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Order-isomorphism and a projection’s diagram of C'(X)

Ahmed S. Al-Rawashdeh and Sultan M. Al-Suleiman

Abstract

A mapping between projections of C™-algebras preserving the orthogonality, is called an orthoisomor-
phism. We define the order-isomorphism mapping on C™-algebras, and using Dye’s result, we prove in the
case of commutative unital C*-algebras that the concepts; order-isomorphism and the orthoisomorphism
coincide. Also, we define the equipotence relation on the projections of C(X); indeed, new concepts of
finiteness are introduced. The classes of projections are represented by constructing a special diagram, we
study the relation between the diagram and the topological space X . We prove that an order-isomorphism,
which preserves the equipotence of projections, induces a diagram-isomorphism; also if two diagrams are

isomorphic, then the C*-algebras are isomorphic.

Key Words: Commutative C*-algebras; projections order-isomorphism; infinite projections; clopen sub-

sets.

1. Introduction

The algebra of continuous complex-valued functions on a compact Hausdorff space X, denoted by C'(X),
is a commutative unital C*-algebra. Let us recall the following main theorem, known as the Gelfand-Naimark

Theorem.

Theorem 1.1 [8] Every commutative, unital C*-algebra A is isometrically *-isomorphic to C(A), where A

is the compact Hausdorff space of characters of A.

Let P(A) denote the set of projections of A. A projection p € P(A) is said to be minimal if 0 is the only
proper subprojection of p. For the case of C'(X), the projections are the characteristic functions on the clopen
subsets of X (see [4] § IX.3).

Let A and B be two unital C*-algebras. A projection orthoisomorphism mapping was defined by H.
Dye in [5] as a bijection 6 between the projections of A and B which preserves the orthogonality; that is, for
any projections p and g of A, pg =0 if and only if 8(p)f(q) = 0. Also, he proved the following lemma.

Lemma 1.2 [5] Any projection orthoisomorphism 6 between C*-algebras A and B preserves the following:

0, I, the orthocomplement I —p of p, and the order.

2000 AMS Mathematics Subject Classification: 46L05; 461.99.
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For commutative, unital C*-algebras, A. Al-Rawashdeh and W. Shatanawi in [1] discussed the orthoisomor-
phism property (orthogonality-preserving) for certain bijection 6 on the projections of C'(X), in other words,

discussing the Boolean isomorphism of the Boolean algebra of clopen subsets of X .

As every projection orthoisomorphism preserves the order, then a natural question arises here: is every
bijection between the projections of two C*-algebras which preserves the order an orthoisomorphism? In the
first part of this paper, we study this question where we define the projection order-isomorphism as a bijection

between the projections of C*-algebras which preserves the order and we prove the following theorem.

Theorem 1.3 Let A and B be two commutative unital C* -algebras, and let 6 be a one-to-one mapping from

P(A) onto P(B). Then 0 is orthoisomorphism if and only if 0 is order-isomorphism.

Recall that in a C*-algebra A, two projections p and ¢ are equivalent if there exists a partial isometry w
such that ww* = p and w*w = ¢. A projection p is called infinite if p is equivalent to one of its proper
subprojection, otherwise it is called a finite projection. If A is a commutative C*-algebra, then two projections
are equivalent if and only if they are equal; this implies that every projection is finite. In the second part of
this paper, we consider a compact Hausdorff subspace X of R with the Lebesgue measure . We define the
equivalence relation, that two projections in P(C(X)) are called equipotent if the measure of their supports
are equal. Afterwards, we establish new concepts of projections which seems to be similar to the concept of
finiteness in general C*-algebras but not affected by commutativity, this concept of projections will be related
to the Lebesgue measure and shall be denoted by p-finite and p-infinite.

Furthermore, we construct a special type of diagram that describes the class of projections of the C*-
algebras C(X); these diagrams give information and descriptions about projections, in particular about pu-

infinite projections.

