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Hypersurfaces with constant mean curvature in a real space form

Shichang Shu and Sanyang Liu

Abstract

Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in M™(c)(c > 0)
with constant mean curvature H and with two distinct principal curvatures, one of which is simple. We

show that (1) if ¢ = 1 and the squared norm of the second fundamental form of M™ satisfies a rigidity
condition (1.3), then M™ is isometric to the Riemannian product S*(v/1 —a2) x S"(a); (2) if ¢ = 0,

H # 0 and the squared norm of the second fundamental form of M™ satisfies S > n*H?/(n—1), then M™

is isometric to the Riemannian product S™!(a) x R or S'(a) x R**.
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1. Introduction

Let M™1(c) be an (n+1)-dimensional connected Riemannian manifold with constant sectional curvature
¢. According to ¢ > 0 or ¢ =0, it is called sphere space or Euclidean space, respectively, and it is denoted by
S™*tl(c) , R"!. Let M™ be an n-dimensional hypersurface in S"*1(1) or R"™!. As it is well known there are
many rigidity results for hypersurfaces with constant mean curvature or constant scalar curvature n (n — 1)r

in S"T1(1) or R, for example, see [1], [2], [4], [5], [7] and the author of [3] and [6]. In [7], Wei proved the
following theorem.

Theorem 1.1  ([7]) Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in

S™ (1) with constant mean curvature H and with two distinct principal curvatures, one of which is simple. If

n3H? n (n—2)
Sznt o 2mon

Vn2HY 4+ 4(n — 1)H?, (1.1)

then M™ is isometric to the Riemannian product S'(a) x S"~1(v/1— a2), where a? = mp +nH? —

\/n2H4 +4(n—1)H?], and S denotes the squared norm of the second fundamental form of M™.
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Theorem 1.2 ([7]) Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in
S™TL(1) with constant mean curvature H and with two distinct principal curvatures, one of which is simple. If
n>H? n(n

S <n+ 1) 2(nf; V/n2H* + 4(n — 1)H?, (1.2)

then M™ is isometric to the Riemannian product S'(a) x S"71(v/1— a2), where a? = mp +nH? +

\/n2H4 +4(n—1)H?], and S denotes the squared norm of the second fundamental form of M™.

On the other hand, if M™ is an n-dimensional complete oriented hypersurface in R”*! with constant

scalar curvature n (n — 1)r, Cheng [2] proved the following.

Theorem 1.3  ([2]) Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface
in R with constant scalar curvature n (n — 1)r and with two distinct principal curvatures, one of which is
simple. Then M™ is isometric to the Riemannian product S~ 1(a) x R or S'(a) x R*71, if S > %

In this paper, we shall also investigate n-dimensional hypersurfaces with constant mean curvature H in

S™F1(¢) or R™! and obtain the following result:

Theorem 1.4 Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in S™*1(1)

with constant mean curvature H and with two distinct principal curvatures, one of which is simple. If

n>H? n(n —2)

— 2H*+4(n—1)H? 1.3
TPy 2(n71)\/n +a4n—1) (13)
n3H? n(n —2)
<Ss< 204+ A(n— 1)H?
_S_n+2(n71)+2(n71)\/n +aln—DH?,
then M™ is isometric to the Riemannian product S'(a) x S"~1(v/1— a2), where a? = ﬁp +nH? +

VrZH + 4(n— 1) H?].

Theorem 1.5 Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in R™H!

with non-zero constant mean curvature H and with two distinct principal curvatures, one of which is simple. If

n2H?
S > ,
“n—1

(1.4)

then M™ is isometric to the Riemannian product S~ '(a) x R or S*(a) x R*1.

2. Preliminaries

Let M™1(c) be an (n+1)-dimensional connected Riemannian manifold with constant sectional curvature
¢(>0). Let M™ be an n-dimensional complete connected and oriented hypersurface in M"*1(c). We choose a

local orthonormal frame e, -+, e,41 in M"“(c) such that e;,---,e, are tangent to M™. Let wi, -+ ,wp41

be the dual coframe. We use the following convention on the range of indices:

1<ABC,---<n+1; 1<ijk---<n.
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The structure equations of M"™*1(c) are given by

de:E waB ANwp, wap +wpa =0,
B

dwap = ZWAC ANwep +Q4B,
c
where

1
Qap = -3 CXI;KABCDWC Awp,

Kapcp = c(0acdpp — 0apdBc)-
Restricting to M™ such that
Wn+l = 0,
wntti = 3 hijwi,  hij = hyi,
J

the structure equations of M™ are

dwi = E wij A\ wj, wij —+ w]'i = 0,
J

1
dw;; = Zwik ANWij — 3 Z Rijriwr N wy,
% %

Rijkr = c(8ikdj1 — 0udjk) + (hirhji — hihjr),

Rij = (n — 1)061-]- —+ th” — Z hikhkj;
k

n(n —1)(r —c) =n*H? - S,

(2.8)

(2.9)

(2.10)

(2.11)

where n (n — 1)r is the scalar curvature, H is the mean curvature and S is the squared norm of the second

fundamental form of M™.

Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in M"*!(c) with

constant mean curvature and with two distinct principal curvatures, one of which is simple. Without loss of

generality, we may assume
M=A = =X1 =X A=,

where \; for i =1,2,---,n are the principal curvatures of M™. We have
(n—DA+p=nH, S=(n—1\+p>

From (2.13) and (2.11), we have, for ¢ =1, that

M=nm-1)(r—1)—(n—2)H*+ (n—2)H/H? — (r — 1),

(2.12)

(2.13)

(2.14)
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on M™, or

Me=(n—1)(r—1)—(n—2)H>— (n—2)H\/H? — (r — 1), (2.15)
on M™.
On the other hand, from (2.13) and (2.11), we have, for ¢ = 0, that
M= (n—1)r—(n—2)H*+ (n—2)H\VH? —r, (2.16)
on M™, or
M= (n—1)r—(n—2)H*— (n—2)HVH? —r, (2.17)
on M™.

Example 2.1 Let M ,—1 = S'(a) x S"71(v/1—a?). Then M;,_; has two distinct constant principal

curvatures *ﬁ and Vl;az with multiplicities n — 1 and 1, respectively. It is easily seen that a® =
s 2+ nH? £ /nZHT+ A(n— ) H?| and S =n + 20 5 202 2 BT 4(n — 1) H2.

Example 2.2 Let M,k := S" *(a) x R*. Then My, has two distinct constant principal curvatures 0

n?H?
n—k °

and +/a with multiplicities k¥ and n —k, respectively. It is easily seen that S = Therefore, we know that

for S"71(a) xR, S = ’::flz and for S'(a) x R*~1, S =n?H?, where we denote R = R!.

3. Proof of theorems
In order to prove Theorem 1.4, we need the following propositions due to [7].

Proposition 3.1 ([7]) Let M™ be an n (n > 3)-dimensional connected hypersurface with constant mean
curvature H and with two distinct principal curvatures A and p with multiplicities (n—1) and 1, respectively.
Then M™ is a locus of moving (n — 1) -dimensional submanifold M{*~'(s) along which the principal curvature
X of multiplicity n—1 is constant and which is locally isometric to an (n—1)-dimensional sphere S"!(a(s)) =

E™(s) N S" (1) of constant curvature and w = |\ — H|~w satisfies the ordinary differential equation of order
2
d*w

-zt wll+H?+2-n)Hw "+ (1 —n)w "] =0, (3.1)
for \—=H >0 or

d2w 2 -n —2n

ﬁ‘i’@[l‘FH +(n—2)Ho "+ (1 —n)w "] =0, (3.2)

for \— H < 0, where E™(s) is an n-dimensional linear subspace in the Euclidean space R™2 which is parallel
to a fixzed E™(sg).

Lemma 3.1 ([7]) FEquation (3.1) or (3.2) is equivalent to its first order integral

d=

(= Y+ (1 + H)w? + 2Hz? ™" + w2 = O, (3.3)
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for \—=H >0 or
dw

(E)Q + (14 H)w® - 2H* ™" + w? 72" = C, (3.4)

for A\— H < 0, where C is a constant. Moreover, the constant solution of (3.1) or (3.2) corresponds to the
Riemannian product S*(a) x S"~1(v/1 —a2).

By the same method in [7], we can prove the following proposition.

