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Structural properties of Bilateral Grand Lebesque Spaces

E. Liflyand, E. Ostrovsky and L. Sirota

Abstract
In this paper we study the multiplicative, tensor, Sobolev and convolution inequalities in certain Banach
spaces, the so-called Bilateral Grand Lebesque Spaces. We also give examples to show the sharpness of these

inequalities when possible.

Key word and phrases: Grand Lebesgue and rearrangement invariant spaces, Sobolev embedding theo-

rem, convolution operator.

1. Introduction

Let (X, 3, u) be a o-finite measure space. We suppose the measure p to be non-trivial and diffuse. The
latter means that, for all A € 3 such that u(A) € (0,00), there exists B C A with u(B) = u(A4)/2.

For a and b constants, 1 < a < b < oo, let ¥ = 9(p), p € (a,b), be a continuous log-convex positive
function such that ¢ (a+0) and ¢¥(b—0) exist, with max{y(a+0), ¥ (b—0)} = co and min{¢(a+0), ¥ (b—0)} > 0.

The Bilateral Grand Lebesgue Space (in notation, BGLS) Gx(u;%;a,b) = Gx(¢;a,b) = G(v;a,b) =

G(v) is the space of all measurable functions h: X — R endowed with the norm

1/p
e suw W,/ k= | [ P duw)
p€E(a,b) X

The G(v)) spaces with p(X) = 1 appeared in [12]; it was proved that in this case each G(v) space coincides
with certain exponential Orlicz space, up to norm equivalence. Partial cases of these spaces have been
intensively studied, in particular, their associate spaces, fundamental functions ¢(G(¥;a,b);d), Fourier and
singular operators, conditions for convergence and compactness, reflexivity and separability, martingales in
these spaces, etc.; see, e.g., [1],[4]-[9],[11], [13], [16], and a recent paper [3]. These spaces are also Banach
function spaces and, moreover, rearrangement invariant (r.i.) (see [1, Ch. 1, §1]).

The BGLS norm estimates, in particular, Orlicz norm estimates for measurable functions, e.g., for random
variables are used in PDE [5]-[8], probability in Banach spaces [14], in the modern non-parametrical statistics,

for example, in the so-called regression problem [15, 16].
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We shall be concerned not with all functions v described above but with an essential subset of these

functions satisfying certain natural conditions.
Let again a > 1, b € (a,0], and let ¥ = 1)(p) be a positive continuous function on the open interval

(a,b) such that there exists a measurable function f: X — R for which

f() S mpe(a,b)L;D(*Xu M) = m;DE(a,b)L;Da ¢(P) = |f|107 pe (au b) (11)

We say that the equality (1.1) and the function f(-) from (1.1) is the representation of the function . The

existence of representation implies, by the way, the log-convexity of 1.

We denote the subset of all the functions ¢ having representation by ¥ = ¥(a,b). For complete
description of these functions see, for example, [15, p.p. 21-27], [16].

We also denote by C := C(a,b) the class of all continuous positive functions v : (a,b) — R} separated

from zero, that is, inf wv(p) > 0.
pE(asb)

At the endpoints we need more in the case when ¥(p) — oco. This may occur when either p — a+ or
p — b— or in both cases. In detail, this means that, in the case, when 1 (a+0) = co while ¢(b—0) < oo, there
holds

lim 4(p)/v(p) =1;

p—a+0

in the case when ¢ (b — 0) = oo while 1(a + 0) < oo, there holds

pli,irio w(p)/l/(p) =1;

and when in both cases ¥(a + 0) = (b — 0) = oo, there holds

lim (p)/v(p) = lim <(p)/v(p) =1

p—a+0

Remark 1 Observe that if 1 € V(ay,b1) and s € ¥(ag,bs), with (a1,b1) N (az,be) = (as,bs) # 0, then
1ty € U(as, bs). Indeed, let 1(p) = |filp and Ya(p) = | falp. Among various representations one can choose
such that functions fi1 and fo are independent in the probabilistic sense, that is, for all Borel sets A, B on the

real axis R

wz: fi(z) € A, folz) € B} = p{z: fi(z) € A} p{z: fo(z) € B}
By this ¥1(p)ia(p) = |f1f2|p= p € (as, bs).

