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On the codifferential of the Kahler form and cosymplectic metrics
on maximal flag manifolds

Marlio Paredes and Sofia Pinzon

Abstract

Using moving frames we obtain a formula to calculate the codifferential of the Kéhler form on a maximal
flag manifold. We use this formula to obtain some differential type conditions so that a metric on the classical

maximal flag manifold be cosymplectic.
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1. Introduction

In this note we study the K&hler form on the classical maximal flag manifold F(n) = U(n)/(U(1) x
--U(1)). The geometry of this manifold has been studied in several papers. Burstall and Salamon [2] showed
the existence of a bijective relation between almost complex structures on F(n) and tournaments with n vertices.
This correspondence has been very important to study the geometry of the maximal complex manifold, see for
example [5], [6], [9], [11], [12] and [13]. In [6], was showed the existence of a one to-one correspondence
between (1,2)-symplectic metrics and locally transitive tournaments. In [4], this result was generalized for
(1, 2)-symplectic metrics defined using f-structures.
Mo and Negreiros [9], by using moving frames and tournaments, showed explicitly the existence of an n-
dimensional family of invariant (1, 2)-symplectic metrics on F(n). In order to do this, they obtained a formula
to calculate the differential of the Kéhler form by using the moving frames technique. In the present work

we use a similar method in order to obtain a formula to calculate the codifferential of the Kéhler form. An
important reference to our calculations is the book by Griffiths and Harris [8]; we use definitions, results and

notations contained in this book to differential forms of type (p,q).

Finally, we use such formula to find some differential type conditions in order for a metric on a maximal

flag manifold be cosymplectic. We show that a metric on the classical flag manifold is cosymplectic if and only

if the complex functions f,ij in the Kéhler form (see (13)) satisfy different types of partial differential equations.
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2. Flag manifolds
The usual manifold of full flags of subspaces of C" is defined by
F(n) = {(Vi, .., Va) : Vi C Vi, dim Vi = i}, 1)
The unitary group U(n) acts transitively on F(n) turning this manifold into the homogeneous space

_ U(n) _Un)
) = g om < <o - M @

where M =U(1) x U(1) x --- x U(1) is any maximal torus of U(n).
Let p be the tangent space of F(n) at the point (M). It is known that u(n), the Lie algebra of skew-
hermitian matrices, decomposes as
un)=poul)®---du(l),

where p C u(n) is the subspace of zero-diagonal matrices.

In order to define any tensor on F(n) it is sufficient to give it on p, because the action of U(n) on F(n)
is transitive. An invariant almost complex structure on F(n) is determined by a linear map J: p — p such that
J? = —I and commutes with the adjoint representation of the torus M on p.

For each almost complex structure we assign a tournament, a special class of directed graph. A tour-
nament or n-tournament 7, consists of a finite set T = {p1,...,pn} of n players together with a dominance
relation, —, which assigns to every pair of players a winner, that is, p; — p; or p; — p;. A tournament 7
can be represented by a directed graph in which T is the set of vertices and any two vertices are joined by an
oriented edge. If the dominance relation is transitive, then the tournament is called transitive. For a complete

reference on tournaments see [10].

Given an invariant complex structure J, we define the associated tournament 7 (J) in the following way:
if J(ai;) = (aj;), then 7(J) is such that for 7 < j

(’L—)] =4 a;j:\/—laij) or (7,<—] = a;j:_ _1aij);

see [9].

We consider C" equipped with the standard Hermitian inner product, that is, for V' = (vq,...,v,) and

n _
W = (w1,...,w,) in C", we have (V,W) = )" v;w;. We use the convention v; =v; and f;; = fi;.
i=1

A frame consists of an ordered set of n vectors (Z1,...,Z,) such that Z3 A... A Z, # 0, and it is called
unitary if (Z;, Z;) = 6;7. The set of unitary frames can be identified with the unitary group U(n).

If we write dZ; = ), wi;Z;, the coefficients w;; are the Maurer-Cartan forms of the unitary group U(n).
They are skew-Hermitian, this is, w;; + w5 = 0. For more details see [3].