We define isomorphism between the diagrams and we prove (under some conditions) that if there is an
order-isomorphism between C*-algebras C(X) and C(Y), then the corresponding diagrams are isomorphic.
Also, if two diagrams are isomorphic, then the corresponding C*-algebras are isomorphic. Mainly we prove
that following theorems.

Theorem 1.4 Let X and Y be two compact spaces in (R, 7,). If there exists an order-isomorphism between
P(C(X)) and P(C(Y)), which preserves equipotence of projections, then ®(X) is isomorphic to D(Y).

Theorem 1.5 Let X and Y be two locally connected compact spaces in (R, 7,). If ©(X) is isomorphic to
DY), then C(X) and C(Y) are isomorphic as C* -algebras.

Let us now recall the following main result that will be used throughout the paper.

Theorem 1.6 [3] Let X and Y be two compact topological spaces. Then X is homeomorphic to' Y if and only
if C(X) is isomorphic to C(Y') as C*-algebras.
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2. Order-Orthogonality Preserving

Let A and B be two unital C*-algebras. We study the mappings between the set of projections P(A)
and P(B) which preserve the order.

Definition 2.1 A projection order-isomorphism (simply, order-isomorphism) between two unital C* -algebras

A and B is a one-to-one mapping 6 from P(A) onto P(B) which preserves the order. That is, p <
¢ if and only if 0(p) < 0(q).

Let us prove the following result concerning the order-isomorphism mappings.

Lemma 2.2 Let A and B be two C*-algebras, and let 0 : P(A) — P(B) be an order-isomorphism. Then
6(0) = 0.

Proof. As 6 preserves the order and 0 < p, for any p € P(A4), then 6(0) < 6(p), for all p € P(A) which
implies that 6(0) < g, for all ¢ € P(B) and hence 6(0) =0. O

In the following theorem we show that, in commutative unital C*-algebras, the order-isomorphism and the

orthoisomorphism coincide.

Theorem 2.3 Let A and B be two commutative unital C* -algebras, and let 6 be a one-to-one mapping from

P(A) onto P(B). Then 0 is an orthoisomorphism if and only if 6 is an order-isomorphism.

Proof. If 0 is orthoisomorphism, then by Lemma 1.2, 6 is order-isomorphism. To prove the other direction,
suppose that p, ¢ € P(A) with pg = 0. As B is commutative, §(p)f(q) € P(B) and hence there exists r € P(A)
such that 6(r) = 0(p)f(q). Since 6(r)0(p) = 0(p)d(r) = O(r) and 6(r)0(q) = 0(q)0(r) = 6(r), then 6(r) < 6(p)
and 0(r) < 6(q). As 0 preserves the order, then r < p and r < ¢. Thus, r(pq) = (pg)r = r and hence r < pq.
Therefore by Lemma 2.2, 6(r) = 0 and hence 6(p)f(q) = 0. O

In the following theorem we establish some properties of order-isomorphisms in the case of commutative C*-
algebras.

Theorem 2.4 Let A and B be two commutative unital C*-algebras, and let 6 : P(A) — P(B) be an order-

isomorphism. Then
1. if pg =0, then 0(p + q) = 0(p) + 0(q), for any p,q € P(A),
2. 0(pq) = 0(p)0(q), for any p,q € P(A),
8. if p<q, then 6(q — p) = 0(q) — 6(p), for any p,q € P(A),

4. 0(pAq) = 0(p)Ab(q), for any p,q € P(A).
Proof.

1. If pg = 0, then p+q € P(A4), 0(p) < 0(p+q), 0(q) < 0(p + q) and by Theorem 2.3, 0(p)f(q) = 0.
Therefore we have 6(p) + 0(q) € P(B) with 6(p) + 6(¢) < 0(p + ¢q). Let r be a projection such that
0(r) = 0(p+q) — (6(p) +0(q)). Then 6(r) < 6(p+q), 6(r)0(p) = 0, and 6(r)0(q) = 0. Thus, r <p+q
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and by Theorem 2.3, rp =0 and rq = 0 which is true only if » = 0. Therefore by Lemma 2.2, 8(r) =0
and hence 0(p + q) = 0(p) + 0(q).

