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On maximum principle and existence of positive weak solutions for
n X n nonlinear elliptic systems involving degenerated p-Laplacian
operators

H. M. Serag and S. A. Khafagy

Abstract
We study the Maximum Principle and existence of positive weak solutions for the n x n nonlinear elliptic
system
—Appui = Y7 aij(@)u; [P + fi(e,un,uz, . un)  in €,
u; =0,1=1,2,...n on 0f),
where the degenerated p-Laplacian defined as Ap,u = div [P(z)|Vu[P">Vu] with p > 1,p # 2 and P(z)
is a weight function. We give some conditions for having the Maximum Principle for this system and then

we prove the existence of positive weak solutions for the quasilinear system by using “sub-super solutions
method”.

Key Words: Maximum principle, existence of positive weak solution, nonlinear elliptic system, degenerated

p-Laplacian.

1. Introduction

One of the most useful and best known tools employed in the study of partial differential equations
is the Maximum Principle, as it is an useful tool to prove many results such as existence, multiplicity and
qualitative properties for their solutions. An excellent overview of the subject up to 1967 can be found in the
book by Protter and Weinberger [13]. Several papers have explored Maximum Principle for different systems
(linear, semilinear and nonlinear) involving Laplace and p-Laplace operators. The Maximum Principle has
also been studied for linear elliptic systems. In particular, de Figueiredo and Mitidieri [4, 5, 6] gave necessary
and sufficient conditions for the Maximum Principle. Also, in [8], the authors proved sufficient and necessary
conditions for having the Maximum Principle and the existence of positive solutions for cooperative linear
elliptic systems involving Laplace operator with constant coefficients. In [9], Fleckinger and Serag presented
necessary and sufficient conditions for having the Maximum Principle and for the existence of positive solutions
for cooperative semilinear elliptic systems involving Laplace operator with variable coefficients. These results

have been extended in [8] to the cooperative nonlinear elliptic system involving the p-Laplacian operators with
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constant coefficients:

—Apuy =30 aij|ug PR 4 fi(@ s ug, o u,)  in Q } )

u; =0,1=1,2,...n on 0.

Using an approximation method, the existence of solutions for (A) have been proved in [2].
Bouchekif, Serag and de Thélin [3], proved the validity of the Maximum Principle and the existence
of positive solutions for the following nonlinear elliptic system of two equations involving different operators

A,, A, defined on bounded domain © of RY | with constant coefficients a, b, c and d:

—Apu = alu|P~2u + blu|*|v|Pv + f(r,u,v) in Q,
—Agv = cul®v|Pu + d|v|T %0 + g(z,u,v)  in Q, (B)
u=v=0 on Of.

These results have been extended in [14] to a nonlinear system defined on unbounded domain with variable

coefficients.
Serag and El-zahrani [15] considered nonlinear elliptic system with p-Laplacian and different variable

coefficients:

—Apu; = Z?:l aij(@)ui[P72u; + filw,ur,ug, ..., uy)  in O, }

u; =0,1=1,2,...n on 0. ©)

Khafagy and Serag [11] gave a generalization of the p-Laplacian system (B) to the degenerated p-Laplacian

system with variable coeflicients:

—Apyu = a(z)|ulP~2u + b(z)|u|*v|Pv + f(z,u,v) in Q,
—Aq.qv = c(@)|ul*v|"u+ d(z)[v]*" %0 + g(z,u,v)  in Q, (D)
u=v=0 on 01,

Here, we consider n x n nonlinear elliptic system involving degenerated p-Laplacian operators with

variable coefficients. We introduce the following nonlinear system:

—Apyu; = Z;’:l aij(@)ui[P72u; + filw,ur,ug, ... uy)  in Q, } (S)

u; =0,1=1,2,...n on 012,

where  is an open bounded subset of RY with a smooth boundary 9, Ap, denotes the degenerated p-
Laplacian defined by Ap,u = div [P(x)|Vu[P~?Vu] with p > 1, p# 2 and P(z) is a weight function, f; are
given functions and the coefficients a;;(x) (1 <14,j < n) are smooth bounded weight functions. We consider
here a generalization of the p-Laplacian system (C) to the degenerated p -Laplacian system (S). We first study
the Maximum Principle for system (S) and then we prove the existence of positive weak solutions for this system
by using sub-super solutions method.

