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Existence theory for positive solutions of p-laplacian multi-point
BVPs on time scales*
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Abstract

This paper is concerned with the one-dimensional p-Laplacian multi-point boundary value problem on
time scales T:
(ep(u™)Y +h(t) f(u) =0, t € [0,T]y,

subject to multi-point boundary conditions

u(0) — Bo (Z:’;}Q aiuA(fi)) =0, uA(T) =0,

u®(0) = 0,u(T) + Bi (X7 biu® (&) =0,

where ¢p(u) is p-Laplacian operator, i.e., ¢p(u) = |u|pi2 u, p>1, &,& € [0,T];, m > 3 and satisfy
0<& << .<&na<p(l), 0(0) <& <& < ... <€np <T, ai,bi €0,00) (i=1,2,...,m—2).
Some new sufficient conditions are obtained for the existence of at least one positive solution by using
Krasnosel’skii’s fixed-point theorem and new sufficient conditions are obtained for the existence of twin,
triple or arbitrary odd positive solutions by using generalized Avery and Henderson fixed-point theorem and
Avery-Peterson fixed-point theorem. Our results include and extend some known results. As applications,
two examples are given to illustrate the main results and their differences. These results are new even for

the special cases of continuous and discrete equations, as well as in the general time scale setting.

Key Words: Time scales; boundary value problem; positive solutions; p-Laplacian; fixed-point theorem.

1. Introduction

The development of the theory of time scales was initiated by Hilger in his Ph.D thesis in 1988 [17]. An
initial motivation to develop and study calculus on time scales was to provide the unification of continuous and
discrete calculus. Such a study on time scales lead to deeper understanding of modeling hybrid-type continuous-

discrete systems. Since then, the theory of dynamic equations on time scales are considerably active. Now, it
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is still a new subject, and research in this area is rapidly developed. Furthermore, the time scales calculus has
tremendous potential in application, for example, in the study of biology, heat transfer, stock market, wound
healing and epidemic models [1, 19, 20, 37], etc.

For convenience, we make the blanket assumption that 0,7 are points in T, for an interval (0,7)r we

always mean (0,7") N'T. Other types of interval are defined similarly.

Throughout this paper, we denote the p-Laplacian operator by ¢,(u), i.e., ¢p(u) = |u|’F2 u for p>1
with (p,)"! = ¢, and 1/p+1/q = 1. In addition, By and B; satisfy

A'x < Bi(z) < Bz, z € R", i=0,1, (1.1)

here, A’ and B are positive real numbers.

Recently, boundary value problems (BVPs) for dynamic equation on time scales have received considerable
attention [3, 29, 30, 32, 35, 41]. In particular, there is some attention focused on the study of two-point,
three-point BVPs for p-Laplacian dynamic equation on time scales. For two-point BVPs, see [15, 16, 36] and
references therein. As far as three-point BVPs, see [12, 18, 31, 38]. However, little work has been done to
existence of positive solutions to multi-point BVPs for one-dimensional p-Laplacian dynamic equation on time
scales [32, 33, 34].

In the following, we would like to review some results of He [12], He and Li [15], He and Jiang [16], Hong
[18], Sun and Li [36] and Wang [38], which motivate us to consider one dimensional p-Laplacian multi-point

BVPs on time scales.
For the two-point BVP

(iop(u))® + h(t) f(u”) = a, by,
u(a) — Bo(u® (a))ZO ((b)):

Sun and Li [36] established the existence theory for positive solutions of the above dynamic equation by using
some fixed-point theorems.
In terms of the generalized Avery and Henderson fixed point theorem due to Ren et al. [28], He and

Jiang [16] considered the dynamic equation on time scales

(p(@)Y +h(t) f(u) =0, t € [0, Ty, (1.2)

with boundary conditions
u(0) = Bo(u(0)) = 0, u®(T) =0, (1.3)
u?(0) =0, u(T) + By (u®(T)) = 0, (1.4)

and gave the sufficient condition for the existence of at least three positive solutions. Furthermore, He et al.
[15] also obtained the existence criteria of at least three positive solutions of problem (1.2) and (1.3) or (1.4) by
using the five functional fixed point theorem [8].