2. As pg < p and pg < g, then 6(pg) < 0(p), O(pg) < 0(q) and hence 0(pq) < 6(p)0(q). Let r be a
projection such that 6(r) = 0(p)f(q) — 0(pg). Then 6(r) < 6(p) and 6(r) < 6(q), so r < p, r < ¢ and
thus < pg. On the other hand, since 6(r)8(pq) = 0, then by Theorem 2.3, we have r(pg) = 0. Thus
r =0 and by Lemma 2.2, 6(r) = 0. Hence 6(pq) = 6(p)6(q).

3. If p < q, then ¢g—p € P(A) with ¢ = p+(¢—p). As p(¢—p) = 0, then by (1) we have, 0(q) = 0(p)+6(q—p)
and hence 6(¢ —p) = 60(q) — 6(p).
4. As pAq=p+q—2pq=(p—pqg)+ (¢ —pq) with (p—pg)(q—pg) =0, then by (1), 8(pAq) = 6(p —pq) +

6(q — pq). Also, since p = (p — pq) + pq and (p — pq)pq = 0, then again by (1), 6(p) = 6(p — pg) + 0(pq),
therefore 6(p — pg) = 6(p) — 0(pq). Similarly, we have 08(q — pq) = 0(q) — 0(pq). So,

0(pAg) = (0(p) —0(pqg)) + (8(q) — 0(pq))

= 0(p) +6(q) — 20(pq)
= 0(p) +6(q) —20(p)0(q) (by (2))
= 0(p)Ab(q).

O
Notice that in a commutative C*-algebra A, the set of projections is a commutative ring under the operations:

symmetric difference as addition and the usual multiplication.

Theorem 2.5 Let A and B be two commutative unital C* -algebras, and let 6 be a one-to-one mapping from
P(A) onto P(B). Then the following are equivalent

1. 0 is an orthoisomorphism,
2. 0 is an order-isomorphism,

3. 0 is a ring isomorphism.
Proof.  We proved in Theorem 2.3 that (1) and (2) are equivalent. Also, by Theorem 2.4(2 and 4), it is
evident that (2) implies (3). So, it is sufficient to prove that (3) implies (1): Let p,q € P(A). Then

pg=0 iff O(pg) =0
iff  0(p)f(q) = 0.

Therefore 6 preserves orthogonality, and this completes the proof. O

3. A Projection’s Diagram of C(X)

Let X be a compact space in (R, 7,). We recall and establish some main results concerning components

and clopen subsets of X .
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Theorem 3.1 [2] Let X be a compact space in (R,7,). Then every component of X has the form [a,b], for
some a,b e X with a <b.

Theorem 3.2 [2] Let X be a locally connected compact space in (R,7,). Then
1. a subset B of X is a component if and only if B is non-empty connected and clopen in X,
2. the number of clopen subsets of X is finite,
3. for a € X, {a} is a component of X if and only if a is an isolated point.

Let X be a compact space in (R, 7,), and let p denote the Lebesgue measure. Define the equipotence
relation = on P(C(X)) as

p = ¢ if and only if p(support(p)) = p(support(q)).

It is easy to show that the previous relation is an equivalence relation. If p & ¢, then we say that p is equipotent
to ¢. The equivalence class of p is denoted by [p] (the notation [(wp,)] is also used, where wy,) = p(support(p))
and called the weight of the class [p]), and the cardinal number of [p] is denoted by n, .

Definition 3.3 Let X be a compact space in (R, 7,).

1. For two distinct classes [pl,[q] € P(C(X))/~, we say that [p] is a subclass of [q], we write [p] < [q], if
there exist py € [p] and q1 € [q] such that py < q1.