This paper is organized as follows. In section 2, we introduce some technical results and some notations,
which are established in [7], [8]. We give also some assumptions on the coefficients a;;(z) and on the functions
fi to insure the validity of the Maximum Principle and the existence of positive weak solutions for system (S)

in a suitable weighted Sobolev space. Section 3 is devoted to the Maximum Principle for the scalar case

~Apyu=a(x)|ulP2u+ f(r) in Q u=0 on IQ,
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and the existence of positive weak solutions for the quasilinear case which extends the scalar case. Finally, in

section 4, we consider the system case.
2. Technical results

In this section, we introduce the weighted Sobolev space W?(P,Q), which is the set of all real valued
functions u defined in Q for which (see [7])

P
lullwrmpay = /mwf/m@wmp < o0, (2.1
Q Q

where P(x) is a weight function in Q C R satisfying the conditions

1

P(x) € Lioo(), (P(2))77T € Lioo(Q), (P(x))" € LY(9), (2.2)
with

,00) N [——, 00). (2.3)

Since we are dealing with the Dirichlet problem, we define also the space WO1 P(P,Q) as the closure of

Cs°(Q) in WHP(P, Q) with respect to the norm

=

gy = | [ P@IVaP| <o, (2.0
Q

which is equivalent to the norm given by (2.1). Both spaces W1?(P, Q) and W, *(P,Q) are well defined reflexive
Banach Spaces. Also, besides the conditions given by (2.2) and (2.3 ) and under the condition
ps Np, Nps

=P - - , 2.5
Ps =7 <P<Ps N—ps N(s+1)—ps (2:5)

the space W, ?(P, Q) is compactly imbedded into the space LP(Q), i.e.
Wy (P, Q) —— LP(Q), (2.6)

which means that

/|u|P < cz/P(x)|Vu|Pji.e., lull ey < ¢ ||’U,HW01,p(P7Q), (2.7)
Q Q

for every u € Wy P(P,) with a constant ¢; > 0 independent of w.
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Now, let us introduce some technical results concerning the following degenerated homogeneous eigenvalue
problem [1], [7]:

—Ap u=—div[P(x)|VulP~2Vu] = Aa(z)|ulP~?u in Q, } (2.8)

u=20 on 012,

where P(z) is still weight function given by (2.2) and (2.3) and a(x) is a smooth bounded weight functions
satisfying

a(z) € L7T7 () N LP(Q) with some ¢ satisfies p < ¢ < p° and meas{z € Q: a(z) > 0} > 0, (2.9)

where p? is given by (2.5).
The hypotheses on P and a will be valid for the whole paper.

Definition 1 (see [7]) We say that A € R is an eigenvalue of ( 2.8) if there exists u € Wy P(P,Q), u # 0 such
that

/P(x)|Vu|p_2VuV<p= )\/a(x)|u|p_2ucp
Q Q

holds for any ¢ € Wol’p(P, Q). Then w is called an eigenfunction corresponding to the eigenvalue A.

Lemma 1 There exists the least (i.e. the first or principal) eigenvalue A = A\ (p,Q) > 0 and at least one
corresponding eigenfunction u = uj > 0 a.e. in Q of the eigenvalue problem (2.8). Moreover, the first eigenvalue

is characterized by

A1(p, Q) = inf{/P(x)|Vu|p : /a(x)|u|p =1}, (2.10)
Q

Q

and the normalized eigenfunction uy associated to the first eigenvalue Ay is in L™ (Q) and unique.