Proposition 3.2 Let M™ be an n (n > 3)-dimensional complete connected hypersurface in S™*1(1) with

constant mean curvature H and with two distinct principal curvatures A and p with multiplicities (n — 1) and
1, respectively. If \u+1 >0, then M™ is isometric to the Riemannian product S*(a) x S*~1(v/1 — a?).
Proof. Let A and p be the two distinct principal curvatures of M™ with multiplicities (n — 1) and 1,
respectively. Then, from nH = (n — 1)A + p, we have Ay = nHX — (n — 1)A2. Let @ = |A — H|~%. Then we
have \=H+w " for \mH>0and A\=H —w™ " for A\— H<O0. If \—H >0, we have
MA1=1+H*+2-n)Hw "+ (1-n)w >,
and if A — H <0, we have
MA1=14+H*+(n-2)Hw "+ (1 —n)w 2"

Therefore, if Ap+1 > 0, we obtain

1+ H* 4+ 2-n)Hw "+ (1 -n)w 2" >0,
for A\— H >0 and
1+ H* 4+ (n—2)Hw "+ (1 —n)w 2" >0,

for A\— H < 0. From (3.1) and (3.2), we have ‘5;;7 < 0. Thus 22 is a monotonic function of s € (—oo, +00).

Therefore, w(s) must be monotonic when s tends to infinity. From (3.3) and (3.4), we know that the positive
function w(s) is bounded from above. Since w(s) is bounded and is monotonic when s tends infinity, we find

that both lims_,_ w(s) and lims_, 1 w(s) exist and then we have

. dw(s) . dw(s)
1 -1 =0. )
Rt ds sjinm ds 0 (3:5)
By the monotonicity of ‘;—f, we see that ‘é—f = 0 and w(s) is a constant. Then, by Lemma 3.1, it is easily

see that M™ is isometric to the Riemannian product S'(a) x S"7!'(v/1 —a2?). This completes the proof of
Proposition 3.2. O

On the other hand, if A+ 1 < 0, from above, we can obtain ‘;27? > 0. Combining ‘;28? > 0 with the

boundedness of w(s), similar to the proof of Proposition 3.2, we know that w(s) is constant. Then, by Lemma

3.1, it is easily see that M™ is isometric to the Riemannian product S*(a) x S"~!(v/1 —a2?). Therefore, we

have the following proposition.
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Proposition 3.3 Let M™ be an n (n > 3)-dimensional complete connected hypersurface in S™*1(1) with

constant mean curvature H and with two distinct principal curvatures A and p with multiplicities (n — 1) and

1, respectively. If \u+1 <0, then M™ is isometric to the Riemannian product S*(a) x S*~1(v/1 — a?).

Proof of theorem 1.4 Since M™ has two distinct principal curvatures A and p, if H =0 on M", from

(1.3) we have S = n, then M" is isometric to a Clifford torus Sl(\/g) x §m1(y/2=1). Therefore, we next

only consider H # 0 on M™. Since M™ is oriented and the mean curvature H is constant, we can choose an

orientation for M™ such that H > 0. From (2.11), we know that (1.3) is equivalent to

;EZ f)) [nH? — /BT 4(n — DH? +2(n — 1)
<n(n—1)r < %[TLH2 + /P H +d(n = H? +2(n — 1)),
that is
ﬁ[nQHQ —ny/n2H4 +4(n — 1)H2 + 2(n — 1)]

<n(r71)+2< 1
- n—2 —2(n-1)

s[n*H? +ny/n2H* + 4(n — 1)H? + 2(n — 1)],

where n(n — 1)r is the scalar curvature of M™.
We define the function

f@) = (n—1)%2? — [n®H* + 2(n — )]z + 1.

Since f(0) =1, we know that function (3.7) has two positive real roots

Ti2 = m[nQH2 +ny/n2HA +4(n — 1)H? +2(n — 1))

It can be easily checked that x1 < xo and if 21 <z < 9, then f(z) <O0.

Now we set = = %, from (3.6), we have

n(r—1)+2
T <.
n—2 ) =0

I

(3.6)

(3.8)

(3.9)

If there exists a point p on M™ such that (2.14) and (2.15) hold at p, that is, we have H = 0 or
H?=7r—1at p. If H=0 at p, we have a contradiction to H # 0 on M"™. If H> =r — 1 at p, from (2.11)

we have S = nH? at p, that is, p is a umbilical point on M™, this is a contradiction to M™ has no umbilical

points. Therefore, we only consider two cases:

Case (1) If (2.14) holds on M™, next we shall prove that Ax+ 1 >0 on M™. We consider three subcases:
(I 1+(n—-1)(r—1)—(n—2)H*>0 on M™, then from (2.14), it is obvious that Au+1>0 on M".
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({) 14+ (n—1)(r—1)—(n—2)H? <0 on M", suppose A\ +1 <0 on M", from (2.14), we have

(n—2)H\H?2 —(r—1) < —[1+(n—1)(r—1) — (n—2)H?].

