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Direct and inverse theorems for the Bézier variant of certain
summation-integral type operators

Asha Ram Gairola and P. N. Agrawal

Abstract

Recently, the Bézier variant of some well known operators were introduced (cf. [8]-[9])and their rates
of convergence for bounded variation functions have been investigated (cf. [2], [10]). In this paper we
establish direct and inverse theorems for the Bézier variant of the operators M, introduced in [5] in terms
of Ditzian-Totik modulus of smoothness w,,x (f,t)(0 € XA £ 1). These operators include the well known

Baskakov-Durrmeyer and Szdsz-Durrmeyer type operators as special cases.

Key Words: Degree of approximation, Ditzian-Totik modulus of continuity.

1. Introduction

In order to approximate Lebesgue integrable functions on the interval [0, 00), Gupta and Mohapatra [5]

considered the operators

My (f,2) = pule, c)/bmk(t, o) f(t)dt, (1.1)
0

k=0

P th
where pn,k(xu C) = (_1)kﬁ(p$zk%(x)7 bn,k(tu C) = (_1)k+1y(p$zk,jl)(t) and

(i) for ¢ > 0, ¢n o(z) = (1 + cx)™™/¢ and z € [0, 00);

(ii) for ¢ =0, ppn.c(x) =™ and z € [0, c0).

Here we observe that, for the case ¢ > 0, the operators M,, reduce to Baskakov-Durrmeyer operators; and
when ¢ = 0 these become Szasz-Durrmeyer type operators. Some approximation properties of these operators

were studied in [6]. The rate of convergence by the operators M,, for the particular value ¢ = 1 was studied in
[4].
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For a > 1, and f € Lp[0,0), the class of all bounded Lebesgue integrable functions on the positive real

line, the Bézier variant M, o, of the operators M, is defined by
Vial£) = 3 @iaf0 [buatt-orwa (1:2)
k= 0

where Q5 4 (v, ¢) = J2 4 (x,¢) = Ty (2, 0) with Jo (2, ¢) = D puu(@,c).
v=~k

For o =1, the operators M, , reduce to the operators M,,.

In order to make the paper self contained we recall the definitions of the unified K -functional and the

Ditzian-Totik modulus of smoothness (cf. [3]).
Let p(x) = /21 +cx),0 <A <1, then
Wer (fu t) = Ssup sSup |Awhga>‘(w)f(x)|

0<h<t x—he*(z)/220
A A
s <$+ hw2(fr)> iy (x 3 hw2(fr)> ‘

= sup sup
0<h<t a—he*(z)/220

where 0 < A < 1, ¢(z) is an admissible weight function of Ditzian-Totik modulus of smoothness and the

corresponding K -functional is defined as
Ko (f,t) = inf {If =gl +tle*¢lI}, ¢ € (0,00),
where Wy = {g g € AC)e, || < oo}.
It is well known that (cf. [3]) there exists a constant C' > 0 such that

Tlwoa(fit) S Ko (f,t) < Cwar(f ). (1.3)

Our main result is the following theorem.

Theorem 1 Let f € Lg[0,00),¢(x) = \/z(1+cx),0 <A< 1,e>0 and 0 < 8 < 1. Then, there holds the

implication (i) < (i) in the following statements:
1/2 1=y
(7’) |Mna fu | - (f())
(it) wor(f, ) = O(2”).
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Corollary 1 For a = 1,A =0, and ¢ = 0 we get, in particular, the following error estimate for the Szdsz-

Durrmeyer type operators, obtained in [7]:

Mo (f,2) - f(@)] < w (f, \/§> |

Corollary 2 For a =1,A=0, and c = 1, the following error estimate for the Baskakov Durrmeyer operators

is obtained as in [4]:

[Ma(f, )~ £(&)| < Cu (f, @) .

Section 2 of this paper contains some definitions and auxiliary results. In Section 3 we establish our main

theorem. Further, the constant C is not the same at each occurrence.

2. Preliminaries

In this section we give some Lemmas and their corollaries which will be used in our main theorem.

Lemma 1 [5] For m € N U {0}, if we define the m-th order moment for the operators M, by

tn,m (T, ¢) = Dn.k(2, €) / b k(t, c)(t —x)™ dt
k=0 )
then
1+ cx
mn ) = 1 n ) =
im0 (,0) = 1 pin1 (2,¢) = ——
and
2cx?(n +¢) + 2x(n+2¢) + 2
a3, €) = (n+¢) + 2a( )+2
(n—c)(n—2c)
Also, there holds the following recurrence relation
[n = c(m + Dlpnmsi (.0) = a1+ o)l (@) + 2t i, 0)

+ [(142cz)(m+ 1) — cx]pin,m(z, ), n>clm+1).

