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New inequalities similar to Hardy-Hilbert’s inequality

Namita Das and Srinibas Sahoo

Abstract
In this paper, we establish a new inequality similar to Hardy-Hilbert’s inequality. As applications, some
particular results and the equivalent form are derived. The integral analogues of the main results are also

given.
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1. Introduction

Ifp>1,1 +——1 Ay by > 0 satisfy 0 < > 1 aP < oo and 0 < Y 2 b2 < oo,then

n=1"n

oo 0o 1/p jo%s) 1/q
Ambn P q
sz—i-n sin( 7T/P {Za } {;bn} ’ (1-1)

and an equivalent form is

3 <i maj:"y ) [Sm /p) ] Za"’ (12)

where the constant factor m/sin(7/p) and [r/sin(7/p)]P are the best possible. The integral analogues of the
inequality is: If p > 1, 11—) + é =1,f,9 >0 satisfy 0 < [;° fP(z)dx < 0o and 0 < [ g?(x)dx < oo then

/OOO /OOO f(xL_i_g(yy)dxdy < @ (/000 fp(x)dx>1/p (/OOO gq(x)dx>1/q, (1.3)

and an equivalent form is

([ 220 ) a< |2 [ s (14)

where the constant factor 7/ sin(r/p) and [r/sin(7/p)]? are the best possible. Inequalities (1.1) and (1.3) are

called Hardy-Hilbert’s inequalities (see [1]) and are important in analysis and its applications (cf. Mitrinovic
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et al. [6]).Recently many generalization and refinements of these inequalities were also obtained, see [10, 4] and

the references cited therein.
In the recent year, many new inequalities similar to (1.1) have been established; see [7, 8]. The main

objective of this paper is to build a new inequality similar to Hardy-Hilbert’s inequality (1.1). The equivalent
form which is similar to (1.2) and some particular results are also given. The integral analogues of the main

results are also given.

2. Some lemmas

In this section we shall prove lemmas which play crucial roles in proving our main results. We need the
formula of the B-function as (cf. Wang et al. [9]):

B(p,q) = /OOO Wt’)‘ldt = B(q,p) (2.1)

and the following two inequalities, which are well-known as Hardy’s inequality (cf. Hardy et al. [1]).

Lemma 2.1 If p>1, a, >0 and A, = a1 + a2+ ... + an, then

£ (5) < () £

n=1

unless all the a, = 0. The constant is the best possible.

Lemma 2.2 If p>1, f >0 and F(z) = [ f(t)dt, then

T (E@N - —— T e, (2:3)
/O T p—1 /0

unless f =0. The constant is the best possible.

We need the following results which can be obtained by Euler-Maclaurin summation formula (see [4, 2]).
Let f:[l,00) = R be non-negative continuously differentiable function such that > ° f(n) < oo

and floo f(z)dz < oo, then the following equality holds:
ni fo) = [ st@de+ 350 + [ s @) (2.4

where pi(z) = z — [2] — . Further, if f € C*[1,00), (—1)*f*)(2) > 0 for k = 1,2,3,4, and lim f¥)(z) =

xTr—00

0, for k=0,1,2,3,4, then the following inequality holds:

_%f(l) < /100 m(z)f(z)dz < —%f(l) + %f”(l) < 0. (2.5)

Using the above results Krnic and Pecaric obtained an extension of (1.1) in [4]. We need the following

lemma [4, Lemma 2].
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Lemma 2.3 If 0<A<14 and 0<a<A for A<2, 0<a<2 for \>2, then

e a—1
Z (/rni))\ < na_)‘B(a, A— CY).
m-+n

m=1

Now we derive the following lemma.

Lemma 2.4 If 0 <a <A for <2, 0<a<2 for A>2, >0 such that a4+ <X, and

— B(a, A —a) Z nath-A-L

n=1

then

1 AN\ A—a+7\ &
I A B=A-1l o (22T 1 B—X-1
(Gr3)2n ()X

wafl
T (@)t

Proof. Take f,(x) Then by (2.4), we have

oo (') 1 1 (e’ ,
;fn(m):/o fn(:c)dx—/o fn(:c)dx+§fn(1)+/1 p1(2) ! (2)d.

From (2.1), we get
| e =0~ )
0

Setting t = £ | we obtain
n

1

1 a—1 1
n t n 1
0< / frn(z)dz = na_’\/ —dt < na_’\/ o ldt = —n.
0 o ( 0 «Q

1+t)>
Also
1 1 1 1
0< =fn(l)==—""— < Zn.
) =5y <"
Differentiating, we have
, xa—? a—2
=nm——-—(\- 1)—
fn(x) n(x—i—n))“"l ( a+ )(x—i-n))‘

= g1(x) — g2(2) (say).