2. A subclass [p] of [q] is called mazimal, denoted by [p] " lq], if there is no [r] € P(C(X))/~ such that
[l < [r] < [q]-

3. For [p] < [q], we denote by my, g the total number of subprojections of elements in [q] which are

equipotent to p. This number is called the multiplicity of [p] in [q].
4. A class [r] € P(C(X))/~ is said to be minimal if [0] is the only subclass of [r].

In the following definition we introduce new concepts concerning projections of commutative C*-algebra.

Definition 3.4 Let X be a compact space in (R,7,). A projection p in the C*-algebra C(X) is said to be
w-infinite projection if p is equipotent to one of its proper subprojections. A projection that is not p-infinite is
called y1-finite projection. For A C P(C(X)), we denote by uF(A) the set of all p-finite projections in A.

Remark 3.5 The concept of w-finite will be essentially used in the studying of the projection’s diagram of
C(X).

Let us now prove the following results.

Theorem 3.6 Let § : P(C(X)) — P(C(Y)) be an order-isomorphism which preserves equipotence of projec-
tions. Then for any p € P(C(X)), p is u-finite if and only if 0(p) is w-finite.
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Proof. Let p be a p-finite projection of C(X). Suppose that 6(p) = r with r < é(p), for some r € P(C(Y)).
As 6 is a bijection, there exists a unique projection ¢ € P(C(X)) such that 6(q) = r. As 6 preserves equipo-

tence and order of projections, we have p = ¢ and ¢ < p which implies that p = ¢. Thus 6(p) = 6(q), and

hence A(p) is p-finite. Since #~! is an order-isomorphism and preserves equipotence, the converse holds. O
p K

Lemma 3.7 Let X be a locally connected compact space in (R, 7,). Then

1. every non-zero projection of C(X) can be written uniquely as a sum of minimal projections,

2. the number of p-finite projections of C(X) in a class [p] is % , for any [p] € P(C(X))/~,

3. if [p] < [q], then myp,) g = Nnjoy, where N is the number of subprojections of elements of uF([q]) in

pF([p]).

Proof.

1. By Theorem 3.2(2), the number of projections of C(X) is finite. Let {p;}¥_, be the set of minimal

928

projections of C(X). Clearly it is a set of pair-wise orthogonal projections. We claim that every non-zero
projection in P(C(X)) can be written as a sum of such projections and this representation is unique. Let
p € P(C(X)). If p is minimal, then the result holds. Otherwise, decompose p as p = ¢+ (p—q), for some
projection ¢ < p. Apply the argument on ¢ and on (p—g) then continue with this process. As the number
of projections is finite, we shall attain that p can be written as a sum of minimal projections. To prove
the uniqueness, suppose that p = 22:1 q; and p=>_;", r, where ¢; and r, are minimal projections for
all j =1,2,...,s and for all t = 1,2,...,m, we may assume that s < m. As Z;Zl qj = Y _poy Tt, then
forevery 1 <n <s, qn ijl 4j = qn Y.4oq Tt, which implies that ¢, = ¢n >0 7. As 71,72,...,"m
are pair-wise orthogonal projections and ¢, cannot be divided, then ¢, =1, , for some 1 <t, <m. To

show that s = m, suppose on the contrary that s < m, then " r — Z;Zl qj = t#tn T = 0. As
1<t<m

0<ry <1, forevery 1 <t <m, we get a contradiction.