For the dynamic equation (1.2) satisfying the three-point boundary value conditions

u(0) = Bo(u®(n)) = 0, u™(T) =0, (1.5)
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u®(0) =0, w(T) + Bi(u®(n)) =0, (1.6)

where n € (0, p(T"))r, by using the fixed point theorem due to Avery and Henderson [6], He [12] proved that the
BVPs (1.2) and (1.5) or (1.6) has at least two positive solutions under some suitable assumption. In addition,
Hong [18] used the fixed point theorem due to Avery-Peterson [7] and established the existence criteria for at
least a triple positive solutions of problems (1.2) and (1.5) or (1.6). Wang [38] also gave the existence criteria
for at least three positive solutions of problems (1.2) and (1.5) or (1.6) by using the Leggett-Williams fixed
point theorem [23].

It is also noted that the above mentioned researchers [12, 15, 16, 18, 32, 38] only considered partial
results on existence of positive solutions. On the one hand, they failed to further provide comprehensible results
of positive solutions of dynamic equations. On the other hand, few literature resources [29, 36] are available
concerning the arbitrary positive solutions of boundary value problems for p-Laplacian dynamic equations on
time scales. Naturally, it is quite necessary to consider the arbitrary positive solutions for p-Laplacian dynamic
equations in all respects.

In this paper, we all-sidedly consider the dynamic equation (1.2) subject to multi-point boundary

conditions
w(0) = Bo (£157 ai®(€)) = 0, uB(T) =0, (L.7)
or

w(0) =0, w(T) + By (S75 b () =0, (1.8)

where &,& € [0,T];, m >3 and satisfy 0 <& <& < ... <&no2 <p(T), 0(0) <& <& <...<§, o <T,
ai,b; € [0,00) (i =1,2,...,m —2). Some new and more general results are obtained for the existence of at
least one, two, three or arbitrary odd positive solutions for the above problems by using Krasnosel’skii’s fixed
point theorem [21], the generalized Avery and Henderson fixed point theorem [28] and fixed point theorem due
to Avery-Peterson [7]. Our results are new even for some special cases of difference equations and differential
equations as well as in the general time scale setting. As applications, two examples are given to illustrate the
result, in addition, these two examples show the differences of the existence criteria established in Section 4.

In particular, our results include and extend many results of Avery et al. [5] (p = 2), Li et al. [24],
Liu et al. [25], Lii, et al. [27] and Wang [40] in the case T = R; Avery et al. [5] (p = 2), He [13, 14] and
Liu et al. [26] in the case of T = Z. That is to say, when T = R, if T = 1, By(u) is nondecreasing odd
function, then our results in Section 3 reduce to those of Li et al. [24] and Wang [40]; the results in Section
4 include and extend the results of Liu et al. [25]. If Bo(u) = 0,7 = 1, then the results in [27] is a special
case of ours in Section 4. For the case T = Z, our criteria in Section 3 include and generalize the main results
of He [14]. The results in Section 4 improve and generalize the main results of He [13] and Liu et al. [26].
For the general time scale T, the results in Sections 4 improve and generalize some known works of He et
al. [16] (m = 3,& = 0, = T and a; = by = 1), He [12], Hong [18] and Wang [38] (note, the later three,
m=3,& =& =nand a; = by = 1), respectively.

We note that, by a solution u of problems (1.2) and (1.7) or (1.8), we mean u : [0,T]r — R which is
delta differentiable, u® and (¢,(u®))V are both regulated on [0, T|=nr, , and u satisfies problems (1.2) and
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(1.7) or (1.8). If (u®)Y <0, then we say u is concave on [0, T]r.

The rest of the paper is organized as follows. In Section 2, we first present two lemmas which are needed
throughout this paper and then state several fixed point results. In Section 3, by using Krasnosel’skii’s fixed
point theorem, we obtain the existence of at least one or two positive solutions of problems (1.2) and (1.7)
or (1.8). In Section 4, the existence criteria for at least three positive and arbitrary odd positive solutions of
problems (1.2) and (1.7) or (1.8) are established. In Section 5, we present two simple examples to illustrate our
main results.