Clearly ¢1(z) and go(z) satisfy the conditions of (2.5), as & —2 < 0. Then

/OO p1(z)g1(x)dr <0 and /OO p1(z)g2(x)dz < 0.
1 1

(2.6)

(2.8)
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Hence by (2.5),
/ " o1 (@) f () = / " o (@)gr (@) / " i (@)ga(a)de

>/ m(x)g1(x)dx
1
1 1 n A
>——g()=—>—"_>_-Zp?
A A T e T

Again, by (2.5),

| n@ii@is <= [ p@ned

1 1 A—a+1 )\—a—i-ln_/\

22W) =y < T

< —(-

Now by (2.8), we get

m=1n=1 M tn n=1 m=1
- 1 —a+1
_ a+pB—A—1 -
< B(a, A a)ngln +<2 >Z
and
e At > 1 A —
> Bla, A\ — « potA=AL <—+—> nf=A L
D )&
Thus (2.7) is valid. This proves the lemma. O

3. Main results

In this section we prove our main result and derive some particular cases.

Theorem 3.1 Let p > 1, —i—ézl 0<A<4,0<rs<XA if A<2,0<mrs<2 if A>2, r+s=

1
P

A, Unyby >0, Ay =30 jak, Bo=> 7 1bi. If0<> 0 ab < oo and 0 <Y " bl < oo, then the following

two inequalities hold:

o, oo helysmte NN
Z Z m(—AmBn < pgB(r, s) (Z aﬁ) <Z b%) ; (3.1)

A
m=1n=1 m+ n) n=1 n=1
0 0 mr—%—lns—% p 0
(Z — Am) < (qB(r.s)" Y at; (3.2)
n=1 \m=1 (m + n) n=1

where the constant factors pqB(r,s) and (qB(r,s))? are the best possible.
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Proof. By Holder’s inequality with weight (cf. Kuang [3]) and Lemma 2.3, we have

m—in=1 (m+mn)
C XX b () ()

S{i li <mn:> " }{i Li <mm:;> "S_qu’}a
sl % () PAS (R))

Then by Hardy inequality (2.1), (3.1) is valid.
Again by Holder’s inequality and Lemma 2.3, we get

) mr———l s—= 0 1 o1 r—1
mZZI m+n Am:mZ:l(m—i—n))‘ (npmp 1Am) (mq nq)
oo ns_l . % o0 mr—l s q
S{mZ_ mtm) pA%} {mZ <m+n>kn}
< (B(r, s))s i nT e %
’ o’ (m—i—n)’\ "

7‘———1 s—1 p oo o

n’p p n
Z S A < (B Y [Z TP AP
by ’ m

n=1 (m 1 (m + n) ) m=1 [n=1 (m + n)
0o Am D
<oy Y (22
m=1
then by Hardy inequality (2.1), (3.2) is valid.
For sufficiently small ¢ > 0, take a, =n"~ 125, b =n for n > 1. Then

(OO ag)p (iég)q < 1+§. (3.3)
1
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Hence
Am > #qq—l) (m%_% —1), form2 1.

Similarly

B > =

. _ pq M —
Taking ¢(e) = ===} Ve have 51_1,%1+¢(8) =pq and for m,n > 1,

Then
oo o0 mr—é—lns—%—
> 2. —AmBn
m=1n=1 (m+n)
oo 00 r—£—-1 _s—£-1 r—1-1 s—2-1 r—£-1_s—1_-1
m' P n°a m' 9 n’ m TP R
> ¢(e) - -
,;Z< (m +n)* (m +n)* (m +n)* )
=0 (>, -, ->",) Gsav)
Taking azr—f—), B =s—% in Lemma 2.4, we get
Z oo o0 m’ e lns g 1
.: A
! m=1n=1 (m+n)
>B<r—E s+i> Wn_€_1_< P i>§O:n_r_£_1
p p) = pr—e  12) &~
> B T‘——S—l—i /Oox_g_ldx_ p A in—r—é—l
’ 1 pr—e 12) &~
1 € € D A\ o= =
:_B —_ = —_ p— _ T
£ (T ’S+p> (pr—a 12); ’
where 3°°° n7"Ti! < .
Again by Lemma 2.4, we obtain
o o r—=—1_s-=-1
L=
2 m=1n=1 (m+n)
<B< ! +1>§: g <+ +7>§: —regt
r——, 54+ — n-a — s+ - n
q q n=1 12 n=1
< o0.
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Similarly, 23 < 0.
Hence

iiwﬁmén >¢>(E){£B (r—%,er%) —O(l)}. (3.4)

m=1 (m + n) €

If the constant factor pgB(r,s) in (3.1) is not the best possible, then there exists a positive constant K such
that K < pgB(r,s) and (3.1) still remains valid if pgB(r, s) is replaced by K. In particular by (3.3) and (3.4),

we have

Then pgB(r,s) < K as ¢ — 07. This contradiction shows that the constant factor pgB(r,s) in (3.1) is the
best possible.

