ε if m, m′ > N and N is large enough. So there

exists a function φ ∈ Lp(Ω, C([−k, 0], Rn)) such that lim
m→∞

‖φm −φ‖Lp(Ω,C([−k,0],Rn)) = 0. Since k is arbitrary,

φ can be extended on R− , i,e., φ ∈ Lp(Ω, C(R−, Rn)).

For any k > 0,

(E[
∫ 0

−k

h(s)‖φm′ − φm‖[s,0]ds]p)
1
p < ε,

let m′ → ∞ , we have

(E[
∫ 0

−k

h(s)‖φm − φ‖[s,0]ds]p)
1
p < ε.

Thus,

‖φm − φ‖Lp(Ω,Ch) = (E[
∫ 0

−∞
h(s)‖φm − φ‖[s,0]ds]p)

1
p ≤ ε,

i.e. lim
m→∞

‖φm − φ‖Lp(Ω,Ch) = 0.

Moreover,

‖φ‖p
Lp(Ω,Ch) = E[

∫ 0

−∞
h(s)‖φ‖[s,0]ds]p

≤ E[
∫ 0

−∞
h(s)(‖φm‖[s,0] + ‖φm − φ‖[s,0])ds]p

≤ 2p−1E[
∫ 0

−∞
h(s)‖φm‖[s,0]ds]p + 2p−1E[

∫ 0

−∞
h(s)‖φm − φ‖[s,0]ds]p

≤ 2p−1‖φm‖p
Lp(Ω,Ch) + 2p−1‖φm − φ‖p

Lp(Ω,Ch) < ∞.

Thus φ ∈ Lp(Ω, Ch), therefore (Lp(Ω, Ch), ‖ · ‖Lp(Ω,Ch)) is a Banach space. �
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Lemmas 2.4 Suppose φ ∈ Lp(Ω, Ch), A > 0, x(t) = φ(t) on (−∞, 0] and x(t) ∈ Lp(Ω, C([0, A], Rn)) on

[0, A] , then for all t ∈ [0, A], xt ∈ Lp(Ω, Ch) and xt is continuous for t in Lp(Ω, Ch) .

Proof. As a matter of fact, we have

E[
∫ 0

−∞
h(s)‖xt‖[s,0]ds]p = E[

∫ −t

−∞
h(s)‖xt‖[s,0]ds +

∫ 0

−t

h(s)‖xt‖[s,0]ds]p

≤ 2p−1E[
∫ −t

−∞
h(s)‖xt‖[s,0]ds]p + 2p−1E[

∫ 0

−t

h(s)‖xt‖[s,0]ds]p

≤ 2p−1E[
∫ −t

−∞
h(s)max{‖xt‖[s,−t], ‖xt‖[−t,0]}ds]p + 2p−1E[

∫ 0

−t

h(s)‖x‖[0,t]ds]p

≤ 4p−1E[
∫ −t

−∞
h(s)‖x‖[s+t,0]ds]p + 4p−1E[

∫ −t

−∞
h(s)‖x‖[0,t]ds]p

+ 2p−1E[
∫ 0

−t

h(s)‖x‖[s,0]ds]p

≤ 4p−1E[
∫ 0

−∞
h(s)‖φ‖[s,0]ds]p + (4p−1 + 2p−1)lp‖x‖Lp(Ω,C([0,A],Rn)) < ∞,

therefore xt ∈ Lp(Ω, Ch).

Next we prove that xt is continuous for t . Without loss of generality, we suppose t0 ∈ [0, A], t ∈ [0, A].

Let 0 ≤ t0 ≤ t , for any ε > 0, there exists M(t0, ε) > 0, such that

(E[
∫ −M

−∞
h(s)‖xt0‖[s,0]ds]p)

1
p <

ε

8
,

∫ −M

−∞
h(s)ds <

ε

4L
,

where ‖x‖Lp(Ω,C([0,A],Rn)) ≤ L. Suppose that |t0 − t| is small enough such that

‖xt − xt0‖Lp(Ω,C([−M,0],Rn)) <
ε

2l
.