We note that the G (1) spaces are also interpolation spaces (the so-called X-spaces), see [1],[4]-[9],[13, 16],
etc. However, we hope that our direct representation of these spaces is of certain convenience in both theory

and applications. A natural question arises what happens if the spaces other than L, are used in the definition.
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Indeed, this is possible and might be of interest, but, for example, using Lorenz spaces in this capacity leads to
the same object (see [16]).

The main goal of this paper is to prove new (and extend known) results on the Boyd indices, tensor,
Sobolev embedding, multiplicative and convolution operators in BGLS spaces.

The paper is organized as follows. In the next section we start with an exemplary case just to give a
feeling of what happens and then present the main results of above-mentioned type, each of these in a separate
subsection. Further, the section follows where we prove the statements. In the last section we discuss sharpness

of the obtained results.
We use symbols C(X,Y), C(p, q; 1), etc., to denote positive constants along with parameters they depend

on, or at least dependence on which is essential in our study. To distinguish between two different constants
depending on the same parameters we will additionally enumerate them, like C7(X,Y) and Co(X,Y). The
relation g(-) < h(-), p € (A, B), where g =g(p), h = h(p), g,h: (A, B) — Ry, denotes as usual

0< inf h(p)/g(p) < sup h(p)/g(p) < co.
pE(A,B) pE(A,B)

The symbol ~ will denote the usual equivalence in the limit sense.

2. Results

To get a flavor of the setting we work in, let, for instance, X = R™, o be a constant, and p = p, be
the measure on Borel subsets of X with density du,/dz = |z|?. As usual, z = (z1,22,...,2,) € X with
|| = (@2 + 23 + ...+ 22)Y/2 Let L = L(2), z € (0,00) be a slowly varying, as z — oo, positive continuous

function, and x4 = xa(z) =1 for x € A and 0 otherwise be the indicator of the set A. Let

f@)=fu(@) = f(;L,a,0) = x(a>1(x) 2|7 log(|z])]* L(log ),
g(x) = gr(x) = g(x;L,b,0) = x(-1,1)(x) || /" [[og(|2])[]” L(| log|x|]),
A= A(a,n,0) = a(ln+o)>1, B=B(bn,o)=bn+o)¢€ (4, 0),

v = a+1/A 6=08+1/B, pec (A, B),

and

br(p) = ¥ A, B;7,8) 2 (p— A7 (B = p)~° max{L(A/(p — A)), L(B/(B - p))}.

The function hr(x) = hi(x;a,b; «, 8) = fr(x) + g1 (z) belongs to the space G(¢r) :

hi(-) € G(A, B;v,6) < G(yy),

and this belonging is exact in the sense that for p € (A, B) there holds |hr|, =< 95 (p).
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Denoting now w(n) = 7"/2/T(n/2 + 1) and Q(n) = nw(n) = 2x"/2/T'(n/2), we set

R=R(o,n) =[(c +n)/Qn)Y ) o 4+n>0,

and let h = h(]z|) be a non-negative measurable function vanishing for |z| > R(o,n). For u > e? let

tof{x : h(|z]) > u)} = min{1, exp (—W (logu))},
where W = W(z) is a twice differentiable strictly convex for z € [2,00) and strictly increasing function.

Denoting by

W*(p) = igg(pz - W(z))

the Young-Fenchel transform of the function W (-), we define the function

¥(p) = exp (W (p)/p).
It follows from the theory of Orlicz spaces ([15, p.p. 22-27]) that if for p € [a,00) we have |h|, < ¥(p),
then h(-) € G(¥;a,o0), where, in particular, G(¢; 1, 00) coincides with some exponential Orlicz space.
We will restrict ourselves to the case b(n + o) < oo, with p — a(n+ o)+ 0. Let

f(@) = f(@;L,a,7) = xqjo/>13(@) 2|7 (log|z])” L(log |z|).