Corollary 3 If ¢ > 0 and K > 2, then for sufficiently large n, we have

Kp?(x
sz, ) < BE@) (2.1)
n
Lemma 2 For the functions Jyk(z,c) and Qi (z,c), we have
1=Jnolx,c) > dpi(z,c) > ...> Jpix(z,¢) > Jppt1(z) > ... (2.2)
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0< Qi@ ¢) <appi(z,c), a>1, (2.3)

M, (1,2)=0 (2.4)

M8

(S (€)= T i (2)) T gy () X (2.5)

b
Il
=]

X f(t)bmk(tu C) dt+Mrlz(f7 LL‘) :

0\8

Proof. (2.2-2.4) are easy to prove therefore we leave their proofs. Now, from definition of @}, ;(z,c) and in

view of the inequality
la® —b%| < aja—b| with0 < a,b<1land a > 1 (2.6)

(cf. [9], Lemma 3) we have

f;k(x?C) = Jr?7k(x7c)_‘]r?7k+1(x7c)

N

a(JIpk(x,c) = Inpr+1(x, ) = appp(,c).

Again,

K
{

M, o(f2) =

b
Il
=]

¢) | bni(t,c)f(t)dt
/

{J1?721($70)J:z7k($70) Jr?k-li-l( )Jrlz7k+1($70)}><

|
Mo

b
Il

0

o0

X /bmk(t, c)f(t)dt

0

|
Mo

[{J’i;l(x’ c) - J7‘;‘7Ei1($7 C)} J,’,7k+1(x, c) X

k=0
X /anc(tu C)f(t) dt
0
+ {Jnrl@c) = T} g (z,c) Jo‘lxc/bmk t)dt|.
0
O

Now, (2.5) follows in view of (2.2).
Corollary 4 From (2.1) and (2.3), it follows that

C*(x)

2
M, o((t—2)*z)<a - , C>2.
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Lemma 3 For the functions Ap, n(z) given by

we have Ao n(x) =1, A1 n(z) =0 and there holds the recurrence relation
Ams1n(r) = @ (z) [A:nn (@)+nmAn_1n (x)] , (2.7)
where m > 1,z € [0,00) and p?(x) = (1 + cz).
Corollary 5 From the recurrence relation (2.7) there holds
Asgpn(2) < Crun™*™ (x),¥Ym € NY,
where Cy, is a constant that depends on m.

Using induction on m in the recurrence relation (2.7) this result follows easily hence details are omitted.

Lemma 4 For f e Wy, p(z) = /z(l+cx),0< A, t,z >0, we have

¢
/f'(u)du <2(96_)‘/2(1—i—ct)_)‘/z+<p_’\(9c))|t—x|||cp)‘f'||.

Proof. In view of Hélder’s inequality, we have

t

[rwa < s /

t
du
it = o> / o

Since,

t t
/du du ( 1 1 >
—| < — +
o(u) Vul\VI+ex V1+et
and

t

du <2|t—x|

NV

using the inequality |a + b|? < |a|? 4 [b]P, 0 < p < 1, we get

t

Flyda < |l =2l
wad < | lle-si-,

x

1 1
_l’_
Vidter 1+ct

2)\
||<p’\f'|||t - x|m((1 +et) M1+ c:c)_’\/Q).
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Hence the lemma follows.

Lemma 5 For any non negative real number m, there holds the ineguality

My o((T4ct)™ 2) < Kpn(l+cx)™™, (2.8)

where K, is a constant depending on m only.

Proof. For c= 0, there is nothing to prove. Hence we assume ¢ > 0. From the definition of M, ., we get

s an(xc n—i—cz s

Mpa((l+ct)™a) = ) /1+ct BT
0

dt,

b
Il
=]

k

L% +m) z‘l;lo(n i)

2 () T +m+k+1) bl

Now,
%,k(ﬁf) = ,?7]@(1') — s,k-i—l(x)
= <Z %n(n+0)...(n+c(y_1))(14_0:5)%_,/)

v=~k

—< Z xy—:n(n—i—c)...(n—i—c(l/—1))(1+cx)%_”>

v=k+1

o} cx) ek
%n(n +¢)...(n+c(k—1)) (using(2.6))

N

« cx)me—k
a(l+cx)™™ ( (1+ca) nn+c)...(n+c(k — 1))> .

