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Complete systems of differential invariants of vector fields in a
euclidean space

Djavvat Khadjiev

Abstract
The system of generators of the differential field of all G-invariant differential rational functions of a

vector field in the n-dimensional Euclidean space R™ is described for groups G = M(n) and G = SM(n),
where M(n) is the group of all isometries of R™ and SM(n) is the group of all euclidean motions of
R"™. Using these results, vector field analogues of the first part of the Bonnet theorem for groups Aff(n),
M(n),SM(n) in R™ are obtained, where Aff(n) is the group of all affine transformations of R™. These

analogues are given in terms of the first fundamental form and Christoffel symbols of a vector field.

Key Words: Vector field; Christoffel symbol; Bonnet theorem; Differential invariant.

1. Introduction

Let M(n) be the group of all isometries of the n-dimensional Euclidean space R™, O(n) be the group
of all orthogonal transformations of R™ and SM(n) be the subgroup of M(n) generated by rotations and

translations of R™.
According to the Bonnet theorem (see [3], p. 49; [13], p. 19), if U and W are regular hypersurfaces in

R™ such that I(U) = I(W),II(U) = II1(W), where I and II are the first and the second fundamental forms
of a hypersurface, then there exists F' € SM(n+ 1) such that W = FU (the first part of the Bonnet theorem).
The following vector field analogue of the Bonnet theorem in R? is given in ([2], pp. 69-71):

Let us be given for G C R? the functions Ay, and By, of Cartesian coordinates, where Ay = — Aoy, 1 =
1,2;k=1,2,3. Suppose that the functions satisfy the following system:

0Ay,  0Ay

- — B; B, — BirB;; =0,
921 D + 5 Djk k51
0Bjy, 0By B
92, — D2 + AszJl — Alejk =0.

Then there are the orthonormal vector fields ay, az,n in G such that

6(1,1'
Bxk
AMS Mathematics Subject Classification: 53A07.

= Aira; + Bixn, i # j,
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g—; = —Bira; — Bagas.
The vector fields a1, az, n are defined uniquely up to their choice at one point.

We note that the part “The vector fields ay, az, n are defined uniquely up to their choice at one point.”
of this theorem is not clear. Indeed, the functions A, = (%,ag),Agk = (g%i,al),Bik = —(;T';,ai) are
O(3)-invariant, but they are not invariant with respect to parallel translations in R3. Hence the clear form
of the part of this theorem is as follows: “The vector fields ai, az, n are defined uniquely up to an orthogonal
transformation of R®.” This means that the system of functions A;i, B, is the complete system of joint
O(3)-invariants of orthonormal vector fields a;, as, n.

In the present paper, we give vector field analogues of the first part of the Bonnet theorem for groups
Aff(n), M(n), SM(n) in R™, where Aff(n) is the group of all affine transformations of R™. First we describe
systems of generators of the differential field of all H -invariant differential rational functions of a vector field
in R™ for groups H = M(n) and H = SM(n). Using these results, we prove vector field analogues of the first
part of the Bonnet theorem for mentioned groups. These analogues are given in terms of the first fundamental
form and Christoffel symbols of a vector field.

Let G be a group and a(G) be an action of G on the set of all smooth vector fields in R™. Investigations
of the problem of a(G)-equivalence of vector fields, a(G)-invariant vector fields and a(G)-invariants of vector
fields have important role in many areas of mathematics and mathematical physics.

Let p be a linear representation of a group G in R™ and x be a smooth vector field in R™. Consider
the action p*(g)(z(a)) = p(g)x(p(9~1)a) of G on the set of all smooth vector fields in R™. The problem of
describing of the general form of all p*(G)-invariant (that is, equivariant) polynomial vector fields for a compact
Lie groups G has been studied intensively in bifurcation theory [4, 6, 9]. By using the Theorems of Schwartz and
Poe’naru ([9], Theorem XI14.3 and Theorem XII5.2), this problem reduces to an algebraic problem in invariant
theory. The problem of p*(G)-equivalence of smooth vector fields and complete systems of p*(G)-invariants of
polynomial vector fields are investigated in the theory of differential equations [15-17, 8]. Invariants of vector
fields are studied also in differential geometry [1, 2, 7].

The present paper is organized as follows. In section 2, we give some known definitions and propositions,
which we use in the next sections.

In section 3, we describe the system of generators of the differential field of all G-invariant differential
rational functions of a vector field for groups G = M(n) and G = SM(n) (Theorems 1 and 2).

In section 4, using results of the section 3, we prove that: 1. the set of all Christoffel symbols of the
second kind of a vector field is a complete system of Aff(n)-invariants on the set of all regular vector fields
(Theorem 3); 2. the set of all coefficients of the first fundamental form of a vector field is a complete system of
M (n)-invariants on the set of all regular vector fields (Theorem 4); 3. the set of all Christoffel symbols of the
first and second kinds of a vector field is a complete system of M (n)-invariants (Theorem 5). A similar result
has been obtained for the group SM(n) (Theorem 6). Theorems 3-6 are vector field analogues of the first part
of the Bonnet theorem for groups G = Aff(n), M(n), SM(n).

In this paper, we use methods of invariant theory. A similar approach to the theory of curves was used
in the book [11] and papers [5, 12, 14].
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2. Complete systems of invariants

Let A be a set, G be a group and « be an action of G on A. Elements a,b € A is called G-equivalent
if there exists ¢ € G such that b = a(g, a). In this case, we write a Sb. Let K be aset. A function h: A — K

is called G-invariant if a,b € A, a S implies h(a) = h(b). Denote by Map (A4, K)¢ the set of all G-invariant
functions h: A — K.

Definition 1 ([15], p.11) A system {f1, f2,- .., fm}, where f; € Map(A, K)¢ , will be called a complete system
of G -invariants of the action « if a,b€ A, fi(a) = f;(b) for all i € {1,2,...,m} imply a 8.
Let P={f1, f2 ..., fm} C Map (A, K)¢. Denote by Map (A, K; P) the set of all h : A — K such that

h is a function of the system P.