Also, from the characterization of the first eigenvalue given by (2.10 ), we have

A1 (p, Q)/a(x)|u|p§ /P(x)|Vu|p. (2.11)

Q Q

As in [8, 15], we also introduce the following definition.

Definition 2 A nonsingular matric B = (bi;) is a M-matriz if bj; < 0 for i # j, by > 0 and det By, > 0
for 1 <k <mn, where By, is the matriz obtained by taking the last (n — k) rows and columns out of the matriz
B = M\(p, Q) — A, where A\i(p,Q) is the first eigenvalue of the degenerated homogeneous eigenvalue problem
given by (2.8) and A = (a;j) € Myxn, (1 <i,5<n).

Lemma 2 If B, is a nonsingular M-matrix, then for all Y € RV, Y <0 (resp., Y >0), the solution X € RN
of BpX =Y is non positive (resp. non negative).

+

Finally, we write u = u™ —u~ where u™ = max{u,0} and v~ = max{—u,0}.
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3. The case of a single equation for the degenerated p-Laplacian
In this section, for a given p > 1, we study the scalar case

—Appu = —div[P(z)|Vu|P~2Vu] = a(z),(u) + f(z,u) in Q,

u=20 on 01,
where P(z) and a(x) are as in section 2, ¥, (u) = |u[P~2u and f € LP" (Q) with 11—74— 1% =1.
Let us denote by ®; the positive eigenfunction associated with A;(p, ) and normalized by || @] =1,

then, according to (2.8), ®; satisfies the eigenvalue problem

—Apmq)l =\ (p, Q)a(x)wp(fbl) =)\ (p, Q)a(x)(fbl)p_l, ®;, >0 in Q,
P, =0 on Of).

3.1. Maximum principle

We are concerned with the following form of the Maximum Principle: The hypotheses f > 0 on £ implies
u > 0 for any solution u of (T). The validity of the Maximum Principle for the scalar case (T ), was proved

(see [7]), but we state it in the following theorem for the convenience of the reader.

Theorem 3 [7] For f(x) € LP (Q), the Mazimum Principle holds for (T) iff A\i(p, Q) > 1.

Proof. Let us prove first that the condition is necessary. Assume that A;(p, Q) < 1, then the function
fx) =[1— Ai(p,Q)]a(x),(P1) is nonnegative and nevertheless (—®P;) satisfies (T) and hence the Maximum
Principle does not hold.

Conversely, assume that 1 < A1(p,Q); if u is a solution of (T) for f > 0, we obtain by multiplying (T)

by u~ and integrating over 2

/( Appu)u

Q

:0\

P(z)|Vu~ |p—/a(:c)|u|p_2uu_+/f(x)u_

/a Ml + /f Q

Then, it follows from (2.11) that

7.9 [a@lu < [ PV - / Dl - / fleyu < / (o).

Q Q
So
(. Q) — 1) / a(@)u P <0,
Q

and hence u~ = 0, where a(x) # 0 for any z, so that u > 0.
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3.2. Existence of a positive weak solution

We now establish that the same condition A;(p,€) > 1 is also sufficient for the existence of a positive
weak solution for the scalar case (T), where P(z) and a(z) are as in section 2 and f is a Caratheodory function,
and there exist M >0 and 0 < o < 1 satisfying the condition

0< f(z,u) < M(1+u”®V), forany 2€Q andany u>0. (3.2)

Definition 3 (see [7]) We say that u € WyP(P,Q) is a weak solution of (T) if

/P(x)|Vu|p_2VuV<p: )\/a(:c)|u|p_2ucp+/f(x,u)cp
Q Q

Q
holds for any ¢ € WP (P, Q).