Using then multidimensional polar coordinates and well-known properties of slowly varying functions (see [18,
Ch. 1, Sect. 1.4-1.5]), we obtain

Q) Il = [ et (g 12 Gogr) dr

(p/a —n — o) P71 /000 e * 2" [Paz/(p— A))dz

2

(/a=n=a) " D/ ) [ ora

(p/a—n—0o)" P71 LP(a/(p — A)) T(1 +7 p),

where the equivalence follows by the Lebesgue dominated convergence theorem. This yields for p € (4, B)

|felp = (p = A) 777V La/(p — A)).
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2.1. Indices

In this subsection we give an expression for the so-called Boyd indices of G(v;a,b) spaces. There are
2 such indices which can be defined only in special cases; for example in the case of X = [0, 00) with usual
Lebesque measure. These indices play important role in the theory of interpolation of operators, in Fourier
Analysis on r.i. spaces, etc. (see, e.g., [1, p.p. 22-31, 192-204]).

We recall the definitions. Given a family of (linear) operators {o,} taking a r.i. space G into itself in
accordance with o, f(z) = f(z/s), for s > 0. Denoting ||os|| = ||os||c—q, we define (see, e.g., [1, Ch. 3]) for
X =10,00)

7(G) = 111%1+10g||05||/10gs and 72(G) = lim log||os||/logs.

Theorem 2 There holds for ¢ € ¥(a,b)

gi! (G(¢7 a, b)) = 1/b7 72(G(¢§ a, b)) = 1/a'

In a more general case of X = R" with yu = s, 0 > 0, we analogously have

N(G(¥;a,b)) = (n+0)/b and 2(G(¥;a,b)) = (n+0)/a.

2.2. Tensor and multiplicative inequalities

Let (X,%1, ) and (Y, X2, v) be two measure spaces with o-finite measures p and v, respectively. Let
[ = f(z) € Gx(¥1;a1,b1) and g = g(y) € Gy (¥2;a2,b2), where x € X, y € Y, 1 € Cy(a1,b1), 92 €
C4(ag,b2), and let a = max(ai,a2) < min(by, ba) = b. We set ¢(p) et P1(p) P2(p) for p € (a,b). Obviously,
if Y1 € Cy(a1,b1) and ¥ € Ci(ag,bs), then ¥ € Cy(a,b); while if ¥4 € ¥(a1,b1) and 2 € Y(ag, bs), then
P € ¥(a,b).

Let us consider the so-called tensor product of f,g: z(z,y) def f(z) g(y). Since both functions f and

g are independent on the space (X x Y, 31 x o, (), with ( = pu x v, we have:
Lemma 1 The following tensor inequality holds:
zllaiab) < [ flla@iiarbllgllc@aiasbe)-

This inequality is sharp, for example, when ¥1(p) = |flp, = [flp(X,Z1,0) and ¥Ya(p) = |gl, =
lg]p(Y, X2, v). By the way, in this case 11 € ¥(a1,b1) and ¢ € U(ag, ba).

We now go on to the so-called multiplicative inequality. Let again f € G(¢1;a1,b1) and g € G(w2; az, ba),
and let aj,a2 > 1 and 1/b; +1/bs > 1. We denote

Aq zmax(l,alag/(al +a2)), B = blbz/(bl +b2),
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and for r € (41, B1), ¢1 € Ci(a1,b1) and ¢9 € Ci(az, be), define

Y3(r) = inf {1(pr) ¥a(qr)}.

P,q:p,q>1,1/p+1/q=1

Observe that 3 € C1(41, By).