Let [p] € P(C(X))/~. We claim that [p] = U, c,p(p)) (Ps + [0]). To this end, let r € [p]. Then by (1),
r = Z?Zl T, where 71,79, ...,7, are minimal projections. Let r¢y = ere[o] r; and s = r —1r9. Then
rs € pF([p]) and r =rs+ro. So, r € rs+[0] and hence [p] € U, c,.r(p)) (Ps+[0]). The other direction is
obvious. Our next claim is that (¢+[0])N(r+[0]) = 0, for any ¢, € puF([p]) with g # r. To prove this, let
q,7 € pF([p]) with g # r, and suppose that (g+[0]) N (r+[0]) # 0, then there exist go, 7 € [0] such that
q+qo=r+rg. Clearly support(g) N support(gg) = support(r) N support(rg) = 0. So, if = € support(q),
then either x € support(r) or a € support(rg). If & € support(rg), then ¢ = (¢ — qro) < ¢ which is
impossible because ¢ is p-finite. Therefore, = € support(r) and hence support(q) C support(r). By
the same argument we get that support(r) C support(q). Therefore, support(q) = support(r) and thus
q = r, which is a contradiction. Finally, since |ps + [0]| = |[0]| = njo}, for any p, € pF([p]), then by the
previous two claims np, = |F ([p])| njo), which implies that |pF ([p])| 2l and this is the desired result.

0]



AL-RAWASHDEH, AL-SULEIMAN

3. For [p] < [q]. Let M ={p' €[p] : p < ¢, forsome ¢ € [q]}, and let N' = {ps € uF([p]) : ps <
gs, for some g5 € pF([g])}, notice that my [ = |[M| and N = [N]. We claim that M = {J, - (ps+[0]).

Indeed, let p’ € M. Then p’ € [p] with p’ < ¢, for some ¢ € [q]. Now, p’ can be decomposed
as p' = pl + pj where p, € uF([p]) and p; € [0], also ¢’ can be decomposed as ¢’ = ¢, + g where
qs € pF([g]) and gq € [0]. Therefore, p} < g, and this implies that p}, € A, hence p" € U, cr(ps +10]).
For the converse, let p’ € |J, cx-(ps +[0]). Then p’ = p) +ro, for some pj € N and o € [0]. As p, € N,
then p, € uF([p]) and there exists ¢, € pF([q]) such that p), < ¢,. Let ¢’ = ¢, + ro. Then p’ < ¢’ and
hence p’ € M and this completes the proof of the claim. Finally, by the same argument used in (2), we

have |[M| = |N|nj and hence my, g = N nj.

This completes the proof. O

Let us introduce the following definition.

Definition 3.8 Consider the C* -algebra C(X). Represent each class [p] € P(C(X))/~ by a rectangle which

contains the weight of the class [p] and contains a small sub-rectangle filled by the cardinal number of [p]. For

max

[p] < [q], draw an arrow from [q] to [p] merged with the multiplicity of [p] in [q]. The sequence of these
pictures shall be called the diagram of projection classes of C(X) and denoted by D(X).

We show a variety of diagrams by the following examples.

Example 3.9 Consider the C* -algebra C(X1), where X1 = ([0,1]U[2,4],7%,). The set of projections of C(X1)
is P(C(X1)) ={0, Xj0,1]» X[2.4» 1 } and the set of equivalence classes P(C(X1))/~ = {[0], [xp,1l [xp2.4) > [1] }-
Clearly ny,) = 1, for every [p] € P(C(X))/~, also

max max

0] < [xp,1y] < [1], and

max max

0] <" Il < [1]-

The weights of the classes [0], [xp1]], [X[2.4], and [1] are 0,1,2, and 3, respectively. Thus, we obtain the
diagram ®(X1) as shown in Figure 1.

Example 3.10 For X, = ([0,0.5]U[1,2]U[3,4], %), the set of equivalence classes P(C(X2))/~ = {[(0)], [(0.5)],
[(D)], [(1.5)], [(2)], [(2.5)] }, and the corresponding diagram is ©(Xz), as shown in Figure 2.

Example 3.11 Let X3 = ([0,0.5]U [1,1.5] U [2,3],%,). Then the set of equivalence classes P(C(X3))/~ =
{10, [(0.5)], [(1)], [(1.5)], [(2)] }, and the corresponding diagram is ®(X3), as shown in Figure 3.