It follows from the continuity and monotonicity of the first eigenvalue A1 := A1 (p, 2) with respect to the

domain © [8] that there exist a domain © 0 = QU AQ such that \; := A;(p, Q) satisfies

1< X <AL (3.3)

If 51 is the positive eigenfunction associated with Xl and normalized by HCTMH = 1, then, as in (3.1), 51
oo

satisfies
—Ap,® = A (p, Qa(@), (1) = A1 (p, Qa(z)(P)P~1, &, >0 in Q,
~ P (3.4)
P, =0 on 0
and will be bounded below on by a positive number:
B =inf{®,(x):x e Q}>0. (3.5)
Let us define the operator T as
T:u— (=Apy)~Ha(@)p(u) + f(a,u)], (3.6)
and let us choose § such that
a(@) (@B Pa(p, ) — 1] = M(1+(5)7"7), (3.7)
for all z € €.
It is proved that the operator T is well defined in L?(Q), (see [7]).
Theorem 4 Assume that (3.2)-(3.7) hold. Then (T) has a positive weak solution if

Aa(p,2) > 1.
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Proof. We proceed in three steps.

a) Construction of sub-super solutions for (T):

We claim that (ug, u%) = (0,0®,) is a coupled sub-super solution. For this we prove that
—Appu® —a(x)Pp(u®) — f(z,u’) > 0. (3.8)
We obtain from (T), (3.4), (3.5), (3.7) andH%lH =1 that
—Appu® — a(@)p(u) = f(z,u°) = —Ap,(0®) —a(x)wp(scf)l() - )f(xﬁ)l)
~ ~ |o(p—
> M1 (0, Dal@), (081) — alw),(6F:) — M1+ [58:| " )

= . ) — 1a(x) ‘5‘1’1‘p_1 ~ M(1+ [5]7®7)
> [Mip, Q) — 1a(z) [68°~ — M(1+ |5]7®Y),

and hence, using (3.7), (3.8) is proved.
b) The operator T' defined in (3.6) sends the interval [0,®;] into itself, i.e.,

7([0,6%1]) € [0, 6%, (3.9)

To prove that: let u € [0,3®,] and let v = Tw; then from (T), (3.4) and (3.5), we obtain

/ [—Ap v+ Ap,y(6®1)](v — 6®1)*
Q

[a(x)gp(u) + f(a,u) = M (p, Da(@)dp(321)] (v — 581)*

|
O—

‘ a(p—1)

)by (6D1) + M( 1+‘5<1>1 ) = A (p, Q)a(z) e, (6%1)] (v — 6B1)*

IN
\

-1 ~
/ YO, ) = 1) 681 | + M1+ 16170 - 6B1)*,
Q

[—a(z) (A (p, @) — D)(OBP + M(1+ 577w — &) *.

IN
O—

Using (3.7), we have

/ [—Ap v+ Ap,(6®1)](v—6®1)F <O0.
Q

From the monotonicity of the degenerated p-Laplacian [7], we have (v — 551)+ = 0. Hence we deduce that
v < 6®;. Similarly (or by Maximum Principle) v > 0, and ( 3.9) is proved.

¢) T is compact.
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Since the imbedding of W, (P, ) into LP(Q) is compact, then T is compact.

Hence, it follows from Schauder’s Fixed Point Theorem that there is at least a positive weak solution for
(T). O

4. The case of a system for the degenerated p-Laplacian

The aim of this section is to extend Theorem (3) and (4) to the following system:

—Appu; = —div[P(z)|Vu|P~2Vu,) = Z;’:l aij(@)uj|P~2u; + filw,ur,ug, ..., uy)  in Q, ()
u; =0,1=1,2,...n on 012,

where P(z) is still weight function given by (2.2) and (2.3) and a;;(z) (1 < 4,5 < n) is a smooth bounded

weight functions satisfying— besides (2.9) — also the condition

=

aij(@) < (a5s(2))7 (az;(x))7 . Vo 1<ij<n (4.1)

System (S) can be written shortly as

~Ap,U=AV,(U)+F in Q, } 0

U=0, on 01,
where U (resp., F') denotes a column matrix with elements w; (resp. fi(z)), ¥,(U) is the column matrix with
elements 9, (u;) == |u;|P~2u; and A = (a;j) € Myxn.-

We say that system (S) satisfies the Maximum Principle if any nonnegative data: f; >0 V 1 <i <mn,

implies that any solution U := (u1,us, ..., u,) for system (S) is non negative: u; > 0.