N

k!

Hence, we have the estimate

My o((14ct)™™, z)

o T2+ m) TT (0 -+ ci)(n -+ oh)

—m =0
ol +ea)™ ) T +mtk+ 1)+
k=0 c

(1+cx)m—eF
X (2.9)

The series in the right hand side of (2.9) is convergent.

This follows the lemma.
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Lemma 6 For the functions Jp p(x,c) and py i(z,c), there hold the relations:
(i) (@) 3202k P () = 3024 (v — na)pn.u (@, ) ;
(ii) (1+cx)d) (z,¢) +ndy iz, ¢) =ndy p—1(z,¢) + ey (2, 0),

where ¢ > 0, ¢%(z) = 2(1 + cz).
Proof. The relation (¢) is easy to prove, hence the proof is omitted.

We consider the case ¢ > 0 as (4i) is true for ¢ = 0. We have

I = il/pm,,(x,c)
v=k

= (_1)1/(1.1/) 9” —n/c

v=

_ cx io: (-1 V_l(xu_l) vt (1+Cx)—n/c

C1+ecx — v—=1! OQav-!
T — n
- S e (2 em)

n

= cT [_Jmk—l(ﬂc, c)+az(l+ Cx)‘]:z,k—l(xu ¢) + nxdy px_1(z, c)

l+cxlc

= nadyr-1(z,c)+ cx2J,'l7k_1(x, c).

This together (i) gives (ii).

Corollary 6 From (i), we get

o0

(1 + cx) ,'Lk(x,c) = Z(u—nx)pm,,(x,c)
v=k

o0

= Z (v —nx)pno(z, ¢) + kpn i (z, ¢) — nxpp (2, ¢)

v=k+1

— ) 1 (2,6) + kpos(w,¢) (Using(ii).

Hence, we have

k
:z,k(x7 c) = Epn,k(l'u c).

We now establish a Bernstein type lemma for the operators M, o, which is useful while establishing the inverse

theorem.

Lemma 7 For the operators M,  there hold the estimates:



(i) |9 (@) My, o(f, @)l

(i) 1*(@)M;, o (f, )] <

where A > 1

Proof.

M, o(f, @)

Now, we find estimates for F

we have

Cap

In view of (2.4) and (2

N
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< Calg*fl

@)Vl £l

.5), we can write

M, o(f, @)
M), a(/f'(u)du,x)

(Ji;l(x, c)—

= f(@)M;, (1, 2)

NE

T () I g () %

b
Il

0

t

M’((/f’(u) du),x)

x

/f du)bnk(t ¢)dt| +

X
0\8

Ei + E», say. (2.10)

and F, separately as follows. In view of the inequality (2.6) and Corallary 6,

El =a Z (Js,kl(x C) Jr? k-1|-1 n, k+1 / / bn,k(tg C) dt
k=0 0 x
0o [e%e} t
<%kankx0/‘/f' du|by, k(t, ) dt
k=0 0
200
< — kamk(x,c) X
x
k=0
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Using Lemma 4, we get
200 )\f/
B, < le szpnwcc

Z1HA/2

></ 1+ ct) 2|t — x|by 1(t, ¢) dt +
0

A £
2ol f||zkpnkx ¢ /|t_x|bnkt ) dt
k=0

M
= FE11 + Fq9, say. (2.11)
Applying Holder’s inequality, we get
2a)lpM ]| &
En TolA2 ka"k a, )

oo oo 12
/1+ct nktcdt /t—x nktc)dt) .
0 0

Now, it can be easily shown that [(t — z)%b, i (t, ) dt = O(z?). Therefore, we get the following estimate for
0

E112

o0

pollo? 7 1/2
Ba < 2L e oo
0

20| M '] 1 & 1/2, & T 1/2
— oz H ( E kzpn k(z c) ( E Dn.k(2, €) / 1+ ct) )‘bmk(t, c) dt)
k=0 = )

20| 1 (
= a2 (14 cx)M?

in view of Lemma 5).

Next, using Corallary 4, and Holder’s inequality for summation, we get

20/l ! 1/2, & T 1/2
Eio <M(Zk2pnkx0) (ank:cc/t—x nktc)dt)
k=0 0

zM(x) \ =
20l ™ ||
S Tow@

Combining, the estimates for F1; and FEp2, we obtain

Call* ']

E; <
M)

(2.12)
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Again, the estimate for F5 are obtained along the lines of E; for o = 1. Hence, we get (i).