Thus

‖xt − xt0‖p
Lp(Ω,Ch)

= E[
∫ 0

−∞
h(s)‖xt − xt0‖[s,0]ds]p

= E[
∫ −M

−∞
h(s)‖xt − xt0‖[s,0]ds +

∫ 0

−M

h(s)‖xt − xt0‖[s,0]ds]p

≤ 2p−1E[
∫ −M

−∞
h(s)‖xt‖[s,0]ds +

∫ −M

−∞
h(s)‖xt0‖[s,0]ds]p

+ 2p−1E[
∫ 0

−M

h(s)‖xt − xt0‖[s,0]ds]p

50



BAO

≤ 2p−1E[
∫ −M

−∞
h(s)(‖xt0‖[s,0] + ‖x‖[t0,t] + ‖xt0‖[s,0])ds]p

+ 2p−1E[
∫ 0

−M

h(s)‖xt − xt0‖[s,0]ds]p

≤ 4p−1E[2
∫ −M

−∞
h(s)‖xt0‖[s,0]ds]p + 4p−1E[

∫ −M

−∞
h(s)‖x‖[t0,t]ds]p

+ 2p−1E[
∫ 0

−M

h(s)‖xt − xt0‖[s,0]ds]p

≤ 4p−1E[2
∫ −M

−∞
h(s)‖xt0‖[s,0]ds]p + 4p−1E[

∫ −M

−∞
h(s)‖x‖[0,A]ds]p

+ 2p−1E[
∫ 0

−M

h(s)‖xt − xt0‖[−M,0]ds]p

≤ 4p−12p εp

8p
+ 4p−1(

ε

4L
)p‖x‖p

Lp(Ω,C([0,A],Rn)) + 2p−1lp‖xt − xt0‖p
Lp(Ω,C([−M,0],Rn))

<
εp

4
+

εp

4
+

εp

2
= εp.

Therefore ‖xt − xt0‖Lp(Ω,Ch) < ε, thus xt is continuous for t in Lp(Ω, Ch). �

3. Existence and uniqueness of solutions

We shall consider the following stochastic integral equation instead of (1.1) by finding a fixed point of
the operate Φ:

{
x(t) = φ(0) + G(xt) − G(x0) +

∫ t

0
f(s, xs)ds +

∫ t

0
g(s, xs)dB(s), t > 0,

x0 = φ ∈ Lp(Ω, Ch),
(3.1)

where φ is F0 -measurable.

Throughout this section, we assume that:

(H1) : For arbitrary ξ, η ∈ Lp(Ω, Ch) and 0 ≤ t ≤ T , suppose that there exist positive real constants

L1 = L1(T ), L2 = L2(T ), κ = κ(T ) > 0 such that

‖f(t, ξ) − f(t, η)‖Lp ≤ L1‖ξ − η‖Lp(Ω,Ch),

‖g(t, ξ) − g(t, η)‖Lp ≤ L2‖ξ − η‖Lp(Ω,Ch),

and
‖G(ξ) − G(η)‖Lp ≤ κ‖ξ − η‖Lp(Ω,Ch).
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(H2) : There exists a c = c(T ) > 0 such that

‖f(t, ξ)‖Lp + ‖g(t, ξ)‖Lp + ‖G(ξ)‖Lp ≤ c(1 + ‖ξ‖Lp(Ω,Ch))

for 0 ≤ t ≤ T, where T > 0 is any fixed time .

Theorem 3.1 Suppose assumptions (H1) and (H2) hold. Then there exist a unique local uniformly continuous

solution to (1.1) for any initial value (0, φ) with φ ∈ Lp(Ω, Ch) .

To prove this theorem, assume T > 0 is a fixed point to be determined later, and DT is the subspace of
all continuous processes z which belong to the space C((−∞, T ], Lp(Ω, Ch)), zt ∈ Lp(Ω, Ch), with‖z‖DT < ∞,

where
‖z‖DT := sup

0≤t≤T
‖zt‖Lp(Ω,Ch). (3.2)

Now we introduce the following mapping Φ on DT :

{
(Φz)(t) = φ(0) + G(zt) − G(z0) +

∫ t

0
f(s, zs)ds +

∫ t

0
g(s, zs)dB(s), t ≥ 0,

(Φz)(t) = φ(t) ∈ Lp(Ω, Ch), t ≤ 0.

Lemma 3.1 Suppose the operator mapping Φ and the corresponding domain DT are defined by (3.2), then

Φ(DT ) ⊂ DT .