4.1. Maximum principle

For proving the validity of the Maximum Principle, we denote by D the diagonal matrix with diagonal
elements (A1(p,Q2) — 1) and by G the matrix defined by

1 if i # j,
G:@m:{Oifi#

Theorem 5 Assume that (4.1) is satisfied. Then, the Maximum Principle holds for system (S) if the matriz
(D — G) is a nonsingular M-matriz.
Proof. Let U = (u;) € (Wy (P, Q)" satisfying (S) for F' = (f;) > 0. Multiplying (S) by u;”

over (), we obtain

and integrating

7 7

n

[rawer = =3 [a@l i + 3 [as@hi e - [ o
J#i

Q i=1g Q

n
> [as@hsurr = [asip + 3 [a@hge e,

J=lq Q J#iQ

IN
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Using (2.11), we get

(. O —1/% Yoy |p<z/au Yo P2z

Q .7751

From (4.1), we obtain

)\1 pu _1 /azz |u |;D <Z/ azz % a]j(x))p%

Q 7 Q

— -2 - =
(O R TP T

Applying Holder’s inequality, we get

1
P_*

() = 1) [ el Py [ etz E [y

Q J#t \Q Q
If
/aiz‘(ﬂfﬂuﬂp #0,
Q
we obtain
L L
P n P
) -1 | [a@lir ] <3 [as@lr
Q JF \Q

Hence, the column matrix Z, with elements ([ a;i(z)|u; |P)Y/?", satisfies (D — G)Z < 0. Since (D — G) is a
Q

nonsingular M-matrix, then Lemma 2 implies u; =0 V ¢=1,2,...,n, and hence U = (u;) > 0. |

4.2. Existence of positive weak solutions

In this subsection, we prove the existence of positive weak solutions for system (S), where P(z) is still
weight function given by (2.2) and (2.3), the coefficients a;;(z) are still smooth bounded weight functions given
by (2.9) and (4.1) and f;(x,U), 1 <i <mn, are Caratheodory functions, and there exist M >0 and 0 <o < 1
satisfying

0< filz,U) < MA+|UI"P™Y), forany z€Q andany U > 0. (4.2)
To prove the existence theorem, we make use of “sub-super solutions”. Following [10], we introduce the following

definition.

Definition 4 Write A = C + E, where C' is a diagonal matriz and E is with diagonal zero. We say that
(U, U°) € (WyP(P,Q))?" is a sub-super solutions for (S) if

U, <U° in Q,
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and for any U € (WyP(P,Q))", such that U, < U < U°, we have

—Ap,U° —CU,(U°) — EV,(U)— F(z,UUU®°) >0
> —Ap,Us — CY,(Us) — EY,(U) — F(z,UUU,) mn €, (4.3)
U, <0<U° on 09,

where, for any U,V € (WyP(P,Q))", the k-th component of F(x,U U V) is given by (F(z,UUV))y =

fe(z,ur, oo Ug—1, Uk, Uk£1, - - - 5 Un)-

We claim now the following theorem.

Theorem 6 Assume that (D — G) is a nonsingular M-matriz; where D, G as in subsection 4.1, then for any
F € (LP (Q)™, system (S) admits a positive weak solution.
Proof. We proceed in three steps

a) Construction of sub-super solutions of (S):

By hypothesis (D — G) is a nonsingular M-matrix. Then, as in the scalar case, we make use of the

monotonicity and continuity of the first eigenvalue A (p, Q) w.r.t. Q. It follows from [8] that one can choose
Q> 0 = QUIQ such that A (p, Q) > A (p, Q). Hence by use of the same Theorem in [8], (D — G) is also a
nonsingular M-matrix, where Disa diagonal matrix with elements A;(p, Q) — 1. As in the previous section,
we denote by ®; the positive eigenfunction associated with A; (p, Q) and normalized by ||<A131 l.o =1 and by 8
the lower bound of ®; on Q. Choose 0 <Y = %(1 +161°®=1)(1,1,...,1) € RN . The solution X € RN of