For the convenience of statements, now we present some basic definitions concerning the calculus on time
scales that one needs to read this manuscript, which can be found in [9] and [10]. One of another excellent

sources for dynamical systems on measure chains is the book [22].

Definition 1.1 [4, 9, 10] A time scale T is a nonempty closed subset of R. For t € T, the forward and
back jump operators o,p : T — T are well defined, respectively, by o(t) = inf{se€T:s>t} and p(t) =
sup{s € T:s <t}. In this definition one put inf) := supT and sup® := inf T, where O denotes the empty
set. A point t € T is called left-dense if p(t) = t, left-scattered if p(t) < t, right-dense if o(t) = t, right-
scattered if o(t) > t. If T has a right-scattered minimum m, define T, =T — {m}; otherwise, set T,, = T. If
T has a left-scattered mazimum M, define T* =T — {M}; otherwise, set T = T. The forward graininess is
wu(t) == o(t) —t. Similarly, the backward graininess is v(t) :=t — p(t).

Definition 1.2 [9, 10] If f : T — R is a function and t € T*, then the delta derivative of f at the
point t is defined as the number f2(t) (provided it ewists) with the property that for any e > 0, there
is a neighborhood U C T of t such that |f(o(t)) — f(s) — fA(t)(o(t) —5)| < €lo(t) —s| foralls € U. If
f:T — R and t € T, then the nabla derivative of f at the point t is defined by the number fV (t)
(provided it exists) with the property that for any e > 0, there is a neighborhood U C T of t such that

£(p(1) = £(s) = FY(O)(p(t) — )| < elp(t) — s for all s € .

Definition 1.3 [9, 10] A function h : T — R is rd-continuous provided it is continuous at right-dense points
in T and its left-sided limit exists (finite) at left-dense points in T.

Throughout this paper, it is assumed that
(S1) fow:[0,T]p — [0, +00) is rd-continuous and does not vanish identically;

(S2) h :€ Crq([0,T]r, [0,+00)) and does not vanish identically on any closed subinterval of [0, 7], where
Cra([0, T, [0, +00)) denotes the set of all right dense continuous functions from [0, Ty to [0, +00);

(S3) While discussing problem (1.2) and (1.7), we assume that if &,_o > 0, then choose 1 = &y,—q, if
Em—2 =0, then let n = min{t € T : ¢t > %}, and there exists 7 € T such that n < r < T holds. While
discussing problem (1.2) and (1.8), we assume that if £ < T, then choose & = ¢}, if & = T, then let
fzmax{te T:0<t< %}, and there exists [ € T such that 0 <[ < & < T holds.
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2. Some Lemmas

Let the Banach space £ = Cpq([0,T|7,R) with the norm |lul| = sup;cp 1y, |ul, and define the cone
P CFE by

P={ueE |uA (T) = 0,u is concave and nonnegative on [0, 7] } .

Clearly, ||u]| =u(T) for u € P.

First, integrating (1.2) from ¢ to T, one obtains

op (WA (T)) — pp(u™ (1)) = — [ h(s) f(u)Vs.

Thus, in view of (1.7), we have
uB (1) = o (i () f()Vs) (2.1)
which implies
u(t) = u(0) = fy oq (S h(8)f()Vs) Ar. (2.2)

From boundary condition (1.7) and

u? (&) = ¢4 (ng h(s)f(u)Vs) fori=1,2,...,m—2,

one gets
ul(t) = Bo (057 aipq (J2 R F@)Vs) ) + fy q (ST () Fu)Vs) A7, (2.3)

Define the operator A: P — E by
m— T T
Au = By (X757 asq (J2 0(s) F)Vs) ) + fy wq (ST ls) () V5) Ar. (2.4)
Now, we show that A: P — P is completely continuous.

Lemma 2.1 A: P — P is completely continuous.
Proof.  Firstly, it is easy to obtain that (Au)(t) > 0 for ¢ € [0, Tt and (Au)?*(T) = 0.
In addition, (Au)®(t) = ¢, (j;T h(s)f (u) Vs) >0, t€[0,T)r is differentiable and nonincreasing in

0, T|r. Moreover, x) is a monotone increasing continuously differentiable function for x > 0.
Pq
T v
(ST o) () Vs) = =h@®)f (w) <0, L€ [0, T

If ftT h(s)f (u)Vs >0, by the chainrule [10, Theorem 1.87, p. 31], we obtain (Au)2V(¢) < 0 for [0, 7).