Proposition 1 Let P = {f1, fo,..., fm} be a complete system of G -invariant functions on A. Then Map
(4, K)C = Map(A, K; P).
Proof. Proof is given in ([15], p. 11, Theorem 1.1). O

Definition 2 ([15], p. 11) A complete system P = {f1, fa,..., fm} of G -invariant functions will be called a
minimal complete system if P\ {f;} is not complete for any i € {1,2,...,m}.

Proposition 2 Let P = {fi, fa,..., fm} be a complete system, where f; € Map(A, K)¥. Then P is a minimal
complete system if and only if f; ¢ Map(A,K; P\ {f;}) forall j=1,2,--- ,m.

Proof. =. Assume that P is a minimal complete system and f; € Map (4, K; P\ {f;}) for some j = k.
Since P is a minimal complete system, the subsystem P\ {fx} is not a complete system. Hence there exist
a,b € A such that f;(a) = f;(b) for all ¢ € {1,2,...,m} \ {k} but a is not G-equivalent to b. Using fi €
Map (A, K; P\ {fx}) and equalities f;(a) = f;(b) for all i € {1,2,...,m} \ {k}, we obtain that fi(a) = fi(b).

Then f;(a) = f;(b) foralli € {1,2,...,m}. Since P is a complete system, we obtain a < b. Tt is a contradiction.
Therefore f; ¢ Map (A, K; P\ {f;}) forall j=1,2,--- ,m.

<. Assume that f; ¢ Map(A, K; P\ {f;}) forall j =1,2,---,m and P is not a minimal complete
system. Then there exists k € {1,2,...,m} such that P\ {fx}) is a complete system. Then, by Proposition 1,
fr € Map (A, K; P\ {fx}). It is a contradiction. Hence P is a minimal complete system. O

3. Generating systems of differential fields of all G-invariant differential rational functions of a

vector field

In the sequel, n is a natural number such that n > 1. Let J be an open subset of R™.

Definition 3 A C* -mapping x : J — R" is called a vector field in R™.
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Let GL(n) be the group of all non-degenerate real n x n- matrices. Put Aff(n)={F : R" — R" | Fx =
gr+0b, g € GL(n), b € R™}, where gx is the multiplication of a matriz g and a column vector x € R™. Let
O(n) be the group of all orthogonal real n x n-matrices. Then M(n)={F : R® — R" | Fx = gz +b, g € O(n),
be R"} and SM(n) ={F € M(n): detg =1}.

Let z(u) be a vector field in R™. Then Fx(u) is also a J-vector field in R™ for all F € M(n). Let G
be a subgroup of Aff(n).

Definition 4 J-vector fields z(u) and y(u) in R"™ is called G-equivalent if there exists F' € G such that

y(u) = Fz(u) for all uw € J. In this case, it will be denoted by = £ Y.

Denote by Ny the set of all non-negative integers. Let x(u) = x(u1,us,...,u,) be a vector field in R™.

For m; € No,1 <14 <n, we put

omrtmatetmn g

(0707“'70) — (m17m27~~~7mn) —
x =z, = = )
’ ouT ug™? - - Qup™

Definition 5 (See [10,11].) A polynomial q(ax,z100--0) 2(0:1.0:::0) "= g(mamama.mn)y of 4 and a finite
number of partial derivatives x(1:0:0:--0) 2(0:1,0,..,0) == g (ma,masma,mn) o f o with coefficients from R is called
a differential polynomial of x .

Denote such polynomials by ¢ {z}. The set of all differential polynomials of 2 will be denoted by R {z}.

It is a differential R-algebra (see [10]) with respect to the differentiations Biul’ 6%2, ceey %ﬂ. This differential
R-algebra is also an integral domain. The quotient field of it will be denoted by R < x >. It is a differential
field (see [10]) with respect to the differentiations aiul’ 6%2, ey %ﬂ. An element h of R < x > will be called
a differential rational function of x and denoted by h < z >.

Let x(uy, ug, ..., un), y(u1, g, ..., un), ..., 2(us, us,...,u,) be a finite number of vector fields in R™. A
differential polynomial and a differential rational function of vector fields z, v, ..., z are defined similarly. They

will be denoted by p{x,y,...,2} and p < z,y,...,z >, respectively. The differential field of all differential

rational functions of z,y, ...,z will be denoted by R < z,y,...,2z >.

Definition 6 A differential rational function h < x,y, ...,z > 1is called G -invariant if h < gz, gy,...,gz >=
h<z,y,...,2> forall g€ G.

The set of all G -invariant differential rational functions of .y, . ..,z will be denoted by R < x,y, ...,z >%.
It is a differential subfield of the differential field R < xz,y,...,z >.

Definition 7 A subset S of R < x,y,...2 > s called a generating system of R < x,y,...2 > if the
smallest differential subfield of it containing S is R < x,y,...z > .
n
Let (z,y) = Y, x;y; be the scalar product of vectors z = (z1,---,%,) and y = (y1,- - ,¥y») in R™. So

i=1

(x(ml’m%'“’m"), x(pl’m"“’p")) is the scalar product of vectors x(ml’"”"“’m"), x(P1:P2sPn) i R7
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Theorem 1 . The system

0 0
—x, — 1<1<9 < 1
(5omge) 1<i<i<n. 1)
is a generating system of the differential field R < x >M ™)

Proof. First we prove several lemmas. Let R < aiulx, 6%290, e %ﬂx > be the differential field of all differential

rational functions of aiulx Ty, %x and O(n) is the group of all n x n-orthogonal real matrices.

o
) a’UQ

Lemma 1 R<x>M(")=R<aiulx 0 g .., 2 g >00)

’ Qug * Ounp
Proof. Let ¢ <z >=¢(x, aiulx, 6%290, e, %x, .. .,x(m17m2vm37-~~7mn)) € R <z >M™)  Then it is invariant

with respect to translations in R™. This implies that

0 0 0
<e>=q(=—a, =—x,. .., =, "Iy — g o g g >
q q((?ul Ous ouy, ) =4 Oou;  Ous ouy,
It is also O(n)-invariant. Hence it is an O(n)-invariant differential rational function of %x, aix, ey aix
1 u2 Un

Conversely, assume that ¢ is a O(n)-invariant differential rational function of aiulx, 6%290, .. .,%ﬂx. Then it
is invariant with respect to translations in R™. Hence it is M (n)-invariant. O
Lemma 2 Let fe R< aiulx, 6%290, . %ﬂx >OM) . Then there exist O(n)-invariant differential polynomials
f1, fo such that f = fi1/f2.