Proof. By the definition of Φ, we have

‖(Φz)t‖p
Lp(Ω,Ch)

= E[
∫ 0

−∞
h(s)‖(Φz)t‖[s,0]ds]p

= E[
∫ −t

−∞
h(s)‖(Φz)t‖[s,0]ds +

∫ 0

−t

h(s)‖(Φz)t‖[s,0]ds]p

≤ 2p−1E[
∫ −t

−∞
h(s)‖(Φz)t‖[s,0]ds]p + 2p−1E[

∫ 0

−t

h(s)‖(Φz)t‖[s,0]ds]p

≤ 2p−1E[
∫ −t

−∞
h(s)max{‖(Φz)t‖[s,−t], ‖(Φz)t‖[−t,0]}ds]p + 2p−1E[

∫ 0

−t

h(s)‖Φz‖[0,t]ds]p

≤ 4p−1E[
∫ −t

−∞
h(s)‖Φz‖[s+t,0]ds]p + 4p−1E[

∫ −t

−∞
h(s)‖Φz‖[0,t]ds]p

+ 2p−1E[
∫ 0

−t

h(s)‖Φz‖[0,t]ds]p

≤ 4p−1E[
∫ 0

−∞
h(s)‖φ‖[s,0]ds]p + (4p−1 + 2p−1)lp‖Φz‖p

Lp(Ω,C([0,T ],Rn))
.

Almost every sample path of (Φz)(t) is uniformly continuous on the interval [0, T ] , then it is easy to prove
that

[ sup
0≤t≤T

|(Φz)(t)|]p = sup
0≤t≤T

|(Φz)(t)|p a.s.
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By the Doob’s inequality (cf. Mohammed [14, Theorem 6.1]),

E sup
0≤t≤T

|(Φz)(t)|p ≤ (
p

p − 1
)pE|(Φz)(T )|p.

So we have

‖Φz‖p
Lp(Ω,C([0,T ],Rn)) = E[ sup

0≤t≤T
|(Φz)(t)|]p = E sup

0≤t≤T
|(Φz)(t)|p ≤ (

p

p − 1
)pE|(Φz)(T )|p

= (
p

p − 1
)pE[|φ(0) + G(zt) − G(z0) +

∫ T

0

f(τ, zτ )dτ +
∫ T

0

g(τ, zτ )dB(τ )|]p

≤ (
p

p − 1
)p5p−1E|φ(0)|p + (

p

p − 1
)p5p−1c(1 + ‖φ‖)p

DT
+ (

p

p − 1
)p5p−1c(1 + ‖z‖)p

DT

+ (
p

p − 1
)p5p−1E|

∫ T

0

f(τ, zτ )dτ |p + (
p

p − 1
)p5p−1E|

∫ T

0

g(τ, zτ )dB(τ )|p

= (
p

p − 1
)p5p−1E|φ(0)|p + (

p

p − 1
)p5p−1cp(1 + ‖φ‖)p

DT

+ (
p

p − 1
)p5p−1cp(1 + ‖z‖)p

DT
+ I1 + I2,

I1 = (
p

p − 1
)p5p−1E[|

∫ T

0

f(τ, zτ )dτ |]p

≤ (
p

p − 1
)p5p−1T

p
q

∫ T

0

E|f(τ, zτ )|pdτ

≤ (
p

p − 1
)p5p−1T

p
q

∫ T

0

cp(1 + ‖zτ‖Lp(Ω,Ch))pdτ

≤ (
p

p − 1
)p10p−1T 1+ p

q cp(1 + ‖z‖p
DT

),

I2 = (
p

p − 1
)p5p−1E[|

∫ T

0

g(τ, zτ )dB(τ )|]p

≤ (
p

p − 1
)p5p−1[

p(p − 1)
2

]
p
2 T

p−2
2

∫ T

0

E|g(τ, zτ )|pdτ

≤ (
p

p − 1
)p5p−1[

p(p − 1)
2

]
p
2 T

p−2
2 cp

∫ T

0

(1 + ‖zτ‖Lp(Ω,Ch))pdτ

≤ (
p

p − 1
)p10p−1[

p(p − 1)
2

]
p
2 T

p
2 cp(1 + ‖z‖p

DT
).