It [T h(s)f (u) Vs =0, wehave (Au)>(t) = g, ( 17 h(s)f (u) Vs) =0, t €[0,T]r, then (Au)AY(¢) =
0 for [0, T]r.
So, A: P— P.
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Secondly, we show that A maps bounded set into bounded set. Assume ¢ > 0 is a constant and
u € P.={x € P:|z| <c}. Note that the rd-continuity of f owu guarantees that there is a C' > 0 such that
f(u) < p(C):

[|[Au] = (Au)(T)
= By (ZmIQ aipq (ng u) Vs )) + fOT ©q (f Vs) AT
< (B aerT)cpq(fO cvs)<c(32 " aerT)cpq(fTh(s)As).

That is, AP, is uniformly bounded.
Thirdly, for t¢1,ts € [0,T]r, we have

(Au)(t2) = (Au)(t)| = | [ 0 (J R()F (w) Vs) AT
<C cpq<f h(s Vs)A7‘<C|t17t2|cpq<f0 Vs)ﬂ()astlﬂtg.

The Arzela-Ascoli Theorem on time scales [2] tells us that AP, is relatively compact.

We next claim that A : P, — P is continuous. Assume that {u,}>%, C P. and u, — ug for [0, T]r.

Since {(Au,) (t)},—, is uniformly bounded and equicontinuous on [0,7]r, there exists uniformly convergent
subsequence in {(Auy,) ()} ;. Let {(Aun(m)) (¢ )} , be a subsequence which converges to v(¢) uniformly
n [0,T]r. Observe that

Aun(t) = Bo (13 aispy (o 1) (wn()) V5)) + fy q (ST B($)S (un(s) V) Ar.

Inserting () into the above and then letting m — oo, we obtain

o(t) = Bo (X737 aipy (Jo h(s)f (uo(5)) Vs) ) + fo 0 (7 1(s)f (uo(s)) Vs ) Ar.

Here, we used the Lebesgue’s dominated convergence Theorem on time scales [4]. From the definition of A, we
know that v(t) = Aug(t) on [0,T]r. This shows that each subsequence of {Au,(¢)}22; uniformly converges
0 (Aug)(t). Therefore, the sequence {(Au,)(t)}$2; uniformly converges to (Awug)(t). This means that A is

continuous at ug € P.. So, A is continuous on P, since uq is arbitrary. Thus, A is completely continuous.

The proof is complete. O

Hence, we obtain that every fixed point of A is a solution of the problem (1.2) and (1.7).
Second, define the cone P; C E by

P ={ueckE |uA (0) =0, u is concave and nonnegative on [0,T]y } .
Clearly, ||u]| = u(0) for u € P;. Define the operator A; : P — E by
§; T T
Ayu = By (L7157 biq (J5 b F@)Vs) ) + [T g (J§ hls)f(w)Vs) Ar. (2.5)
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It is easy to see that A; : P, — P; is completely continuous and every fixed point of A; is a solution of the
problem (1.2) and (1.8).

To obtain our main results, we make use of the following two lemmas.

Lemma 2.2 [15] If u € P, then (i) u(t) > % |lul| = u(T) for t € [0,T]y; (i) su(t) < tu(s) for s,t € [0,T]p
and s < t.

Lemma 2.3 [15] If u € Py, then (i) u(t) > Z=4 ||ul = ZHu(0) for t € [0, T)y; (i) (T — t)u(s) < (T — s)u(t)
for s,t €[0,T]; and s <t.

Now, we provide some background material from the theory of cones in Banach spaces [11], and state

several fixed point theorems needed later.

Definition 2.4 A map « is said to be a nonnegative continuous concave (convez) functional on a cone P
of a real Banach space E if o : P — [0,00) is continuous and a(tx + (1 — t)y) > ta(zr) + (1 — t)a(y)
Btz + (1 —t)y) <tB(x) + (1 —t)B(y)) for all xz,y € P and t € [0,1].