The diagram D (X) gives a good description of the projection classes of C'(X), in the following theorem
we show that different quantities of C'(X) can be derived from the diagram ©(X).
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Figure 1. ©(X,).

Theorem 3.12 Let X be a locally connected compact space in (R,7,), and let D(X) be the corresponding
diagram of C(X). Then

1. the number of projections of C(X) is Z[p] Nip] 5
2. the number of minimal projections of C(X) is log, Z[p] Nip) 5

Zip) Pl

npp

3. the number of w-finite projections of C(X) is

2l el

np;

4. the number of minimal p-finite projections of C(X) is log,

5. the number of w-infinite projections of C(X) is 2oL Z[p] Nip] 5

o)
6. the number of minimal projections in [0] is logy nj) -
Proof.

1. As & is an equivalence relation, the equivalence classes form a partition of the set of projections and
hence [P(C(X))| = >, npp) -

2 1

rd N
sl

Vd
1 2 2

rd A
‘0.5\\1_‘ ‘1/\2_‘

1 1

Figure 2. D(X,).

530



AL-RAWASHDEH, AL-SULEIMAN

BB

Figure 3. ®©

—

X3)

2. Assume that k is the number of minimal projections of C'(X). As the minimal projections are pair-wise

orthogonal, then every sum of these projections is also a projection. Therefore, by Lemma 3.7(1),
k k k k
C(X = .
reeot = () + () () ()

Thus, k =log, |P(C(X))| and by (1), k = log, Z[p]

3

[p] -

3. As the set P(C(X))/~ forms a partition of P(C(X)), the set {uF([p]) : [p] € P(C(X))/~} also forms a
partition of uF(P(C(X))). Therefore,

WF(PECXN] = Y IpF((p)]
p]

4. Clearly every sum of pair-wise orthogonal p-finite projections is also p-finite projection. On the other
hand, by Lemma 3.7(1) any p-finite projection can be written as a sum of minimal projections. It is easy
to show that these projections are also p-finite. By applying the argument used to prove (2) and by (3)
2 () p)

above, we get that the number of minimal p-finite projections is log, "
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5. As P(C(X)) = (pF(P(C(X)))) U (uF(P(C(X)))*,

[(WE(P(C(X))))] = [P(C(X))] = [pF(P(C(X)))]

6. Assume that [ is the number of minimal projections in [0]. By Lemma 3.7(1), any projection in [0] can
be written uniquely as a sum of minimal projections, clearly these projections are equipotent to 0. On

the other hand, every sum of distinct minimal projections in [0] is a projection in [0]. Therefore

l l l l
o = (o) (0)+ () =+ ()
= 2.
Thus, | = log, |[0]| = logy nj; -
This completes the proof. O

As a corollary we obtain a link between the diagrams and the topological invariants of X .

Corollary 3.13 Let X be a locally connected compact space in (R,7,), and let ©(X) be the corresponding
diagram of C(X). Then

1. the number of clopen subsets of X is Z[p] N ;
2. the number of components of X is log, Z[p] Nip] 5

3. the number of components of X of non-zero measure is log, O

4. the number of isolated points of X is logy nyg)-
Proof.

1. Obvious.

2. We claim that B is a component of X if and only if yp is a minimal projection.

B is a component of X iff B is non-empty connected and clopen subset of X
iff xp is non-zero and has no proper subprojection

iff xp is minimal.

So by Theorem 3.12(2), the number of components of X is log, Z[p] Ny -
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3. By the argument used in (2), B is a component of non-zero measure if and only if xp is a minimal
2 () p)

0]

projection in pF(P(C(X))), hence by Theorem 3.12(4), the number of these components is log,

4. By the argument used in (2), a component B of X has the form {a} if and only if yp is a minimal
projection in [0], hence by Theorem 3.12(6) and Theorem 3.2(3), the number of isolated points of X is

10g2 no] -

This completes the proof. O

4. Diagram Isomorphisms

Let us introduce the concept of diagram isomorphism as follows.