We may define all left-invariant metrics on (F(n), J) by (see [1])

dsy =Y Aijwiz ® wyj, 3)

]
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where A = (A;;) is a simetric real matrix such that

)\ij>07 if Z#]u
{/\ij:o, if i=j, @)

and the Maurer-Cartan forms w;; are such that

wi; € CH0 (forms of type (1,0)) <<= i J) J. (5)

The metrics (3) are called of Borel type and they are almost Hermitian for every invariant almost complex
structure J, that is, ds3(JX,JY) = ds%(X,Y) for all tangent vectors X,Y. When J is integrable, ds3 is
said to be Hermitian.

Given J an invariant almost complex structure on F(n) and ds} an invariant metric, the Kéhler form

with respect to J and ds% is defined by
QX,Y) =dsh(X,JY), (6)
for any tangent vectors X,Y . For each permutation o of n elements, this Kéhler form can be written as (see

[9])
Q= -2V"1 Y too()) ¥ N WoTio )" (7)

i<j

where fio(i)o(j) = Eo(i)o(j)Ao(i)o(j) and

F(n) is said to be almost Ké&hler if and only if  is closed, that is, d2 = 0. If J is integrable and Q is
closed, then F(n) is said to be a Kéhler manifold.
In [9], Mo and Negreiros proved the following result.

Theorem 2.1

dQ =14 Z Co(i)o(i)ok) Yo (i)o(j)o(k)s (8)
1<j<k
where
Cijk = Pij — Wik + Mk, 9)
and
Wik = Im(wiz A war A wi)- (10)

We denote by CP¢ the space of forms of type (p,q) on F(n). Then, for any 4,7, k, we have either
Wik € Co3aC3Y or Wik € C'2 @ C%>!. An invariant almost Hermitian metric ds% is said to be (1,2)-
symplectic if and only if (d2)}2 = 0. If 62 = 0, the codifferential of the Kihler form is zero, then the metric

is said to be cosymplectic.
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3. The codifferential of the Kahler form

In order to calculate the codifferential of the Ké&hler form we need to use the Hodge star operator. Now,
following the book by Griffiths and Harris [8], we give a precise definition of the star operator.

If n € CP9, we can write

ﬁZZnJJibJ/\E, (11)

I.J

where 77y are complex functions, I = {i1,...,4p}, J = {j1,...,Jq} and ¥, ¢; are forms of type (p,0) and
(0, q) respectively. The Hodge star operator

% CP4 s CN-p.N—q

transforms forms of type (p, ¢) to forms of type (N —p, N —q), where N = n(n—1)/2 is the complex dimension
of F(n). Then the star operator is defined by

w1 = 2PHOHN Z ermrro Ao, (12)
rJ

where 19 = {1,...,N}—1, J°={1,...,N} —J and €7 is the sign of the permutation
(Lo N1 N) = (i1 iy s o s 895 o Iy S50 3 TR—g)-
The codifferential operator transforms p-forms in (p — 1)-forms. It is known that (see [8])
§ = (=1)mPHOFL g
where m is the real dimension of the manifold and * is the Hodge star operator. In our case, m is even, then
0=—xd *.

By (7), up to isomorphisms, the Kéhler form can be written in the following way:

Q=-2vV-1 ) pijwgz Ay,

i<y
where ;5 = €;;\; and
1, if i—7,
gij=4 —1, if j—1,
0, if i=7j.

Then,
0N =-2v-1 Z Mij 5((4}1-3 A\ w;j).

i<j

We know that w;z € CH% and using (11) we can write
wg =y flda, (13)
k
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where f,ij are complex functions. It follows that

and

wiz Awy; = Z 2 dzg Ndz .
k,l
Now, we can prove the following result.

Theorem 3.1 The codifferential of the Kdhler form is given by

P O I U o

0z Z
i<j kol ! k

Proof. At first we use (12) to calculate *(w;7 A w;;) and we obtain

swzAwsy) = 21+1—Nzeklf,ijﬁ{(dzl/\.../\Ez\k/\.../\dzN)/\
k,l

A (dzl/\.../\cfz\l/\.../\dzN)},

— 22—Nzeklﬁffj{(dzl/\.../\gz\k/\.../\dzN)/\
k,l

A (dzl/\.../\cfz\l/\.../\dzN)},

where d/z; and 672\1 mean that these terms are removed and €y; is the sign of the permutation

~ ~

(1,...,N,1,...,N) = (1,...,%,...,N,1,....1,...,N, k,1).