We firstly list the Krasnosel’skii’s fixed point theorem [11, 21].

Lemma 2.5 [11, 21] Let P be a cone in a Banach space E. Assume Q1,2 are open subsets of E with
0€Q,Q CQ. If A: PN (Q2\Q) — P is a completely continuous operator such that either

(i) ||Az| < ||z||,Yz € PN Oy and ||Az| > ||z||,Vz € PN OQs, or

(ii) ||Az]| > ||z||,Vx € PN O and ||Az| < ||z||,YVx € PNIN, .

Then A has a fized point in PN (Q2\Q1).

Given a nonnegative continuous functional v on a cone P of a real Banach space F, we define, for each
d >0, the set P(y,d) ={x € P:~(z) <d}.

The following fixed-point theorem due to Ren et al. [28], which is motivated by Avery and Henderson’s
double fixed-point theorem [6].

Lemma 2.6 [28] Let P be a cone in a real Banach space E. Let o, and 7 be increasing, nonnegative

continuous functionals on P such that for some ¢ >0 and H >0, v(z) < f(z) < a(z) and ||z| < Hy(z) for

all © € P(v,c). Suppose that there exist positive numbers a and b with a < b < c¢ and A : P(vy,¢c) — P is a
completely continuous operator such that

(i) v(Azx) < ¢ for all x € OP(v,c);

(ii) B(Az) > b for all x € OP(f,b);

(i) P(a,a) #0 and a(Az) < a for x € OP(«a,a).

Then A has at least three fized points x1, xo and x3 belonging to P(v,c) such that

0 < a(r1) < a< alzy) with B(z2) < b < B(xrs) and y(xzs3) < c.
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Lemma 2.7 [29] Let P be a cone in a real Banach space E. Let o, and 7 be increasing, nonnegative

continuous functionals on P such that for some ¢ >0 and H >0, vy(z) < f(z) < a(z) and ||z|| < Hy(z) for

all © € P(v,c). Suppose that there exist positive numbers a and b with a < b < c¢ and A : P(vy,¢c) — P is a
completely continuous operator such that

(i) v(Azx) > ¢ for all x € OP(v,c);

(ii) B(Az) < b for all x € OP(f,b);

(i) P(a,a) # 0 and a(Az) > a for x € OP(«a,a).

Then A has at least three fized points x1, xo and x3 belonging to P(v,c) such that
0 < a(r1) < a < alzy) with B(z2) < b < f(rs) and y(xzs3) < c.

Let 8 and ¢ be nonnegative continuous convex functionals on P, A be a nonnegative continuous concave
functional on P and ¢ be a nonnegative continuous functional respectively on P. We define the following convex

sets:
P(

and a closed set R(¢,¢,a,d)={r € P:a < p(x),d(x) <d}.
Finally, we list the fixed point theorem due to Avery-Peterson [7].

Lemma 2.8 [7] Let P be a cone in a real Banach space E and (3, ¢, A, ¢ be defined as above, moreover, ¢

satisfies p(Nz) < Np(x) for 0 <N <1 such that, for some positive numbers h and d,

Az) < @(x) and [lz]| < he(x) (2.6)

forall x € P(¢,d). Suppose A : P(¢,d) — P(¢,d) is completely continuous and there exist positive real numbers
a,b,c, with a < b such that:

(i) {z € P(¢,B,\,b,¢,d): M(z) > b} #0 and MN(A(x)) > b for z € P(¢p,5,\,b,¢,d);

(ii) MA(x)) > b for x € P(¢, A\, b,d) with B(A(x)) > ¢

(iii) 0 ¢ R(¢p, ¢, a,d) and A(A(z)) < a for all x € R(¢, ¢, a,d) with p(z) = a.

Then A has at least three fized points 1,22, 23 € P(¢,d) such that

o(x;) <d fori=1,2,3, b < A(z1), a < p(x2) and A(z2) < b with ¢(x3) < a.