Therefore, we obtain that ‖Φz‖DT < ∞ . This completes the proof. �
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Proof of Theorem 3.1: Let X, Y ∈ DT , then for any fixed t ∈ [0, T ]

‖(ΦX)t − (ΦY )t‖p
Lp(Ω,Ch) = E[

∫ 0

−∞
h(s)‖(ΦX)t(θ) − (ΦY )t(θ)‖[s,0]ds]p

= E[
∫ −t

−∞
h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[s,0]ds +

∫ 0

−t

h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[s,0]ds]p

≤ E[
∫ −t

−∞
h(s)max{‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[s,−t], ‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[−t,0]}ds

+
∫ 0

−t

h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[s,0]ds]p

≤ E[
∫ −t

−∞
h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[s,−t]ds +

∫ −t

−∞
h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[−t,0]ds

+
∫ 0

−t

h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[−t,0]ds]p

≤ E[
∫ −t

−∞
h(s)‖φ(t + θ) − φ(t + θ)‖[s,−t]ds + 2

∫ 0

−∞
h(s)‖(ΦX)(t + θ) − (ΦY )(t + θ)‖[−t,0]ds]p

= E[2
∫ 0

−∞
h(s)‖ΦX − ΦY ‖[0,t]ds]p ≤ lp2p‖ΦX − ΦY ‖p

Lp(Ω,C([0,T ],Rn))

= lp2pE[ sup
0≤t≤T

|(ΦX − ΦY )(t)|]p = lp2pE sup
0≤t≤T

|(ΦX − ΦY )(t)|p

≤ lp3p(
p

p − 1
)pE|(ΦX − ΦY )(T )|p

≤ lp(
p

p − 1
)p32p−1E[|G(XT ) − G(YT )|p + lp(

p

p − 1
)p32p−1‖XT + YT ‖E[|

∫ T

0

[f(τ, Xτ ) − f(τ, Yτ )]dτ |]p

+ lp(
p

p − 1
)p32p−1E[|

∫ T

0

[g(τ, Xτ ) − g(τ, Yτ )]dB(τ )|]p

≤ lp(
p

p − 1
)p32p−1κp‖X − Y ‖p

DT
+ I3 + I4,

I3 = lp(
p

p − 1
)p32p−1E[|

∫ T

0

[f(τ, Xτ ) − f(τ, Yτ )]dτ |]p

≤ lp(
p

p − 1
)p32p−1T

p
q

∫ T

0

E|f(τ, Xτ ) − f(τ, Yτ )|pdτ

≤ lp(
p

p − 1
)p32p−1T

p
q

∫ T

0

Lp
1‖Xτ − Yτ‖p

Lp(Ω,Ch)dτ

≤ lp(
p

p − 1
)p32p−1T 1+ p

q Lp
1‖X − Y ‖p

DT
,
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I4 = lp(
p

p − 1
)p32p−1E[|

∫ T

0

[g(τ, Xτ ) − g(τ, Yτ )]dB(τ )|]p

≤ lp(
p

p − 1
)p32p−1[

p(p − 1)
2

]
p
2 T

p−2
2

∫ T

0

E|g(τ, Xτ ) − g(τ, Yτ )|pdτ

≤ lp(
p

p − 1
)p32p−1[

p(p − 1)
2

]
p
2 T

p−2
2

∫ T

0

Lp
2‖Xτ − Yτ‖p

Lp(Ω,Ch)dτ

≤ lp(
p

p − 1
)p32p−1[

p(p − 1)
2

]
p
2 T

p
2 Lp

2‖X − Y ‖p
DT

.

Hence by takeing a suitable T > 0 such that T is sufficiently small, we obtain a positive real number
ρ(T ) ∈ (0, 1) such that

‖ΦX − ΦY ‖DT ≤ ρ(T )‖X − Y ‖DT

for any X, Y ∈ DT . Thus by the well known Banach fixed point theorem we have a unique fixed point X ∈ DT

which yields

{
X(t) = φ(0) + G(Xt) − G(X0) +

∫ t

0 f(s, Xs)ds +
∫ t

0 g(s, Xs)dB(s), t ≥ 0,
X(t) = φ(t), t ≤ 0,

which proves the existence of a local uniformly continuous solution of (1.1). The uniqueness of solution is
proved similarly. Therefore the proof is complete. �

Theorem 3.2 Let f : R+ × Lp(Ω, Ch) → Lp(Ω, Rn), g : R+ × Lp(Ω, Ch) → Lp(Ω, L(Rm, Rn)) satisfy the

assumption (H1) . If there exists a constant c > 0 such that

‖f(t, ξ)‖LP + ‖g(t, ξ)‖LP + ‖G(ξ)‖Lp ≤ c(1 + ‖ξ‖Lp(Ω,Ch))

for all ξ ∈ Lp(Ω, Ch), t ≥ 0, then there exist a unique, global uniformly continuous solution X(t) : Ω → Rn to

the equation (1.1) for any initial (0, φ) with φ ∈ Lp(Ω, Ch) .