Therefore, we have
(n—2P2H?[H?— (r—1]<[1+(n—1)(r—1)—(n—2)H?,

that is, f(%) > 0. This is a contradiction to (3.9); we deduce that Ay +1>0 on M™.

(i) If 14+ (n—1)(r—1)—(n—2)H? > 0 at a point p of M™ and 1+ (n—1)(r—1)— (n—2)H? <0 at
other points of M™, in this case, from (i) and (ii), we have at point p, Au+ 1 > 0 and at other points of M",
also Ay + 1> 0. Therefore, we obtain Au+1>0 on M™.

Therefore, we know that if (2.14) holds on M™, then Au+1 > 0 on M™. By Proposition 3.2, we
obtain that M is isometric to the Riemannian product S'(a) x S"7!(v/1 — a?). From Example 2.1, we have

o _ 24+nH?+y/n2H4+4(n—1)H?2
a” = 2n(1TH?) :

Case (2) If (2.15) holds on M™, we consider three subcases:
(I 1+(n—-1)(r—1)—(n—2)H* <0 on M™, then from (2.15), it is obvious that Au+1 <0 on M".
({) If 14+ (n—1)(r—1)—(n—2)H? >0 on M", suppose A\ +1>0 on M", from (2.15), we have

1+ (n—1)(r—1)—(n—2)H? > (n—2)H\/H?2 — (r — 1).

Therefore, we have
[T+ (n—1)(r—1)—(n—2)H?*> (n—2)?H*[H* - (r — 1)],

that is f(%) > (. This is a contradiction to (3.9), we deduce that Ay +1 <0 on M™.

(i) If 14+ (n—1)(r—1)—(n—2)H* <0 at a point p of M™ and 1+ (n—1)(r —1) — (n — 2)H? > 0
at other points of M™ | in this case, from (i) and (ii), we have at point p, Au + 1 < 0 and at other points of
M™, also A+ 1 < 0. Therefore, we obtain Ap+1 <0 on M"™.

Therefore, we know that if (2.15) holds on M™, then Ap+1 < 0 on M™. By Proposition 3.3, we
obtain that M is isometric to the Riemannian product S*(a) x S"~'(v/1 —a2). From Example 2.1, we have

a2 = 24nH%+\/n2H4+4(n—1)H?

ST ) . This completes the proof of Theorem 1.4. O

In order to prove Theorem 1.5, we need the following Proposition 3.4, which can be proved by the same
method due to Otsuki [5], also see Cheng [2].

Proposition 3.4 Let M™ be an n (n > 3)-dimensional complete oriented hypersurface in R" ™t with constant
mean curvature H and with two distinct principal curvatures, one of which is simple. Then M™ is isometric
to one of the following hypersurfaces:

(1) S'(a) x R,

(2) a complete non-compact hypersurface of revolution S™~1(a(s))x M1, where S"~*(a(s)) is of constant

1
curvature {W}2 + A% and M" is a plane curve and @ = |\ — H|*% satisfies the following ordinary
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differential equation of order 2

d?w

=t wlH? +(2-n)Hw " + (1 —n)w "] =0, (3.10)
for \—=H >0 or

d2w 2 -n —2n

ﬁer[H +(n—-2)Hz "+ (1 —n)w "] =0, (3.11)

for \— H <0.

By a similar method in [7], we can prove the following lemma.

Lemma 3.2 Equation (3.10) or (3.11) is equivalent to its first order integral

d

(d—f)2 +H@? 4 2Hw? " + w220 = O, (3.12)
for A\—=H >0 or

dw o 2_2 2—n 2-2n

(E) +Hw” -2Hw "+ w =C, (3.13)

for A\— H <0, where C' is a constant. Moreover, the constant solution of (3.10) or (3.11) corresponds to the
Riemannian product S"~'(a) x R or S'(a) x R*~1.

By the similar method in the proof of Proposition 3.2 and Proposition 3.3, we can also prove the following;:

Proposition 3.5 Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in R™H1
with constant mean curvature H and with two distinct principal curvatures, one of which is simple. If Ay >0,

then M™ is isometric to the Riemannian product S '(a) x R or S*(a) x R*1.

Proposition 3.6 Let M™ be an n (n > 3)-dimensional complete connected and oriented hypersurface in R™H!
with constant mean curvature H and with two distinct principal curvatures, one of which is simple. If Ay <0,

then M™ is isometric to the Riemannian product S~ '(a) x R or S*(a) x R*1.