Proof. Proof is similar to the proof in ([11], p. 106). O

Lemma 3 The system of all elements (x(ml’m%'“’m"), x(p17p27“"p")) , where my +mo +---+my > 1,p1 +p2 +
4 pn > 1,m; € No,pi € Ny, is a generating system of R < x >M ™) qs q field.
Proof. Let R[z(mum2:mn) m, € Ny]9(™ be the R-algebra of all O(n)-invariant polynomials of the system

{x(ml’"”"“’m")}, where m; € No, mq +mg +---+m, > 1. It is obvious that R[z(m1m2:mn) m, € N0 =

O(n)
R {aiulx, 6%290, ce aix} . According to the First Main Theorem for O(n) (see [19], p. 53), the system

Un

{(x(ml””?""’m"),x(pl’m"“’p"))}, where my +mo + - +my > 1Lpr+pa+--+pn > 1,m; € No,p; € Ny, is
O(n)

a generating system of the R-algebra R[x(ml’"”"“’m"), m; € NO]O(") =R {aiulx, 6%295, cey %ﬂx} . Using

Lemmas 1 and 2, we obtain that the system {(x(ml’"”"“’m"), x(pl’p%'“’p"))} , where mi+mao+---+my, > 1,p1+

P2+ -+ pn > 1,m; € No,p; € No, is a generating system of R < aiulx, 6%290, oz >OM=R < g >M®)

’ Ouy,

as a field. 0
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Denote by A = A, the determinant det H (aiuix, %x)

. Let V' be the system Eq.(1). Denote

4,j=1,2,...,n
by R{V} the differential R-subalgebra of R < aiulx, 6%290, . %ﬂx >0(") generated by elements of V.

Lemma 4 A e R{V}.

Proof. By the definition of V, (aiuix, %x) eV forall 1 <i,j<n.Hence A€ R{V}. O
Denote by R{V, A‘l} the differential R-subalgebra of R < aiulx, 6%290, e, %ﬂx >0(n) generated

by elements of the system V and the function A~!. According to Lemmas 1 and 3, for a proof of our
theorem, it is enough to prove that (x(ml”"?’“"m"),x(pl’m"“’p")) €R {V, A_l} for all m;, p; € Ny such that
my+mg+---+my, >1and py +p2+---+p, > 1.

Denote by Gr(y1,- - -, Ym; 21, - - -, Zm) the matrix ||(yi, 2j)||i j=1,2,...,m Of vectors y1,...,Ym, 21,...,2m in
R™. Let detGr (y1, Y2, - - - Ym; 21, 22, - - -, Zm) be the determinant of the matrix Gr(y1, Y2, - . -, Ym; 21,22, - - -5 Zm) -

The following is known.

Lemma 5 The equality

detGr(yl, Y2y oo oy Yn415 215,22, -+ - Zn—i—l) = det|| < Yi, 25 > ||i,j:1,2,...,n+1 =0
holds for all vectors Y1,y ..., Ynt1s 21,22, -5 Znt1 0 R™.
Proof. A proof is given in ([11], p. 106-107; [19], p. 75). O

Lemma 6 Let x(01:02-50n) gnd glencanen) pe clements such that 1 < by + bo + -+ b,,1 < 1+ co+
-+ cp, (x(b17b2""’b"), aiuix) IS R{V, A‘l} and (x(cl’c%'“’c"), aiuix) IS R{V, A‘l} forall 1 < i <n. Then

(:L-(b17b27~~~7bn), x(017027~~70n)) cR {‘/, A—l} .

Proof. Applying Lemma 5 to vectors

6 _ _ 6 _ _ 6 — (b17b27~~~7bn
T,Y2 = 22 = Ly 3 Yn = Zn = T, Yn+1 =T
1 ou

— x(017c27~~~7cn)
)
6UQ n

)) Z’n-‘,—l

we obtain the equality det A = 0, where
A= (i, Zj)”i,j:l,Q,...,n—i—l :

Let D415 be the cofactor of the element (yn+1,%2;) of the matrix A for j = 1,2,...,n+ 1. The equality
det A = 0 implies the equality

(yn—i-l; Zl)Dn—i-ll + (yn—i-l; ZQ)Dn+12 + -+ (yn—i-l; Zn)Dn—i-ln + (yn—i-l; Zn-i—l)Dn—i-ln—i-l =0. (2)

Since A = Dpy1n+t1, Eq. (2) implies the equality

((brbzebn)plercaen))— (Yn+1,21)Dnt11 + (Ynt1, 22) Dngrz + -+ (Y1, 20) Dnin 3)

(yn-i-la Zn+1) = A

548



KHADJIEV

In Eq. (3), by the supposition of the lemma, (yny1,2;) = (x(bl’b”“’b"),%x) € R{V, A_l} for every
j:1<j<n. Weprove that Dy;1, € R{V,A™"} for every s:1 < s <n. Wehave D, 1, = (—1)"T'+*
detGr (Y1, Y2, - - > Yni 21, 22, -« -y Zs—1, Zs41y - - -3 Zns Zn+1)) . By the definition of V', we obtain (y;,2;) € V C

9 (c1,¢2,...6n)
B T, T n )

R{V,A™'} for every i : 1 < i <n. Hence Dy15 € R{V,A™"} for every s:1 < s <n and Eq.(3) implies
(Yn+1s2n41) € R{V, A‘l}. -

R{V} forall i,5:1 <4,j <n. By the supposition of our lemma, we have (y;, zn4+1) = (5=

Lemma 7 (%6%,95 z) € R{V,A™'} forall i,j,1€{1,2,...,n}.