If the constant factor (¢B(r,s))” in (3.2) is not the best possible, then there exists a positive constant
K such that K < ¢B(r,s) and (3.2) still remains valid if (¢B(r,s))” is replaced by K?. Then by Holder’s
inequality, (3.2) and Hardy inequality (2.1), we obtain

o G % lns 51 0o o r-t 1ns_% B,
Am n — Am —_—
mz::l; (m+n)* ! ,;(n; (m +n)* )(n)
[e'e] [e'e] r—l1 s—1 p % o) q) @
) g
{E(E ) HEG
s 5
n=1 n=1

which gives that the constant factor pgB(r,s) in (3.1) is not the best possible. This contradiction shows that
the constant factor (¢B(r,s))” in (3.2) is the best possible. This proves the theorem. O

Now we discuss some particular cases of (3.1) and (3.2). Taking A = 1,2,3,4 in Theorem 3.1, we get the

following results respectively.

Corollary 3.2 Let p > 1, %—i—% =1, 7rs>0,r+s=1, an,by, >0, A, =7 jar, By =) _bi. If

0< > abl <oo and 0 <) 07, bl < oo, then the following two inequalities hold.

o X g lys—p-l 00 3/ oo 0
>3 <t (S ) () 55
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—1_ 4 -1

o] o] r 1 p
Z (Z m T:L—i_?; PAm> qB r, s Za (3.6)
n=1

where the constant factors pqB(r,s) and (qB(r,s))? are the best possible. In particular

i) For r=21 and s=21, we obtain the two inequalities
P
1 1
0o 0o AmBn pq7T<OO )p(oo )q
>0 <—= (> ] (D0 (3.7)
m=1n=1 mn(m + n) s P \n=1 n=1
oo oo p
A
— T p 3.8
> (S amm) <() S .

(ii) For r=s= % and p=q =2, we obtain the two inequalities

m=1n=1 n=1 n=1
[eS) [eS) A 2 [eS)

Corollary 3.3 Let p > 1, l—i— l =1, 71s>0,7+8=2 anb, >0, Ay =7 jar, By =) _bi. If
0< Y2 ab <oo and 0 < b1 < oo, then the following two inequalities hold:

oo o mr———l s—;—l

m=1n=1 m + 7’L

A By, < pgB(r, s) (Zap> (Zb%) ; (3.11)
n=1

Z (Z 7m+:;zf4m> (¢B(r,s) Za (3.12)

where the constant factors pgB(r,s) and (¢B(r,s))’ are the best possible. In particular:

(i) For r= % and s = % , we obtain the two inequalities

N~ AwBy 29\ (& O\ ()T
ZZ—>2<qu<];,§> (Zan> (an> : (3.13)

m=1n=1 n=1 n=1
1 p
Sa gy e ¥ A, 2 2\ 7
Sy A ) o (qB (_, _>) . (3.14)
n=1 \m=1 mF(m—i—n)? pq n=1
(i) For r=1+ é and s=73%+ 11—7 , we obtain the two inequalities
1 1

v~ AmB, 1 11 1) [ RS !

S (Sl (z) (qu> ; (.15)
/ 2 n n

m=1n=1 mn(m+n) 2 p 2 q n=1 n=1
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(5 ) < (e b)) S

(iii) For r=s=1 and p=q=2 , we obtain the two inequalities
0o 0o AmB )
2 2 oty < {Z Zb}? (317)

Z:l(z\/_ern ) <4Za (3.18)

Corollary 3.4 Let p > 1, l—i—l:l, 0<7s<2, 74+8s=X an, by >0, Ay =37 ar, By =Y 7_ bk

0<Y 0 ab <oco and 0 < < 00, then the following two inequalities hold.

nln

oo o r—%—lns—%—l oo
Z Z m—AmBn < pgB(r,s) (Z ap> (Z bq> ; (3.19)

) ) r—1_ s—1 p
(Z w/lm> (¢gB(r, s) Za (3.20)

where the constant factors pgB(r,s) and (qB(r,s))’ are the best possible. In particular

(i) For r=1+ é and s=1+ 11—) , we obtain the two inequalities

=

oo 0o AmBn . 00 00 %
2.2 m+n)p 2sin 2 (nz_:l af‘) (nz_:l b%) ; (3.21)

n 1(2— m+”) ) = (stm ) Zap (3.22)

(ii) For r=s= % and p=q =2, we obtain the two inequalities
7
— < = b ; 3.23
DOt oI 329

2
0o 0o nAm 7T2 0o )
Z(ZG;W><ZZ%' (3.24)
Taking A =4, r =s =2 in Theorem 3.1, we get the following result.
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Corollary 3.5 Let p > 1, l + l =1, an, by >0, A, =3} _jag, Bo =21 b If0<> 2 ab < o0 and

0< Zn 1 b8 < oo, then the followmg two inequalities holds.