Definition 4.1 Let X and Y be two compact spaces in (R, 7,). A diagram isomorphism between ©(X) and
D(Y) is a one-to-one mapping ¢ from P(C(X))/~ onto P(C(Y))/~ such that:

1. np) = ny(p) » for any [p] € P(C(X)) /=,

max

2. [ "< la] if and only if ([p]) < ¢([a]), for any [p], [q] € P(C(X))/x,

8. Mg = Me(lp).e(la) » for any [p], [q] € P(C(X))/= with [p] < [q].

That is, ¢ preserves cardinal number of classes, mazimal subclasses and preserves the multiplicity between
mazimal classes. If there is an isomorphism between ®(X) and D(Y), then we say that D(X) and D(Y) are
isomorphic and write ®(X) ~D(Y).

The following example discusses two different C*-algebras whose diagrams are isomorphic.

Example 4.2 Let X = ([-20,—-14] U [-10,—-9] U [-6,—4],7,) and Y = ([1,3.5]U [4.5,5] U [6.5,7.5],7,) be

two spaces such that their corresponding diagrams ©(X) and D(Y) are as shown in Figure 4,

then D (X) is isomorphic to D(Y). Indeed, define ¢ : P(C(X))=~ — P(C(Y))/=~ by: ¢ ={([(9)],[(5)]), ([(8)],
[(4.5)]), (((M], (@), ([(6)], [(3:5)]) » ([B)], [(1.5)]), ([(2)] [(0-5)]) » ([(WV)], [(V)])

([(0)], [(0)])}. Tt is easy to check that ¢ is a diagram isomorphism, hence the example is explained.

Example 4.3 The diagrams given in Figure 5 are not isomorphic.

Let X = ({1,2},7,) and Y = ([1,2]U[3,4],7.). Then
P(C(X)) ={0, x{13> xq23, 1 } and P(C(Y)) = {0, x1,21, X3,41> 1 }-

Define
0:P(C(X)) —P(C(Y))
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1 1

B
3 1|7 1| 8 1‘ 451 I1.5l ‘4 1|
1/\ \1 1/ ><

NN iy P(&
iy T sl [ost ]
4 I V4
1 1

2] IE
~ I Gy
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by
0= {(01 0) ) (X{l}a X[LQ]) ) (X{Q}’ X[3,4]) ) (11 1)}

then 6 is an order-isomorphism but ©(X) is not isomorphic to ®(Y’). Let us prove the following theorem.

Theorem 4.4 Let X and Y be two compact spaces in (R, 7,). If there exists an order-isomorphism between

P(C(X)) and P(C(Y)), which preserves equipotence of projections, then ®(X) is isomorphic to D(Y).

Proof. Let 6:P(C(X)) — P(C(Y)) be an order-isomorphism which preserves equipotence of projections.
For any [p], [¢] € P(C(X)), we have

[pl =1lq iff p=gq
iff O(p) =0(q)
iff  [0(p)] = [0(q)],

this allows us to define the map 6 : P(C(X))~ — P(C(Y))~ by 0([p]) = [#(p)]. We claim that 6 is a diagram
isomorphism. To this end, we first show that 0 is a bijection. By the above construction, 6 is well-defined and
is an injection. let [r'] € P(C(Y))/~. As 6 is surjective, there exists r € P(C(X)) such that v = 6(r). So, we
have an element, namely [r] € P(C(X))/x, such that 0([r]) = [#(r)] = [r], hence 6 is a bijection.

Let [p] € P(C(X))~. As 0 preserves the equipotence of projections and since 6 is a bijection, we have

G [

v v

L) [ol]

Figure 5. Non-isomorphic diagrams.
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npp] = njo(p)) and hence np) = ng ), for any [p] € P(C(X))/=.