(D-G)X =Y, (4.4)

is positive by Lemma 2. Set U, =0 € R and U° = ¥,.(X) &,. Combining (4.2) and (4.4 ), for U € [U,,U°®],

we have

—Ap,U° — CU,(U°) — EV,(U) — F(z,UUU®) > —Ap,U° — CU,(U°) — EV,(U) — BY

= [M(p, Q) - 1)C = CG + CGIY,(U°) = EV,(U°) + E[¥,(U°) = ¥, (U)] - BY

> Cl(M(p, ) = DI = Gl¥,(U°) + (CG = E)¥,(U°) = Y

> Cl(M(p, Q) — DI = GlW,(U°) — Y

= Cl(M(p, Q) — DI — GIXt(B1) — BY
=C(D—-G)X (B! - BY.

Using (3.5) and (4.4), we get
—Ap,U° = C¥,(U°)— EV,(U) - F(z,UUU®) >0,

hence (U,,U°®) satisfies (4.3).

b) Construction of an invariant set.

Let us introduce K = [0,U°] and ¥ = (L?(Q2))". Next, we define the nonlinear operator T : K — X,
where V =TU for any U € K.

Now, we prove that T'(K) C K.
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Since U € [0,U°], it follows from (4.2) and (4.3 ) that

0> —Ap,V — AU, (U) — F(z,U) + Ap,U° + CU,(U°) + BV, (U) + BY
> Ap,V + Ap,U° — ClU,(U) — U, (U°] + BY — F(z,U) (4.5)
Z _AP,pV + AP7PUO.

Multiplying (4.5) by (V — U°)* and integrating over €2, we obtain

[ P@eev) - weue vy - v <o
Q

By the monotonicity of ¥,(-) = | - [P72. and the positivity of P(z), we have V(V — U°)" = 0 and hence,
0<V <U°.
¢) T is completely continuous

First, we prove that T' is compact, let U; be a bounded sequence in (L?(€2))"™, hence ¥, (U;) is bounded
in (LP" (€2))™. Multiplying (S) by V; :=TU;, and applying Holder’s inequality, we obtain

P(2)|VV;[" = [ A, (U;)V; + F(x,Uj)V; < C[ [ |V;[P]V7.
/ / /

Therefore V; is bounded in (W, (P;,2))" and it posses a convergent subsequence in (L?(€2))".
Now, we proof the continuity of T, let U; — U in (LP(92))". Then, by Dominated Convergence

Theorem, we have

F(x,U;) — F(z,U) in (L? ()™ (4.6)
AV, (U;) — AV, (U) in (LP ()™ (4.7)

Multiplying (4.7) by (V; — V) and integrating over €2, we obtain

/ P(@)[0,(VV;) — U, (TV)][V(V; — V)] = / ALY, (U;) — Wy (U))[V; — V]
Q Q

(4.8)
+ [IP@.0) - P, uNy; - V)
Q
It follows from (4.6) and (4.7) that the right hand side of (4.8) tends to zero as j tends to +oo.
It is well known [16] that the following inequality holds:
2 —yl” < C{(2[" 2 = [y" 2 y)(z — )} (ol + yl")' 2, (4.9)

forall z, y € RN, where y=p if Il <p<2and y=2if p>2.
Using (4.9), we obtain

[P@v0; - V)P =0 as -+
Q
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and hence T is continuous.

Since K is a convex, bounded and closed subset of (LP(f2))™, we can apply Schauder’s Fixed Point

Theorem to obtain the existence of a fixed point for T', which gives the existence of, at least, one solution of

(S), and this completes the proof. O
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