2 - Pnd oo % 0o %

Z;Z;%Am3n<% (Z:lafl> (Z:lb;i> : (3.25)
(5o mente ) < . 3.26
nz::l ,,;(ern)‘* " (6) n:la"’ (3.26)

where the constant factors B and (%)p are the best possible. In particular for p = q =2, we obtain the two

inequalities

iii\/m AmBn<§{iaiibi}2; (3.27)

4
m=1n=1 (m + n) n=1 n=1
[e’e} [ee] 3 A 2 1 [e’e}
(z %> lsae (3.29)
n=1 \m=1 (m + n) 9 n=1

where the constant factors % and % are the best possible.

4. Integral analogues

In this section we present the integral analogues of the inequalities given in Theorem 3.1, which in fact

are similar to the integral analogues of the Hilbert’s inequality.

Theorem 4.1 Let p > 1, l—i—l:l Ars>0r+s=A f,g>0 and F(x fo t)dt, G(z fo

If 0 < fo fP(z)dr < 0o and 0 < fo g9(z)dx < 00, then the following two inequalities holds.

R Tt S

[e’e} ool,r—%—lys_E p ) oo ;
/0 (/0 WF(I’)CZCL‘) dy < [¢B(r,s)] /0 P (x)dz, (4.2)

where the constant factors pgB(r,s) and [qB(r,s)|” are the best possible.
Proof. For v > 0, setting ¢t = %, by (2.1), we obtain

o] a—1
/ ui)\du =0 *B(a,\ — a). (4.3)
0o (u+v)

Then by using Hoélder’s inequality, (4.3), Hardy inequality (2.3) and proceeding as in the proof of Theorem 3.1,
we get (4.1) and (4.2) are valid.
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For the best constant factor, let for sufficiently small € > 0,

f(a) = {O_HE if 2 € (0,1),

= ifx e [l,00);

) = 0 ify e (0,1),
W= Yy 2 if y € [1,00).

([ ff(w)dwf ([ o)’ =1

) 0 if € (0,1),
e\T) = 1_e .
%(1"1 P _1) 1f.T€ [1,00)

Then

Q=

and

0 ity € (0,1),
% (yz_a - 1) ifx € [1,00)

Denote ¢(e) = (1_5(17_1)1;‘(11_5((1_1)). Then ¢(¢) — pg, as € — 0T and for z,y >1

Then

/ / T___lys_rlFa(f)Ga(y)dxdy

(z+y)

/ / < 7‘———1 5_5_1 xr—%—lys—%—l xr—%—lys—z—
- X - X
(¢ +9)" (z+y) (z+y)

= (]5(8) (Il — _[2 — Ig) (say).

Taking ¢t = £ and using (2.1), we have

7‘———1 s———l
/ / ———dxdy
x-i-y
ts———l o L ts—5—1
=/ x_‘s_ldx/ dt—/ xe ! / : X
1 o (14t 1 o (141
0o 1
E) —/ z—t / =77t | dx
q 1 0

V

|
Sy

TN

=
+
ulm
»

[

dt) dzr
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2 and using (2.1), we obtain

7‘———1 s—=—1
I : // T 'Y " grdy
x-i-y
ts———l 0o
=/ x / dt—/ x~
1 0 (1+t) 1

<1 B(T-ﬁ-i,s—i).
e+1 q q

7‘———1 s—1_1
13_/ / y_ dxdy<—B< f,s+5>.
(z+y)° +1 P P

/ / r—;lryys—z‘ F.(2)Ge(y)dzdy > ¢(c) {é B (7“ + g 5 — g) — Q(l)} : (4.5)

Again taking t =

Lo s—£-1
-1 / R
o (141

Similarly, we get
Hence

If the constant factor pgB(r, s) in (4.1) is not the best possible, then there exists a positive constant K
such that K < pgB(r,s) and (4.1) still remains valid if pgB(r, s) is replaced by K. In particular by (4.4) and

(4.5), we have
so{p(r+5s-5)-com)}

r———lys———l
<e / / LY (2)Ge(y)dady
x + y

1

1 . 1
<eK (/ ff(x)dx) ’ (/ g?(x)dx) ’
0 0
=K.
Then pgB(r,s) < K as ¢ — 07. This contradiction shows that the constant factor pgB(r,s) in (4.1) is the
best possible.

Proceeding as in the proof for the best constant factor in (3.2), we prove the constant factor [¢B(r,s)]”

in (4.2) is the best possible. This proves the theorem. O

Remark 4.2 Taking the different values of the parameters A\, r, s, as following Theorem 3.1, we get the
particular inequalities of (4.1) and (4.2).
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