) Bul
Proof. We have
00,0 000
6’u]‘ 6’&1' ’Bui a 6’&1' 6’u]‘ ’Bui

forall i,5 € {1,2,...,n}. This equality implies (aiuiai,w’ 35 %) ER {V,A"'} forall i,j € {1,2,...,n}. Using

(621 32 z, au ) € R{V,A™'} and the equality

000, 0, (D0 0 0 00
6’&1' 6’&1' ’6uj - 6’&1' 6’&1' ’6uj 6’&1' ’Bui 6’u]‘

:L.))

we obtain (aiaix —]x) € R{V, A‘l} for all i,5 € {1,2,...,n}. Assume that i # j,i # 1, j # [. We have

6(656656)—66:56:6)4-(6:566:6
Ou; Ou;” Ow”’ “Ou; Ouy Ouy Ou; " Ouj Oy
0, 0 0 o 0 0 0 0 0
70 90,0 50 = G e 3 T G o aw (4)
6(656656)—66:5655)—1-(6:586:5
Oup Ou;” Ou;”’ COu; 0wy O Ou;” " Ouj Oy
Put %(%xa Biulx) = bl; aiul(a;z]xa aimw) = b2) %(%w, 62 ) = b?n (au 62]1.1 aimw) = Wi,
(% aiulx, aiuix) = wo, (aiuia%lx, %x) = wsz. Then system Eq. (4) has the form: w; + we = by, w1 + w3 =

ba, wo + w3 = bg. We consider this system as a system of equations with respect to wi, ws,ws. This system
has the unique solution (wy,ws,ws), where wy = %(bl + by — b3) € R{V, A‘l} ,We = %(bl + b — b)) €
R{‘/:A_l},wgz%(bg-ﬁ-bg—bl)ER{‘/,A_l}. a

Lemma 8 (g(01:02:bn) aiuix) € R {V, A‘l} for all 1 < i < n and by,ba,...,b, € Ny such that 1 <
by +b2+ -+ bp.

Proof. We prove this assertion by induction on p = by +bs 4+ ---+ b, . Let p = 1. By the definition of V,
we have (aix, Bu; z) €V C R{V,A™!} forall 1 <i,j <n. Hence the assertion holds for p =1.
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Assume that the assertion holds for p > 1 that is assume that ({10200, %x) € R{V,A™'}
for all 1 < j < mn and by,bo,...,b, € Ny such that by + b2+ ---+ b, = p. By Lemma 7, we have
(2, -21) € R{V, A‘l} for all 4,5,1 € {1,2,...,n}. Using Lemma 6 to (x(bl’b”“’b"),%x) and

Bui au]' ? B_UZ

(aii%x, aiulx), we obtain that (x(b17b2""’b") a_ix)) € R{V, A‘l} for all 1 < 4,57 < n and by € Ny
such that by + by + -+ + b, = p. Since (x(bvb2bn) 0 gy c R {V, A‘l} by the supposition of our induction

’ au]'

and (z(01:b2bn) 00 _g)) ¢ R {V, A‘l}, the following equality

) Bul B_’U,]
9] 0 0 0 g 0
_ (b17b27~~-7bn) - —(—— (b17b27~~~7bn) - (b17b27~~-7bn) - .
6’&1' (.’L‘ ’ 6’u]‘ l‘) (Buzx ’ 6’u]‘ l‘) + (.’L‘ ’ 6’&1' 6’u]‘ l‘)
implies that (aiwx(bl’b”“’b"), %x) € R{V, A‘l} for all 4,5 : 1 < 4,5 < mn. This means that the assertion is
proved for p+1. O

Lemma 9 (x(bl’b2""’b"),x(cl’”"“’c")) S R{V, A‘l} for all by,ba,... by, c1,C0,...,¢n € Ny such that 1 <
bi+bet+--Fbp,1<ci+ceat-+cn.

Proof. Using Lemmas 8 and 6, we obtain (x(b17b2"“’b"), x(cl’c%'“’c")) €R {V, A‘l}. O

We complete the proof of our theorem. By Lemma 4, A € R{V}. Since R < V > is a field, we
obtain A™! € R < V >. Hence R{V, A‘l} C R <V >. By Lemma 9, (x(bl’b2""’b"),x(cl’”"“’c")) €
R{V,A7'} C R <V >C R <z >M™ for all by,by,...,bn,c1,c2, ...,cn € Ny such that 1 < by + by +
s+ by, 1 <cep+co+ -+ c,. By Lemma 3, the system of all elements (x(ml’m%'“’m"), x(pl’m"“’p")), where
mi4+mo+--+my > 1,p14+pa4---+pn>1,m; € Ny, p; € No, is a generating system of R < z >M(") ag a

field. Hence R <V >= R < z >M()  The theorem is completed.

Let am € R™, m =1,...,n, am = (Gm1,am2;- - -, Amn). The determinant det ||a;;| will be

,j=1,2,...n

denoted by [ajas - --ay]. So [x(m“’"“?’”' smin) g (man,maz, s sman) L p(Mag, Mz, ’m"")] is the determinant of the

vectors g(mivmizmin) in R™ i =1,2,...,n. Let SM(n) be the subgroup of M(n) generated by rotations

and translations of R™.

Theorem 2 The system

ouq Ous ouy, ’ Ou; ’6uj yL>1>J>n, J ,

is a generating system of the differential field R < x >5M()

Proof. First we prove several lemmas. Let SO(n) be the subgroup of O(n) generated by rotations of R™.