To prove that 6 preserves subclasses, let [p],[q] € P(C(X))~ with [p] < [¢]. Then there exist p; € [p] and
g1 € [q] such that p; < q1. As 6 preserves the order, 6(p1) < 6(q1). Since 6 preserves the equipotence
of projections, then p; € [p] implies that 6(p;) € [A(p)] and hence 0(p) € 6([p]), also ¢ € [g] implies that
0(q1) € [0(q)] and thus 6(q1) € 6(|g]). Therefore, 6([p]) < 6([g]). The converse is true as 6~ is also an

order-isomorphism and preserves equipotence of projections.

Now we claim that § preserves maximal subclasses. To show this, let [p],[q] € P(C(X))~ and sup-
pose that [p] = [¢]. By the previous claim, [p] < [¢] implies that 6([p]) < 0([¢]). Let [+'] € P(C(Y))~
with 0([p]) < ['] < 6(]g]). As 6 is surjective, there exists [r] € P(C(X))~ such that ['] = 6([r]). Then
0([p]) < 0([r]) < 6([q]), which implies that [p] < [r] < [g], hence [p] is not a maximal subclass of [g] and this is
a contradiction. The converse is true because 6! is also surjective and preserves subclasses.

Finally, by the previous claim and since 6 is a bijection which preserves the order, then for any [p] = [q] in
P(C(X))/~, the number of subprojections of elements in [¢] whose equipotent to p is equal to the number of
subprojections of elements in é([q]) whose equipotent to 6(p), hence mj,) (g = MG([o]),0((a]) and this completes

the proof. O

Remark 4.5 If C(X) and C(Y) are isomorphic as C*-algebras, then the corresponding diagrams ©(X) and
D(Y) are not necessarily isomorphic in general. Indeed, take X = ([1,2]U[3,4],7,) and Y = ([1,2]U[3,5], 7).

Now let us prove the following theorem.

Theorem 4.6 Let X and Y be two locally connected compact spaces in (R,7,). If D(X) is isomorphic to
D(Y), then C(X) and C(Y) are isomorphic as C* -algebras.

Proof.  Suppose that ©(X) is isomorphic to D(Y). By Corollary 3.13(3 and 4), we conclude that the
number of components of X of non-zero measure is equal to the number of components of Y of non-zero
measure, also the number of isolated points of X is equal to the number of isolated points of Y. By Theorem
3.1, the components of non-zero measure are of the form [a, b] with a < b, and the components of measure zero
are of the form {a}, where a is an isolated point of X . As the components form a partition, then X and YV

can be written as a union of their components:

n

U[ai,bi] U U{xj}, a; <b;, foralli=1,2,...,n, and

X =
i=1 j=1
Y = U[Ci;di]u {yj}, c; <d; foralli=1,2,...,n.
i=1 j=1
Define f: X — Y by
@) = %(m —a;)+c¢ ; x € Jlas, b, for some i,
|y ; « =ux;, for some j.
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Then f is a homeomorphism and hence by Theorem 1.6, C(X) and C(Y') are isomorphic as C*-algebras. O

Corollary 4.7 Let X and Y be two locally connected compact spaces in (R, 7,). If D(X) is isomorphic to
D(Y), then there exists an order-isomorphism between P(C (X)) and P(C(Y)).

Proof. As ©(X) is isomorphic to ©(Y), then by Theorem 4.7, C(X) and C(Y) are isomorphic as C*-
algebras. Let 1 be an isomorphism from C(X) onto C(Y). Then the restriction ¥|pc(x)) of ¢ on the
projections of C'(X) is an orthoisomorphism from P(C(X)) onto P(C(Y)), so by Theorem 2.3, ¥|p(c(x)) is

an order-isomorphism. O

Combining Theorems 4.4 and 4.7, we obtain the following corollary.

Corollary 4.8 Let X and Y be two locally connected compact spaces in (R, 7,). If there exists an order-
isomorphism between P(C(X)) and P(C(Y)), which preserves the equipotence of the projections, then C(X)
is isomorphic to C(Y) as C*-algebras.
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