Proof of theorem 1.5 From (2.11), we know that S > ’::flz is equivalent to

n(n —1)%r

n’H? >
n—2

(3.14)
If there exists a point p on M™ such that (2.16) and (2.17) hold at p, that is, we have H =0 or H? =r
at p. If H =0 at p, this is a contradiction because of the assumption H # 0. If H?> = r at p, from (2.11)

we have S = nH? at p, that is, p is a umbilical point on M™, this is a contradiction to M™ has no umbilical

points. Therefore, we only consider two cases.

Case (1) If (2.16) holds on M™, next we shall prove that Ay >0 on M™. We consider three subcases:
(i) If (n—1)r—(n—2)H%?>0 on M™, then from (2.16), it is obvious that Az >0 on M™.
(i) If (n —1)r — (n—2)H? <0 on M™, suppose A\ < 0 on M™, from (2.16), we have

(n—2)HVH? —r < —[(n—1)r — (n—2)H?.
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Therefore, we have
(n—2)2H*(H? —7) < [(n—1)r — (n — 2)H?)?,
that is, n?H? < "(7;;712)27” This is a contradiction to (3.14), we deduce that Ay >0 on M™.

(iii) If (n—1)r—(n—2)H? > 0 at a point p of M™ and (n—1)r —(n—2)H? < 0 at other points of M",
in this case, from (i) and (ii), we have at point p, Ap > 0 and at other points of M™, also Ap > 0. Therefore,
we obtain Ay >0 on M™.

Therefore, we know that if (2.16) holds on M™, then Ay > 0 on M™. By Proposition 3.5, we obtain

that M™ is isometric to the Riemannian product S"~!(a) x R or S'(a) x R*~1.

Case (2) If (2.17) holds on M™, we consider three subcases:
(i) If (n—1)r—(n—2)H%? <0 on M™, then from (2.17), it is obvious that A <0 on M™.
(ii) If (n — 1)r — (n —2)H? > 0 on M™, suppose A >0 on M", from (2.17), we have

(n—1)r—(n—2)H*> (n—2)H\VH? —r.

Therefore, we have
[(n—1)r —(n—2)H?? > (n—2)2H*(H? —r),
that is n2H? < "(2;712)27” This is a contradiction to (3.14), we deduce that Ay <0 on M™.
(iii) If (n—1)r —(n—2)H? < 0 at a point p of M™ and (n—1)r — (n—2)H? > 0 at other points of M"
, in this case, from (i) and (ii), we have at point p, Ay < 0 and at other points of M™, also A < 0. Therefore,
we obtain Ay <0 on M™.
Therefore, we know that if (2.17) holds on M™, then Ay < 0 on M™. By Proposition 3.6, we obtain

that M™ is isometric to the Riemannian product S !(a) x R or S'(a) x R®~!. This completes the proof of
Theorem 1.5. o

Acknowledgements

The first author would like to express his thanks to Professor Annie Yi Han of Department of Mathematics,
The City University of New York, USA for her help and useful discussions. Authors would also like to thank

the referee for his valuable suggestions.

References
[1] Cheng S. Y. and Yau S. T. : Hypersurfaces with constant scalar curvature, Math. Ann. 225, 195-204 (1977).

2] Chen, . M. : Complete hypersurfaces in a Euclidean space R"T! with constant scalar curvature, Indiana Univ.
g p MY P y

Math. J. 51, 53-68 (2002).

[3] Cheng Q. M., Shu S. C. and Suh Y. J. : Compact hypersurfaces in a unit sphere, Pro. of the Royal Soci. of Edinburgh
135A, 1129-1137 (2005).

[4] Li H. : Hypersurfaces with constant scalar curvature in space forms, Math. Ann. 305, 665-672 (1996).

309



SHU, LIU

[5] Otsuki T. : Minimal hypersurfaces in a Riemannian manifold of constant curvature, Amer. J. Math. 92, 145-173
(1970).

[6] Shu S. C. and Liu S. Y. : The curvature and topological properyies of hypersurfaces with constant scalar curvature,

Bull. Austral Math. 70, 35-44 (2004).

[7] Wei G. : Complete hypersurfaces with constant mean curvature in a unit sphere, Monatsh. Math. 149, 251-258
(2006).

Shichang SHU Received: 29.04.2009
Department of Mathematics

Xijanyang Normal University

Xianyang 712000 Shaanxi

P. R. CHINA

e-mail: shushichang@126.com

Sanyang LIU

Department of Applied Mathematics
Xidian University

Xi’an 710071 Shaanxi

P. R. CHINA

e-mail: liusanyeng@126.com

310