Lemma 10 R<z >MMW=R< Dg 0 g 0 55500,

’ Qug *) Ounp
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Proof. A proof is similar to the proof of Lemma 1. O
Lemma 11 Let f e R< aiulx, 6%290, . %ﬂx >50() | Then there exist SO(n)-invariant differential polyno-
mials fi, fo such that f = fi1/f2.

Proof. A proof is similar to the proof in ([11], p. 106). O

Lemma 12 The system of all elements

|::L.(m117m127”' 7777/171):1;(7”2177”227'” 7777/271) . x(mnl7mn27”' 7mnn) , (x(P17P27~~~7Pn), w(Q17¢Z27”' 7‘171)), (6)

where mi1 + mig + -+ mip > Lpr+p2+--+pa =1L, 1+ q+ -+ qn > 1, is a generating system of

R < ailx, 6%290, o w2z >80 s g field.

© OQun

Proof. Let R[z(m1m2:5mn) ymy tmo+- - -4m, > 1]3°(") be the R-algebra of all SO(n)-invariant polynomi-

als of the system g(mima,..;ma) , where mq+mgo—+---+m, > 1. According to the First Main Theorem for SO(n)

(see [19], p. 53), the system Eq. (6) is a generating system of R[z(™1:m2:mn) iy 4+ my 4 -+ - 4+ m,, > 1]59M),
Lemma 11 implies that the system Eq. (6) is a generating system of R < aiulx, 6%290, ceey %ﬂx >50(n) a5 a
field. O

Denote by Z the system Eq. (5) of differential polynomials. Let R{Z} be the differential R-subalgebra

of R < aiulx, 6%290, ceey %x >50(n) generated by elements of the system Z.
Let 6 = §, be the determinant of the matrix Gr(y1, Y2, .-, Yn—1;21,22,- -+, 2n—1), Where y; = z; =
%%92 =22 = aiwxa oy Yn—1 = Bpn—1 = auiilx

Lemma 13 (y;,2;) € R{Z} forall 1<i,j<n—1,0€ R{Z} and 5 '€ R< Z >.

Proof. Elements (y;, z;) of the determinant § are functions (aiuix, %x) , where 1 <4,7 <n—1. By the

definition of Z, (aiuix, %x) €ZCR{Z} forall1<i,j<n—1.Hence € R{Z} and 6 e R<Z >. O

Let A be the function in the proof of Theorem 1.

Lemma 14 A€ R{Z} and A™* € R< Z >.

ouq B_'UQ Oun

2
Proof. Since A = [ix 9 xix} , we have A € R{Z}. Hence A~' € R< Z >. ]

Denote by R {Z, 51, A‘l} the differential R-subalgebra of R < aiulx, 6%290, ey %ﬂx > generated by
Z and functions 6 ', A~!. By Lemmas 11 and 12, for a proof of our theorem, it is enough to prove that
(z(Propn) glarsan)) and [x(m“"”’ml") r -x(m"l"”’m"")] elements of R{Z,6-', A=} for all mj, pi,q; € No
such that mj1 +miz + - +minw > Lpr+p2+-+pn 2L+ g+ - +q, > 1.

In the sequel, we need the following lemma.
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Lemma 15 The equality
[v1 - ynllzr - - 20] = det|(i, 25) i j=1.2,...m
holds for all vectors y1,...,Yn,21,.--,2n in R™.

Proof. A proof of the this lemma is given in ([11], p.72; [19], p. 53). O
Let V be the system in the proof of Theorem 1.

Lemma 16 ( 0 g, -2 x) €R{Z,6 '} and R{V,A™'} CR{Z,67 ", A7"}.

Oun " un
Proof. Using Lemma 15 to vectors y; = z1 = aiulx, Yo =22 = 550, Yn = Zn = %x, we obtain
9 9 o 1?
[a—uﬁ gt g t] T Azl e, 0 = A (7)
Denote by Dy; the cofactor of the element (y,,z;) of the matrix A = [|(yi,2j)[l; j=y 5 , for i =
1,2,...,n. Then we obtain the equality
A= (yna Zl)Dnl + (yn; ZQ)DnQ +---+ (yna Zn—l)Dnn—l + (yn; Zn)Dnn (8)
Since 6 = D,,,, # 0, equalities Eq. (7) and Eq. (8) imply
(e 20) = (s =) = AT = (g, 20) D18 = (g 22) Dz~ = o)
ou,  Ouy,

T (yna Zn—l)Dnn—l(S_l-

In Eq. (9), (yn,2;) € Z C R{Z} forevery j: 1< j <n—1 by the definition of Z. We prove that D,, € R{Z}
for every 1 < s <m—1. We have D5 = (—1)""° detGr(y1,Y2, - -, Yn—1; 21, 22, -+ -5 25—1, 2541y ---,2n)- Ble-
ments of D, have the following forms (y;, z;), where 4,7 < n, and (y;, z,), where ¢ < n. By the definition of
Z, (Yi,zj) € ZC R{Z} forall i,j <n and (y;, zn) = (Yn,2) € Z C R{Z} for all i <n. Hence D,s € R{Z}

Oun Oun

for every 1 < s <n—1 and Eq. (9) implies (yn,2,) € R{Z,067'}. Using ( 9, ix) € R{Z,67'} and

V C ZU{(yn,2n)}, we obtain V.C R{Z,67'}. Hence R{V,A™'} c R{Z,671,A71}. O

Lemma 17 (z®vp2pn) glrirar)y e R{Z 671 A=} for all p;,r; € No such that 1 < py+pa+-+ +py
and 1 <ri+ro+---+1r,.