3. Single or twin solutions

For t € [0, T, let

fO = 1in’lu~>0+ JP(ZL)) and foo = limy o0 ep(u)?

here, while considering the problem (1.2) and (1.7), then we assume that « € P; while considering the problem

(1.2) and (1.8), then we assume that u € P;.
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Similarly to [39], we define 49 =number of zeros in the set {fo, foo} and i =number of infinities in the
set {fo, foo}. Clearly, ip,i0 = 0,1, or 2 and there exist six possible cases: (i) ip = 1 and is = 1; (ii) ip =0
and ico = 0; (iii) 490 = 0 and i = 1; (iv) 40 = 0 and is = 2; (v) 99 = 1 and ie = 0; and (vi) ip = 2 and
iso = 0. In the following, by using Krasnosel’skii’s fixed point theorem in a cone, we study the existence for

positive solutions of problem (1.2) and (1.7) or (1.8) under the above six possible cases.

3.1. For the case i =1 and i, =1

In this subsection, we discuss the existence of single positive solution for the problem (1.2) and (1.7) or
(1.8) under i =1 and is = 1.

Theorem 3.1 Problem (1.2) and (1.7) has at least one positive solution in the case ig =1 and ix = 1.
Proof. We divide the proof into two cases:

Case (i) fo=0 and fo =0

In view of fo =0, there exists an Hy > 0 such that f(u) < ¢p(e)pp(u) = pp(eu) for 0 < u < Hy, where
e > 0, and satisfies ¢ (B S a4 T) ©q (f h(s )As)

If w € P with |lu|| = Hy, then, by (1.1), we have
[Aul| = sup;epo 7, [Au| = Au(T)
m— T T T
= By (X0 sy (S n(s) f(u)Vs)) + Iy 2o (S ns) f(0)Vs) A7
m— T T
< B aspy (J h(s)f )Vs) + Ty (Jy Bs)f()Vs)
(BZ " aerT)cpq(fO Vs)
<elul (BEPSa:i+T) ¢, (fo (5)As) < [lu] .
Suppose Qp, ={u € E : ||u|| < H1}, then ||Au|| < |lu| for u € PN oQy,.
From fo, = 00, there exists an H > 0 such that f(u) > ¢,(k)pp(u) = pp(ku) for v > H), where k > 0,

and satisfies the following inequality

(A’ZZ 1 aipg (fnT h(s)As) + fnT ©q (fTT h(s)As) VT) > 1. (3.1)

Set
Hy = max{2H1, %Hg} and Qp, = {u € E: ||ul| < Hs}.

If w € P with |lu|| = Ha, then, by Lemma 2.2, one has
mingey r)p u = u(n) > 4 [lull > H. (3.2)
For u € PNoQy,, in terms of (1.1), (3.1) and (3.2), we get

(| Aul| = SUbte(o.71; |Auf = AU(T)
> A % aipq ng u)Vs) +f0T ©q (fTT h(s)f(u)Vs) AT
> AT aip f h(s)ep(ku)As) + [ 0y (] hls)ep(ku)ds) Ar
> Ka | (A’ZZ 1 aipg (f h(s As) + fnT ©q (fTT h(s)As) VT) > |ul| .
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Thus, by (i) of Lemma 2.5, the problem (1.2) and (1.7) has at least a single positive solution u in PN (Q,\Qm,)
with Hy < |lu]] < Ha.

Case (ii) fo = o0 and foo = 0.

Since fo = oo, there exists an Hz > 0 such that f(u) > ¢p(m)pp(u) = @p(mu) for 0 < u < Hg, where

m is such that
T T T
(A/ S ai, (fn h(s)As) + [, #q (fT h(s)As) AT) > 1. (3.4)
If w € P with |lu|| = Hs, then, by (3.2) and (3.4), one has

[|Aul| = Supte 0,1 | Au| = AU(T)
> AT achq ng u)Vs) + fOT ©q (fTT h(s)f(u)Vs) AT

- T T 3.5
> A’Z "2 i, f h(s)pp(mu) As) + [, ¢q (fT h(s)cpp(mu)As) AT (35)
m T T
2l (A7 aipy (f) h()AS) + [ g ([T h(s)As) A7) > Jlull.
If we let Qp, ={v € E:||u|| < H3}, then ||Au| > ||u|| for u € PN Q.
Now, we consider fo, = 0. By definition, there exists H} > 0 such that
f(u) < @p(8)p(u) = @p(du) for u > Hj, (3.6)
where & > 0 satisfies