Theorem 3 There holds

||fg||G('¢3§A17Bl) < ||f||G(1/J1;a17b1) ||g||G(1/J2;1127b2)' (22)

We mention that the sharpness of (2.2) up to multiplicative constant can be seen from letting f = fi, €
G(i1) and g = g1, € G(¥2) with ¢1 = ¥r(p;a1,bi; a1, f1) and 2 = Yr(p, az, ba; az, B2). More precisely, in

the considered case
||fL nglG(w3§A17Bl) > C(L7 ai, ag, by, b2) ||fL||G(1/J1;a17b1) ||gL||G(1112;a27b2)' (2'3)

We note, in addition that, if f € G(¢;a,b) and for v = const € [a,b] we have 1, (p) = ¥7(yp), then
g(x) = f1(z) € G(¢4;1,b/7) and

15 ) = 11F11%0)-

2.3. Sobolev embedding and convolution operators

Let X be a convex domain in R",n > 2, with smooth boundary, B be the projection operator on the

m-dimensional smooth (piece-wise C'*) convex sub-manifold Y of X, m < n,

Bu(z) = u(x), r €Y,

endowed with the corresponding surface measure 0, and let ¢ = ¥(p;a,b) € Ci(a,b), 1 < a < b < n. We
denote A = max(1,am/(n —a)) and By = bm/(n —b), n(q) = ¢'~/™p(qn/(q +m)), with q € (As, Bs). By
this n € O (A2, Ba). Let u=u(x) € C}(X), i.e., u(:) is continuously differentiable and lim wu(z) = 0.

|z|—o0

Theorem 4 The following Sobolev type inequality holds:

[[Bullay (0,m;42,82) < C(X,Y59) || lgradul || ey (upsab)- (2.4)

This result is supplied with the following interesting assertion, contrary to that for the classical L,, spaces.

Theorem 5 Let v € V(a,b) and either liIrJlrow(p) =00 or lillf)now(p) = 00. The corresponding embedding
p—a p—b—

Sobolev operator B is not compact as an operator taking Gx (u,v;a,b) into Gy (0,n; As, Bs).

212



LIFLYAND, OSTROVSKY, SIROTA

We now consider the (bilinear) generalized convolution operator of the form

o(@) = (f * g)(z) = /X o(ey ) () dpy),

where X is a unimodular Lie group, p is the associated Haar measure. The unimodularity means, in particular,

that p is bilaterally invariant. For the commutative group X, with standard notation y=! = —y, 2y~ ! =z —y,

this definition coincides with the classical definition of convolution.
Let f € G(¥1;a1,b1) and g € G(wo;as,b2), with 1 € ¥(ay,b1) and 2 € ¥(ag,bs), provided

1/a1 +1/az > 1 and 1/by + 1/bs > 1. We denote

Az = alag/(al + as — alag) and B3 = blbz/(bl + by — blbz),

and define for the values r € (A3, B3) and p,q¢ > 1 with 1/p+1/g=1+1/r
(r) = ipn(f{% (p)2(a)}

It is evident that 7 € ¥(As, Bs).

Theorem 6 There holds

||f*g||G(T§A37BS) < ||f||G(1/J1;a17b1) ||g||G(1/J2;a27b2)' (25)

3. Proofs

Proof of Theorem 2.
The assertion of the theorem follows immediately from the identity

||o|| = max (sl/“, sl/”) , 5>0, Yev, (3.6)

where

def
losll = llosllaw)—aw)-

It remains to prove (3.6). The upper bound is obtained as follows. Let f: f € G(v), ||f||law) # 0. We have

o0

loufl2 = / i@/ do = s / )P dy.

It follows from
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|Usf|p _ Sl/:le|p < max (Sl/a,sl/b) |f|p

IN

max (/% 51"} ¥(p) [ fllcw)

that

[los]| < max (sl/“, sl/b) .

For the lower bound, let g(-) be a representation of 1 : |[g], = ¥(p), p € (a,b); then ||g||gy) =1 and

oIl = [los gllaw) sup [ |os glp/t(p) ]

pe(a,b)
= swp [s/7lglp/v(p)] = sup Y7 = max (517510
p€E(a,b) p€E(a,b)
The proof is complete. O

The proofs Theorems 3, 4 and 6 go along similar lines and are strongly based on definitions and preliminary

matter given above.