Proof. By Lemma 16, R{V, A_l} - R{Z, 5_1,A_1}. Using R{V, A_l} - R{Z, 5_1,A_1} and Lemma
9, we obtain (z(P1Pz:Pn) p(rirasra)y ¢ R{Z,6~', A~} for all p;,r; € Ng such that 1 <pi+ps+---+pn
and 1 <ri+ro+---+1r,. O

Lemma 18 [x(m“’"“?’”'””1")x(m21’m22’”' Mman) .. -x(m"l’"LQ"”’m"")] €R {Z, o A‘l} for all

mi; € Ny such that msy +mip + - +my, > 1,0 =1,2,...,n.
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. _ 0 _ 0 - 90 .. _ ) ;s =
Proof.  Using Lemma 15 to y1 = 55-,92 = 5-%, "+, Yn = g, %21 = glmimaz,min) o
g(ma1,maz, - sman) - g(mntmnz, ’m”"), we obtain that
[+ ynllz1 - - 20 = det||(yi, 2))|lij=1,2.....n- (10)

Since A = [y1...yn]°, Eq. (10) implies
(21 2n] = A7 y1 - oynldet] [ (yi, 25)]ij=1,2,..m

By Lemma 17, (y;, %) = (aiwx,x(mﬂ’mﬁ“”’mf")) € R{Z, 5_1,A_1} for all 4,5 = 1,2,...,n. Since
y1...ynl € Z C R{Z,6', A"}, we obtain [z1...2,] € R{Z,67 ", A7}, O

We complete the proof of our theorem. By Lemmas 13 and 14, 6 "', A~ € R < Z >. Hence
R{Z,67',A7'} C R < Z >. By Lemma 17, (g{bv:bzobn) glevezen)y ¢ R{Z 671 A1} C R < Z >
for all by,bs,...,bpn,c1,¢0,...,¢n € Ng such that 1 <b; +bs+---+b,,1<c14+co+---+c¢,. By Lemma 18,
[glmanmaz,sman) g(marmaz,sman) L g(maymayman)] € R{Z,671, A1} € R < Z > for all m;; € Ny such

that m;1 +mis+---4+my, > 1,4 =1,2,...,n. Hence Lemmas 10 and 12 imply that R< Z >= R <«x >SM(n)

The theorem is complete.

4. The conditions of G-equivalence of vector fields

In this section, J is a connected open subset of R™.

Definition 8 A J-vector field x will be called regular if [aiulx(u)ix(u) e i90(@@)} #0 forallue J. The

Ous Oun
set of all regular vector fields in R™ will be denoted by Hyeq(n).
Let x(u) be a regular vector field in R™. Put D;z(u) = aiuix(u). Let {D'z(u),...,D"z(u)} be the

biorthonormal system of the system {Dyz(u),..., Dyz(u)} that is (Djz(u), Diz(u)) = 6! for all u € J and

i,7=1,...,n. The following derivation formulas for vector fields are known ([18], p. 116):
o 5y (w) = 0oy p3y {a} Daw(u)
Ou; Ouj - s=1Pij s ) (11)
i j=1,2,....n;
oo a2 (W) = 320 pijs {w} D (u), (12)
i j=1,2,....n.

The functions p;; s {z},pf; {w} are called the Christoffel symbols of the first and second kinds of a vector
field respectively.

Let z(u) be a vector field. Put g;;(z) = (a‘lx, %x). The form I(x) = >0 ,_; gij(x)duidu; will
be called the first fundamental form of a vector field xz(u). According to Lemma 7, we have p;;s{z} =

2 P
(#aujx, %ﬁx) = %(%gsi(gﬁ) + aiuigsj(x) — %ﬁgij(x)) forall 4,7,s=1,2,...,n.
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Theorem 3 Let z(u) and y(u) be regular J -vector fields in R™. Then the following conditions are equivalent:
1. pi {z(u)} = p;; {y(w)} forallueJ and i,j,s=1,2,...,n;

2. o LMy,

Proof. First we prove the following lemma.

Lemma 19 pj;{z} € R {V,A71} for all 1 <i,j,s <n.
Proof. Let i,5 be fixed. We consider aiui%x(u) = > o1 P {2} Dsx(u) as a system of linear equations
with respect to pj; {z},...,pf; {x}. Since [Diz(u), Dax(u), ..., Dpa(u)] is the determinant of this system and

x(u) is a regular vector field, [Diz(u), Dax(u),..., Dpz(u)] # 0 for all u € J. Hence the system has the

following solutions:

[Dlx .. .Ds_lxa%i(%x)Dsﬂx .. .an}
pij {z} = [Di2Dsz ... Dyl :

where s = 1,2,...,n. This equality implies

[Dlx .. .Ds_lxa%i(%x)Dsﬂx .. .an} [DizDsx ... Dy
[DyxDya ... Dypal? '

Pfj {r} = (13)

Using Lemmas 15 and 9, we obtain that

|:D1.”L' .. .Ds_l.”L' 0

Ou; (%w)DSHw . -an] [DizDox ... Dyl € R{V,A™}.
g J

Since A, = [DyxDyz ... Dyx]?, we have p;;{x} € R{V,A'} for all 1 <4i,j,s <n. The lemma is proved.

2) — (1). Let o L™

pij{z(u)} = pj; {y(u)} forall i,j,s=1,2,...,n and u € J.

y. Then Eq. (13) implies that the function pg; {z} is Aff(n)-invariant. Hence

(1) — (2). Assume that the equality pj; {z(u)} = pj; {y(u)} holds for all 4,j,s =1,2,...,n and u € J.

Put A(x) = ||DixDsz...Dypzx| and %A(m) = ‘%Dlx%Dgx...%an

‘, where we consider D;x as a

column-vector. Eq. (11) implies A(z)~! B?M_A(x) = ||ps; {x}||S:17m7n;j:Lm7n. Using pf; {z(u)} = p§; {y(u)}

for all i,j,s = 1,2,...,n, we obtain A(x(u))~! a?”A(x(“)) = A(y(u))~? a?”A(y(“)) forall i =1,2,...,n and

u € J.