Proof. If f and g satisfy the global Lipschitz condition, then the proof of the theorem can be given similarly
as a corollary of Theorem 3.1. If f and g satisfy the local Lipschitz condition, then the proof is given by the
standard truncation method [15, Theorem 2.5]. Hence we omit the proof. �

4. Applications

The existence, uniqueness and stability of Volterra integro-differential equation have already been inves-
tigated by many authors (cf. [2], [3], [17], [18]). In this section, we shall discuss Volterra neutral stochastic
integro-differential equation with infinite delay.

Let D(t, s), K(t, s) ∈ C(R2, R). Assume that there exists a positive continuous function h(s) on R−

with
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|D(t, t + s)|, |K(t, t + s)| ≤ h(s),
∫ 0

−∞
h(s)ds < +∞. (4.1)

We consider the following Volterra stochastic integro-differential equation:

{
d[x(t) − κx(t − s)] =

∫ t

−∞ D(t, s)F (x(s))dsdt +
∫ t

−∞ K(t, s)G(x(s))dsdB(t), t > 0,

x0 = φ ∈ Lp(Ω, Ch),
(4.2)

where κ > 0, B(t) is a one-dimensional standard Brownian motion, and φ is F0 -measurable.

Throughout this section, we assume that

(B) : Both F : R → R and G : R → R are continuous functions. They satisfy the Lipschitz condition
and the linear growth condition. That is, for arbitrary x, y ∈ R , there exist positive real constants L1, L2 > 0
such that

|F (x)− F (y)| ≤ L1|x− y|, |G(x)− G(y)| ≤ L2|x − y|,

and there is moreover a c > 0 such that

|F (x)|+ |G(x)| ≤ c(1 + |x|), x ∈ R.

Theorem 4.1 Suppose (4.1) and assumption (B) hold. Then there exist a unique, global uniformly continuous

solution X(t) : Ω → R to the equation (4.2) for any initial (0, φ) with φ ∈ Lp(Ω, Ch) .

Proof. Let

f(t, φ) =
∫ 0

−∞
D(t, t + s)F (φ(s))ds, g(t, φ) =

∫ 0

−∞
K(t, t + s)G(φ(s))ds, φ ∈ Lp(Ω, Ch),

then

f(t, xt) =
∫ 0

−∞
D(t, t + s)F (xt(s))ds =

∫ t

−∞
D(t, s)F (x(s))ds,

g(t, xt) =
∫ 0

−∞
K(t, t + s)G(xt(s))ds =

∫ t

−∞
K(t, s)G(x(s))ds.

Now we prove that f(t, φ) and g(t, φ) satisfy globally Lipschitz condition and the linear growth condition.

In fact, for any φ, ψ ∈ Lp(Ω, Ch),

E|f(t, φ) − f(t, ψ)|p = E|
∫ 0

−∞
D(t, t + s)(F (φ(s)) − F (ψ(s)))ds|p

≤ E[
∫ 0

−∞
h(s)L1 |φ(s) − ψ(s)|ds]p

≤ Lp
1E[

∫ 0

−∞
h(s)‖φ − ψ‖[s,0]ds]p = Lp

1‖φ − ψ‖p
Lp(Ω,Ch),
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thus |f(t, φ) − f(t, ψ)|Lp ≤ L1||φ− ψ||Lp(Ω,Ch) , and

E|f(t, φ)|p = E|
∫ 0

−∞
D(t, t + s)F (φ(s))ds|p

≤ cpE[
∫ 0

−∞
h(s)[1 + ‖φ‖[s,0]]ds]p

≤ 2p−1cpE[
∫ 0

−∞
h(s)ds]p + 2p−1cpE[

∫ 0

−∞
h(s)‖φ‖[s,0]ds]p

≤ 2p−1cp[lp + ‖φ‖p
Lp(Ω,Ch)].

Similarly, g satisfies globally Lipschitz condition and the linear growth condition. Hence, all the conditions in
Theorem 3.2 are satisfied. Therefore, there exists a unique uniformly continuous solution to equation (4.2). �

Remark 4.1 For example, D(t, s) = K(t, s) = es−t, h(s) = es satisfy the condition (4.1).
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