We calculate €g; in the following way:

~

(1,... k... ,N,1,....01,... N, k1) —
= (=D)N ', k.. Nk 1,...,1,...,N,]),
S (=N =DV R,k N, N,

— (=) RNk, .., N, L., N,

then, e = (—1)3N=F=I=1 Tt implies that
s(wgAws) = 22—NZ(—1)3N"“‘1‘1ﬁ 4 {(dzl Ao Ndzp A Adzy) A
k.l

A (dzl/\.../\cfz\l/\.../\dzN)}.
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Now we calculate the exterior differential of this differential form,

d* (wz Awy;) =227V Y " (—1)3NTRTITlg (ﬁ l”) A(dzi Ao . Ndzp A .. Adzy)
k,l

AdELA ... ANdZ A ... AdEY).
We know that

e s M L

- z
Ozm, OZm mo

then,

o (7T _
dx (wij Awyy) =277V (=13 {(Tk)dzk Adzr A ANdze A Adzn) A
k,l

)+ o i) (7 lij)

A(dZL A ANdZA ... NdZEN o dz A (dzi A ... Ndze A ... Adzn) A
l

/\(dzl/\.../\cfz\l/\.../\dzN)}.

On the other hand,

(1)

o dz Adzi A Adzp A Adany)A(dELA .. NAEL A ... AdEN) =
k

() .
(-l 2 (dzy A Adzg AL Adzy) A(dZLA L ANDE AL A dEN)

sz
0(75)

and

dZ A (dzi A Adzg Ao Aden) ANdELA . AN ... NdEN) =

07,
@)
(—1)N‘1+l‘17(d2«1 AoooNdzg Ao Ndzy) A (dZL A ANAE A . AN dEN) .
This implies
(1)
dx* (wz Awy;) = 22_NZ {(—1)3N—l T(d21 Ao Ndzg Ao AN dzN)A
k,l
@)
AdZy AL ANdZ AL NdZN) + (—1)’”1?(@1/\.../\dzk/\.../\dzN)/\
Zl

/\(dzl/\.../\dzl/\.../\dzN)}.
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Finally, we apply the star operator to the last form to calculate
*d ok (wz Awyj).

In order to better understand the procedure we calculate separately the following expressions:

£id pig
k Jl .
22NN (1) Q(dm/\.../\dzk/\.../\dzN)/\(dE1/\.../\dEL/\.../\dEN)
k,l 8Zk
and
. e 25757 _
227NN ()« —e—F(da A Ndzg Ao Nden) A(dB A AdRA L AEN) b
l
k,l

To the first, by using the formula (12), we have

o (5 117)

5 (dzy Ao Adzg Ao ANdzn) A (dZL A .. AdZ A ... AdZEN) 3 =
2

2271\7 Z(_l)SNfl *
k,l

— 2271\7 1 3N7l23N71
> ey U

k,l

dzy,

~

where I ={1,...,N} and J={1,...,1,...,N}. e;s is the sign of the permutation

~

(1,...,N,1,...,N)—(1,...,N,1,....5,...,N, 1),

to which it is easy to see that e¢;; = (—1)NV=!. Then,

2-N 3N—1 9 (f’ijflij> =
227Ny (-1) * T(clz1/\.../\dzk/\.../\clzj\;)/\(dzl/\.../\dzl/\.../\dEN) =
k.l
o figi 5 fZJf_ZJ
— gl+2N Z(_1)4N72l < k_ ! >d51 _ 21+2NZ < k_ ! >d51-
0Zy 0Zy
kL kL
Similarly, we can prove
o (2 17)

227NN (k. o7 (day Ao Adzpg Ao Adzy)A(dZL A . AdE A ... AdZN) § =
k,l

1+2NZ‘3‘( i)
=-2 — 2 dz .
Kl Oz

So, we obtain

*d* (w7 Awy;) = dz,

o 2T) 0T
k.l

k Jl
— I —
sz 621
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and it implies that