Now we complete the proof of our theorem. The equality A(z)~* 621- A(x) = A(y)~? 74 Aly) implies

0
6’&1'

0
6’&1'

0

A(y)Alz) ™" + Aly) 5 -

(A A@) ™) = ( (A(x)™") = (

AWAE) ™ (5

554



KHADJIEV

for all 4 = 1,2,...,n and v € J. Using this equality for all ¢ = 1,2,...,n, we obtain that the matrix
A(y(u))A(x(u))~t is not depend on u € J. Put F = A(y)A(z)~!. According to detA(z(u)) # 0 and
detA(y(u)) # 0 for all w € J, we have detF' # 0 and A(y) = FA(z) for all uw € J. The equality
A(y(u)) = FA(z(u)) implies aiuiy(u) = Faiuix(u) for all ¢ = 1,2,...,n and v € J. Then there exists a
constant vector b € R™ such that y(u) = Fa(u)+ b for all v € J. Theorem 3 is complete. O

This theorem means the system {pfj {z(u)},i,5,s=1,2,.. .,n} of all Christoffel symbols of the second
kind is a complete system of Aff(n)-invariants of a vector field on the set Hyeq(n). Below we prove that the

system of all Christoffel symbols of the first and second kind is a complete system of M (n)—invariants of a
vector field (Theorem 5).

Corollary 1 Let K be a set. FEvery Aff(n)-invariant function h : Hreq(n) — K is a function of the system
{pf{a(w)},igs=1,2,...,n}.
Proof. A proof follows from Theorem 3 and Proposition 1. O

Let x(u) and y(u) be vector fields in R™ such that MY y. Then f{a} = f{y} for any M(n)-

invariant differential polynomial f{z}. In particularly, ¢;;(z(u)) = ¢:;(y(w)) for all w € J and 4, j such that

1 <i < j <n. The converse theorem is true for regular vector fields:

Theorem 4 Let x(u) and y(u) be regular vector fields in R™ such that

gij(z(uw)) = gij(y(u)) (14)

forall we J and i, such that 1 <i<j<n. Then foSJn)y.

Proof.  Since A,(u) = det| gi;(z)|, equalities Eq. (14) imply Ag(u) = Ay(u) for all w € J. Using
Ag(u) #0,Ay(u) # 0 for regular vector fields z and y, we get

Ar(u)™h = Ay(u)™ (15)

for all u € J. Let V be the system {g;j(z),1<i<j <n} and f{z} € R{V,A7'}). Then Eq. (14) and Eq.
(15) imply

fAz(w)} = f{y(u)} (16)

for all u € J.

By Lemma 19, pf;{z} € R{V,A™'} for all i,j,s = 1,2,...,n. Then Eq. (16) implies p{; {x(u)} =
pij{y(u)} for all w € J and i,j,s=1,2,...,n. By Theorem 3, there exists ' € GL(n) and b € R" such that
y(u) = Fx(u) + b for all v € J. We prove that F' € O(n).

Let A(z)" be the transpose matrix of the matrix A(x) in Theorem 3. Using the equality A(z)" A(x) =
lgij(@(@)l; j=1 0., and Eq. (14), we obtain A(x)TA(z) = A(y) T A(y). Since x(u) is a regular vector field,
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we have detA(x(u)) # 0 for all u € J. Hence equalities A(x)T A(x) = A(y)" A(y) and A(y) = FA(z) imply
FTF = E, where E is the unit matrix. Thus F € O(n). O

Corollary 2 Let K be a set. Every M(n)-invariant function h : Hyeq(n) — K is a function of elements of
V.

Proof. A proof follows from Theorem 4 and Proposition 1. O

Theorem 5 Let z(u) and y(u) be regular vector fields in R™. Assume that the following conditions hold:
1. there exists uyg € J such that det(aiuiA(x(uo))) #0 for some i=1,2,...,n;
2. pi{z(u)} =pi{y(w)} forallue J and i,j,s =1,2,...,n;
3. pijs{z(w)} =pijs {y(w)} forallueJ and i,5,s=1,2,...,n.

Then x M) Y.

Proof.  As in Theorem 3, equalities pg; {z} = pg; {y} for all 4,j,s = 1,2,...,n imply the existence of
F € GL(n) and b € R™ such that y(u) = Fz(u) + b for all w € J. We prove that F' € O(n). Equalities

9 n= A(x)TaiuiA(x(u)). By the condition 3 of our the-

piss {7} = (5257 5=) imply [|pijs {w(W)} ], j—ra.
orem, we obtain A(x)TaiuiA(x(u)) = A(y)Ta%iA(y(u)) forall i=1,2,...,n. Using A(y(u)) = FA(z(u)) and
detAT (z(u)) = detA(z(u)) # 0 for all u € J, we get %A(m(u)) = FTF%A(x(u)) for all i = 1,2,...,n.
Since det(aiuiA(x(uo))) # 0 for some ug and 4, this equality implies FTF = E. Hence F € O(n). O

Proposition 3 The system V = {g;;(x),1 <4, <n} is a minimal complete system of invariants of a vector
field on Hyeq(n) for the group M(n).

Proof.  Prove the subset V \ {g11} is not a complete system of invariants on Hyey(n). Let J = I™,
where I = (0,1) is the open interval of R. Consider the following two J-vector fields in R™: z(u) =
(w2, s ), y(w) = (2,3, ., u). We have gui(2)() = 1gn(p)(w) = 4,g55(@)(w) = g5;(w)(w) = 1
for all j € {2,...,n} and gpe(x)(u) = gpe(y)(u) = 0 for all p,q € {1,2,...,n} such that p # ¢. Since g11(x)
and g11(y) are M (n)-invariants, gi1(z) = 1, ¢g11(y) = 4, we obtain that the vector fields = and y are not
M (n)-equivalent. Hence the subsystem V' \ {g11(z)} is not complete on H,4(n). Similarly, the subsystem
V\ {gii(x)} is not complete on H,.4(n) for every i € {2,...,n}.