Now, we have as in the proof of part (7)

o0

Z Jf:kl (z,c) Jr?k-li-l( ))Jrlz,k+1($) X
k=0

s | F(6)bni(t,c)dt]| +
!

M, o(f, ) S

M, (f(t), )

= Fy + F», say. (213)
For Fi, we get the estimate
o< alf] Z (Jok ' (,0) = s (2)) T g ()
< alfl g Z\—— Pro(@,¢)
< aHfHﬂ Using Corrollary 3. (2.14)

o()

Similar estimate is established for F5 as it is obtained by putting o = 1 in the estimate of F3.

Hence the Lemma is established from (2.10) to (2.14). O

3. Proof of the main theorem

Proof. By the definition of K x(f,t) for fixed n,z, A, we can choose g = g5, » x € W) such that

1/2,,1-X 1/2 1—X
I —all+ Do) < 2 (1, ) (3.1

Since, M, . is constant preserving, we can write
.

(Mpof,z) = f(@)] < 21f = gll + [ Mn.alg, ) — g(2)]. (3-2)
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¢
Using the representation g(t) = g(x) + / g'(u) du, and in view of Lemma 4, we have
x

t

Mralga) = 9@ = Mool [ w)du)]

x

N

20 [ oMot 21, 2)

t— x|
—)\/2M |
+x n,a<(1+ct))\/2u >:|

= 2| || + T2 (3.3)
Now, in view of Schwarz’s inequality and Corollary 4, we get
J = ‘p_/\(x)ZQ /bn,k t,c)t — x| dt
k=0 )
50 o /2
< < Z x,c)/bmk(t, c) dt) X
k=0 0
50 o 1/2
< > :c,c)/bmk(t, o)t — x)zdt>
k=0 0
1=)(
< 1/2[(“’7' (3.4)
Vvn
Next, using Schwarz’s inequality, Corollary 4 and Lemma 5 we get
t— x|
J. _ —)\/2Mn o |
2 = N\ A tet)p2”
< (Mo ((t—2)%,2))"% (Mo (1 +ct),2))
< %M1+ Cw)—,\/zgi%)
1-X
_ o P? @) (3.5)
D
Hence, from (3.4) and (3.5) we have the estimate
. 5.5)

)\
|Mn,a(9= x) — ()|<Ca1/2(p\/— ||‘P

Thus, from (3.3)—(3.6) the implication (ii) = (i) follows.
231



GAIROLA, AGRAWAL

Proof of the implication (i) = (ii).
We have

|Awhga>\(w)f(1')| < |Mn,a(2) - f(2)| + |Mn704(x) - f(l')| + |A~h90>‘(w)M"7a(f’ LL‘)|
< 2C§f7h+ |Awh¥,>\(w)Mn,a(f7 LL')|,

where §, 5, = max{y, 2z}, y =z — hp*(2)/2 and z = x + ho*(z)/2.
We define a weighted Steklov type average function g as

$0* (@)
g(x) == / flx+u)du A=
%w*(w)
Then, we obtain
S M (@)
(- D) = / fla +u) — f(z)] du
T(F
< nga*(w)(f 5)
Also, it follows that
/ _ 1 g A _ _ g A
9@ = |5 (et 59°@) — fle - 56'@))
1
In view of Lemma 7(i), it follws that
Q
| n,a g, | < C(S(p ( )w A(w)(f, ) (38)

Using Bernstein type inequalities, and then using (3.7) and (3.8), we get the estimate

N

ho*(@) (|M), o(f — g.2)| + M}, o (g.2)])
Cahg*(@) (¢~ (@)Vallf — gl + 14])
Cah (w-l\/ﬁJr %) W () (f, ).

Ahw*(w)Mn,a(fu LL') ‘

N

N

Consequently, we obtain
1
w,wx(w) (f, LL') < 205f7h + Cah ((pA_l\/ﬁ + g> wwx(w) (f, 5)

Choosing ¢, 5, = ¢ and following the argument of [1] the implication (i) = (ii) follows. O

232



GAIROLA, AGRAWAL

Remark 1 From (3.1)-(3.6), we get

al/%ol-w)) |

Moo, ) — F(@)] < OK p» (f, —

In view of (1.8), this further gives

al/%ol-w)) |

|Mn,a(f, LL‘) _f(x)l < W (fu \/ﬁ
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