()
0z,

o (17)
d(wz Awy;) = 21+2NZ ———dz, — ZI -
k.l

621

Therefore, we arrive to the desired formula:

. _22+2N\/__12Mij ZB( ij z'j) o 8( i ;j)dzl

ki
0z 0z
i<y Kl L k

4. Cosymplectic metrics

San Martin and Negreiros [14], proved that the metrics ds3 in (3) are cosymplectic. The condition for
ds% to be cosymplectic is the codifferential of the Kihler form §Q be zero, however, they did not calculate this
codifferential because they used another equivalent condition due to Gray and Hervella [7].

By Theorem 3.1 we can write the following proposition.

Proposition 4.1 A metric on (F(n),J) is cosymplectic if and only if the functions f,ij in the Kdhler form

(7).,

d =0.
07y, A

satisfy the partial differential equation

i pij
Zﬂij Za(;le )d

i<j k.l

Zk — (15)

Expanding the sums over k& and [ in (15) and reordering, we obtain the following system of partial

differential equations:

Zﬂij B(éi;ij)Jr---Jra(aijvj) =0, k=1,...,N, (16)
i<j
> i 6(;;1?) + 6(6;%) =0, k=1,...,N. (17)

i<j

Actually, equation (17) is the conjugate of equation (16); then we have the following result.

Proposition 4.2 A metric on (F(n),J) is cosymplectic if and only if the functions f,ij in the Kdhler form

A

satisfy the system of partial differential equations

ij pig
kJN

(?ZN

kJ1
— 621
1<J
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On the other hand, we can write equation (14) as

50 = _22+2N\/__12Mij ZN: @JFJFM dzp+

i<j k=1 0z Ozn
— i w 4+ w dﬁ ,
k=1

— 922N /7 .,N Ni ij £33\ | gz — NiTjij dzc
ZMUZ l_lazl(kz) 2k gaz—l(kz)zk .

i<j k=1
Like z — Z = 24/—11Imz, for every complex number z, then

N

N EE—
00 = 222N /7 Zuij Z {2\/—_1 Im (Z Bizl ( ,ij ;J) dzk> } ,
i<j k=1 =1
( 157) de) ;
) j—
oy (7))

Then, we have the following proposition, equivalent to propositions (4.1) and (4.2).

=

—

=
N
F|

— 93+2N Z i

i<j k,l

1

N

= 23+2NTny Zuij Z

i<j k=1

Y

Proposition 4.3 A metric on (F(n),J) is cosymplectic if and only if the functions f,ij in the Kdhler form
satisfy the equation

N

Im Zﬂz‘j Z (%( 1?7) de) =0. (19)

i<j k=1

We can write this relation in real coordinates using the complex operators

0 1/ 0 — 0 0 1/ 0 — 0
0%; n 5 (61‘1 B _16%‘) ’ 0z; n 5 (61‘1 + _16%‘) ’

and the complex differential forms
dz; = dx; + v —1dy;, dz; = dx; — v —1dy;.

So, we obtain that a metric on (F(n),J) is cosymplectic if and only if the functions f,ij in the Kéhler

form satisfy the following equations:
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o), oWE), ), (2T, oT)

i dzry, — d. dy — d =0 20
; Hig 2 971 Tk EE T | + Em Yk T Yl (20)
9 < b f[]) 9 < Vi f[]) 9 < b f[]) 9 < b f[])
> i dyy — dzy | + dy; — dzy, =0. (21)
- ox; Oy, Oz, oy

i<j k,

Here, the sums are calculated over all k& and [, therefore the left side of the equation (20) is null. Then,

we have the result.

Proposition 4.4 A metric on (F(n),J) is cosymplectic if and only if the functions f,ij in the Kdhler form

satisfy the following equation

Zlh‘j {Z a( éjT)dyk—a( ]ijT)d:cz + 9( éjT)dyz—a( ;JT)d:Ck }20«

= o oz Yk 0Tk oy
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