Prove the subset V'\ {g12} is not a complete system of invariants on H,.4(n): Consider the following two
vector fields in R™: x(u) = (uy,ua, ..., uy), y(u) = (\%ul, %ul—i—ug, ..., Up). Wehave g;;(x)(u) = g;;(y)(u) =
1 forall j € {1,2,...,n}, gpg(x)(w) = gpg(y)(u) =0 for all p,q € {1,2,...,n} such that p # ¢, (p,q) # (1,2).
Since g12(z) and ¢12(y) are M (n)-invariants, gi2(z) = 0, g12(y) = \/LE’ we obtain that the vector fields x

and y are not M (n)-equivalent. Hence the subsystem V' \ {g12(x)} is not complete on H,¢4(n). Similarly, the
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subsystem V' \ {g;;(z)} is not complete on H,.4(n) for every 4,j € {1,2,...,n} such that i # j. 0

Theorem 6 Assume that x(u) and y(u) are regular vector fields in R™ such that

(17)
9] 0 9] 9] 9] 9]
forallueJ and all 1 <i<j<myi+j<2n. Thenx ~ "y.
Proof. Let Z be the system Eq. (5) in Theorem 2 and f{z} € R{Z}. Then Eq. (17) imply
M)} = f{y(uw)} (18)

for all w € J. Let 6 = 0, be the function in the proof of Theorem 2. By Lemma 13, 6, € R{Z}. Hence Eq.
(18) implies 0, (u) = 0y (u) for all u € J. The following lemma will help us to complete the proof. O

Lemma 20 0,(u) # 0 and d,(u) #0 for all ue J.

Proof. Since z(u) is a regular vector field, we have [a%lx(u)aiwx(u)---ag x(u)} # 0 for all u €

J. Hence vectors aiulx(u), 6%29”(“)’ cee agnx(u) are linearly independent for all w € J. Then vectors

aiulx(u), aiwx(u), N %x(u) also are linearly independent. This implies det H( o o

Bui :L.’ au]' €

i,j=1,2,...n—1

dz(u) # 0 for all w € J. Similarly, 6, (u) # 0 for all v € J. O

The equality d, = &, for all uw € J and Lemma 20 imply 6, ! = 5y_1 for all w € J. Let f{z} €
R{Z,67'}). Then the equality 0, ' = 6, Bq. (17) and Eq. (18) imply

fAz()} = f{y(u)} (19)

forall u € J. Using Eq. (19) and Lemma 16, we obtain the equality (%x(u) < (u)) = ( 9_y(u), 52 y(u)) .

) Bun X duy, ) Duy

This equality and Eq. (17) imply Eq. (14). Hence by theorem 4 there exist F € O(n) and b € R™ such that

y(u) = Fzx(u) 4+ b. Using this equality and the equality [a%lx---%x} = [aily---%y} in Eq.(17), we

2
get [aiulx---%nx} =det F [aiulx---%nx . Since Ag(u) = [6‘2190--- < x} # 0 for all uw € J, we obtain

M(n)

detF' = 1. This means that z S y. Theorem 6 is proved.

Proposition 4 The system Z is a minimal complete system of invariants of a vector field on Hyeq(n) for the
group SM(n).
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Proof. Prove that the subsystem Z \ {[aiulx ix---%x}} is not complete on Hycqg(n). Let J

I, where I = (0,1) is the open interval of R. Consider the following vector fields in R™: z(u) =
(ui,ug, ..., up),y(u) = (—u1,ug,...,u,). Then gj;(x)(u) = g;;(y)(w) =1 for all j € {1,2,...,n—1} and

9pg(z) (1) = gpe(y)(u) =0 for all p,q € {1,2,...,n} such that p # ¢q. We have [aiulx 6%290 e %ﬂx =1 and
[6219 6%29' o agn y} = -—1. Since the function [aiulx 6%290 e %x} is  SM(n)-invariant,
[ailx aiwx---%x} #+ [6219 aiwy---%y} , we obtain that the vector fields = and y are not SM(n)-
equivalent. Hence the subsystem Z \ { [ 631 x 6%290 e %x} } is not complete on Hyeq(n).

Prove that the subsystem Z\ {g11} is not complete on H,4(n): Consider the following two vector fields
in R": z(u) = (u1,ug,...,upy),y(u) = (2uy, usg,. ,%un) We have g11(2)(u) = 1, g11(y)(v) = 4, gj;(x)(u) =

gij(y)(u) =1forall je{2,...,n—1}, [aiulx Biuzx"'%x} = [aimy Biuzy”'%ny =1 and gp,(z)(u) =

9pg(y)(w) = 0 for all p,q € {1,2,...,n} such that p # ¢. Since g11(z) and g¢11(y) are SM(n)-invariants,
g11(z) = 1, g11(y) = 4, we obtain that the vector fields z and y are not SM(n)-equivalent. Hence the
subsystem Z \ {g11(z)} is not complete on H,eq(n). Similarly, the subsystem Z \ {g;;(x)} is not complete on
Hyeg(n) for every i € {2,...,n—1}.

Prove that the subsystem Z\ {gi2} is not complete on H,4(n). Consider the following two vector fields
in R": z(u) = (u1,u2,...,upn),y(u) = (\%ul, %ul +u2,...,\V2u,). We have g;;(z)(u) = g;;(y)(u) = 1 for

all j € {1,2,...,n—1}, [aglx aiwx---agnx} = [6219 aiwy---%y =1 and gpq(z)(u) = gpe(y)(u) =0

for all p,q € {1,2,...,n} such that p # ¢,(p,q) # (1,2). Since gi2(z) and g¢12(y) are SM(n)-invariants,

gi2(z) = 0, gi2(y) = %, we obtain that the vector fields = and y are not SM(n)-equivalent. Hence the

subsystem Z \ {g12(2)} is not complete on H,.4(n). Similarly, the subsystem Z \ {g;;(x)} is not complete on
Hyeg(n) for every 4,5 € {1,2,...,n} such that i # j. 0
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