Proof of Theorem 3. Let f € G(¢n1;a1,b1) and g € G(w2;az,bs). By definition of these spaces,

[flp < 1) | fllcwy, P E (a1,b1); (3.7)

19lg < 2(D) llgllaw,), a € (az,b2). (3.8)

It follows from Holder’s inequality that for r € (A;, Az)

Lf gl < 1 flpr 19lgr < 1(pr) Y2(qr) || flla) 119116 as)-

Minimizing the right-side over p and ¢ provided p,q > 1 and 1/p+ 1/q = 1, we obtain the desired assertion.
O

Proof of Theorem 4. Here we will use the known Sobolev inequality in the L, spaces (see, e.g., [10, Part 2,
Ch. 11, Sect. 4] or [19] and [17] for newer and more extended versions) which can be rewritten as
|Bulz,v,e) < CL(X,Y) ¢" =" gradul |1, (xp0. P =aqn/(q+m).

for the values ¢ € (Aa, Bg). Let |grad u| € G(¢;a,b) with b < n (the case b= n can be treated analogously);

we then have
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|Bul, < Co(X.Y) || lgradul |G a' /" ¢(an/(q + m))
= C(X,Y) | [gradul |[cy) n(a);
and
[Bullgmy < Co(X,Y) || lgradul| || (y)-
This completes the proof. O

Proof of Theorem 6. With (3.7) and (3.8) in hand, using classical Young’s inequality (see, e.g., [2] where

additional details are given), we obtain
[f*9lr <Cp:@) flpl9las  Clpia) <1, 1+ 1/r=1/p+1/q. (3.9)
We just mention that in the case X = R", with s=p/(p—1), t=¢/(¢—1), and z =r/(r — 1), the constant

C(p, q) is explicitly indicated in [2] as

Cp,q) = [pl/ps_l/sql/qt—l/trl/rz—l/z "/2'

It follows from (3.9) that

| glr < 1(p) V2(@) | fllawn 19116 )

The proof can now be completed as above, by minimizing over p and ¢, where p,q > 1 and
1/p+1/g=1+1/r. O

Proof of Theorem 5. Let 1) € ¥(a,b) and either liIrJerw(p) = 00 or lillf)now(p) = oo. We introduce the
p—a p—b—

Sobolev-Grand Lebesque spaces W1 () with the (finite) norm of a function u = u(z), defined on X,

ullw, @y = [l eradul |law) + [lullaw).-

We are going to prove that the classical Sobolev embedding operator S : Wi(y) — G(n), Su = Bu, is not

compact, unlike in the case of classical L, spaces.

This fact follows from the assertion that for the considered function u = w(]z|) the family of “small”
shifts {T. u(|z]) = u(e+|z|)}, with € € (0,£0), €0 > 0, has a positive distance in both G(¢) and Wi () spaces:
there exists C' > 0 such that

[|[Tew — Tsul |Gy > Cleo)
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and

|| Teu — Tsullw, ) > C,

where €,9 € (0,¢p), € # 0.
In order to prove the first of these inequalities (the second one can be proved analogously), we introduce

certain subspaces of the G(v; a,b) space. Let

Ge(¥) = Gi(thya,b) = {f: lim  sup ||fxallaw) =0}
0=0+ Asp(A)<s

Let GB(¢y) = GB(¢;a,b) be the set of all f, f:X — R, such that for all € > 0 there exist B € (0,00) and
A e, u(A) < B, and measurable g, ¢g: X — R vanishing off A, for which sup, |g(z)| < B and ||f —gl|| <e.
Let also

G(¢5a,) =COW) ={f:  lm_|fl,/v(p)=0}.

The spaces G¢(v), GB(v)), G°(¢)) are closed subspaces of G(1)). We denote here by h a function h: X — R
such that |h|, = ¥(p), p € (a,b).
It follows from the theory of r.i. spaces ([1, Ch. 1, p.p. 22-28)]) that if ¢ € U, then

Gi(¥) = GB(y) = G°(¢) # G(¥).

Without loss of generality we can assume X = (0,27, o = 0, and define also « + y = x + y(mod 27) for
z,y € X.

There exists a function u = u(zx) such that u(-) € G(¥) \ G°(¢), ||u||gew) = 1. Then (see [1, Ch.3, p.p.
192-198))

é% || Teu — Tsul|gyp) = éﬁg | Te—su — ullgey) >0,

which completes the proof. O

4. Sharpness

We will discuss either the sharpness or lack of that for obtained results. Since the sharpness of Theorems

2, 3 and 4 was obtained readily, we did not postpone it and gave immediately after the formulations.

Let us demonstrate (briefly) the sharpness of Theorem 6 by considering only the case n =1 and o = 0.
With 71,72 > 0 and by, by > 1, let us denote h(t) = (f * g)(t) and define
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f@) = xoun(@) 27" |logz|™,
g(x) = xon(x) =7 |logz|”.

It suffices to consider the case t € (0,1/4), since on [1/4,2] the function h = h(t) is bounded and for
t € (—00,0) U (2, 00) this function vanishes.
For t — 04+ we get

t
h(t) = /gc_l/bl|10ggc|"Y1 (t—x)_l/b2 |log(t — x)|7? dx
0
1
tl‘l/bl‘l/’”/ y~ P (1 —y) b2 | logt + logy|™ |logt +log(1 — y)|? dy
0

1
~ e |10gt|“+”/ y 0 (1 —y)T 2 dy
0
= B(1—1/bj,1—1/by) 1= 1/01=1/b2 |gg g1t

where the equivalence follows from the Lebesgue dominated convergence theorem and B(:,-) stands for the

beta-function. Taking then the |- |, norm, we obtain

|f % glp ~ C(By —p) 27 t/bim/batl b e [1.Bs), p— By — 0.

The situation is more complicated with (2.4) and (2.5). Roughly speaking, we can present examples
when the inequalities are achieved but for the same examples the actual bounds are better. In other words, the

sharpness of these inequalities is an open problem.

We first analyze (2.4). Let ¥(p) = (p—a)™ (b—p)™?, 0 =0, 1 <a < b < n. Consider the function
u=u(|z]), with X =R™ and Y = R™, for which |grad u| € G(a,b; e, 3), i.e., for p —a+0 and p — b—0 we
have | |grad u| |, ~ (p —a)™® (b—p)~#, then it follows from the inequality (2.4) that

|Bul, < C(p—A2)™® (B2 —p)~", p € (As, Ba).

However, in the considered case for the same range of p

|Bul, ~ C(p — Ag) /™ (By — p)~FH1/m.

In the same way, analogous examples may be constructed in the cases when either by = co or by = 0.
Therefore, the bounds A; and By are, in general, exact, but between the exponents obtained —a and

—3 on one side and —a+ 1/n and —f 4 1/n in the example on the other side there is the 1/n “gap”.

However, for all dimensions n at once (2.4) is sharp.
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Almost the same example works for (2.5). Let X = R, 0 =0, 71,72 > 0, 1 < aj,a2 < b1,by < 00,
and 1/b; + 1/by > 1. Considering the same functions f and g but with argument |z| in place of z and,

correspondingly, Xx(—1,1), we then have

f € G(lubl;ou’yl + 1/b1)7 ge G(17b2;07’72 + 1/b2)

It follows from (2.5) that for p € [1, Bs)

|h|, < C(Bs — p)~ 12— 1/0hi=1/bz,

In fact

|h|p, ~ C(Bs — p)_'yl_')’?_l/bl_l/bg'f‘l'

Analogously, if h = f * g, where

f@) = Xqus1y(@) [2] 7 [log|al |,
g(z) = x1n)(@) 2|7 [log|a| 2,
then
feG(ar,b1;m + 1/a1,0), g € G(az, ba;v2 + 1/b2,0).

It follows from (2.5) that

|h|p < C(p _ AB)_'YI_'YQ_l/al_l/aQ,

but in fact

|h|p ~ C(p — AB)_'YI_'YQ_l/al—l/aQ-‘rl'

Therefore, like above, the bounds A3 and Bs are in this case exact, but between the exponents there is
a1l “gap”.

Note that in the considered case the ”gap” does not tends to zero as n — oo, contrary to the previous
(convolution) case.

Finding sharp estimates in these two cases is an interesting open problem.
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