(B S % i +T) ©q (f (s)As) <1 (3.7

Suppose that f is bounded, then f(u) < ¢,(K) for all u € [0,00) and some constant K > 0. Pick

Hy = max {2Hs, K (BYI5 0+ T) o4 (Jy (s)As) |-
If uw € P with |u|]| = Hy, then

(| Awull = SUPicio 7Y |AU| AU( )
<BY " % 4iq (fo As)JrfO ©q (f h(s (K)Vs) AT
<K<BZ =1 azJFT)‘Pq(fo (s) 5)§H4:||UH'

Suppose that f is unbounded. From fou € Crq([0, T, [0, +00)), we have f(u) < Cs for u € [0,C4],
here C3 and Cj are arbitrary positive constants. This implies that f (u) — 400 if u — +o0o. Hence, it is
easy to know that there exists Hy > max {2Hs, H)} such that f(u) < f(Hy4) for uw € [0, Hy]. If w € P with
|lu|| = Ha, then by using (3.6) and (3.7), we have

| ul = Au(r)
<BY™" achq (fOTh s f(u)Vs) +f0T ©q (fTT h(s)f(u)Vs) AT
B ai+T) gy (fy h(s)f (Ha) As)

BY % i+ T) gy (Jy h(s)ep(6H)As)

<OHy (BYTS ai+T) o (Jy h(s)As) < Hy = [lul].

IN

IN
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Consequently, in either case, if we take Qp, = {u € E : |Ju|| < Ha}, then, for u € P N 0Qy,, we have
[|[Auw|| < ||u||. Thus, the condition (ii) of Lemma 2.5 is satisfied. Consequently, the problem (1.2) and (1.7) has
at least a single positive solution u in P N (Qp, \Qu,) with Hs < |Ju|| < Hy. The proof is complete. O

For the problem (1.2) and (1.8), we have the following result.

Theorem 3.2 Problem (1.2) and (1.8) has at least one positive solution in the case ig =1 and ix = 1.

Proof. According to the operator A; : P, — E defined by (2.5), we can prove it by using the similar way of
proving Theorem 3.1. O

3.2. For the case i =0 and i, =0

In this subsection, we discuss the existence for the positive solutions of problems (1.2) and (1.7) or (1.8)
under ig =0 and i, =0 .

First, we shall state and prove the following main result of problem (1.2) and (1.7).

Theorem 3.3 Suppose that the following conditions hold:
(i) there exists constant p’ > 0 such that f(u) < @,(p'A1) for 0 <wu <p', where

((B S 20, + T) Y (fOT h(s)Vs))ﬂ :

(ii) there exists constant q' >0 such that f(u) > ¢p(q'As) for u € [Lq',q'], where

Ao ((A/Zz 1 ai+T — 77) Pq (fnT h(s)vs))ila

furthermore, p' # ¢'.

Then problem (1.2) and (1.7) has at least one positive solution w such that ||u|| lies between p' and ¢'.

Proof. Without loss of generality, we may assume that p’ < ¢'.

Let Qp ={u € E: ||lul]| <p'}. For any u € PN oL, , in view of condition (i) , we have

([ Aul| = SUPte(o. 7 | Auf = AU( )
<BY az(Pq (ng h(s)f VS) + fo ¥Pq (f VS) AT

(BZ -1 @i+t T) Pq (fo 8)p(p' A1) ) (38)
=p'A (B Zz 1 az JrT) Pq (fo ) 7,

which yields
[[Auw|] < ||u|| for u € PN OQ,. (3.9)
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Now, set Qp = {u€ E: |lul| <¢'}. For u € PN 0Qy, Lemma 2.2 implies that #¢ < u < ¢ for
€ [n, T]r. Hence, by condition (ii) we get

HAqusuptGOT |AU| Au(T)

> A aip, fg f(u)Vs +f0 ©q f h(s)f ()Vs AT

> A aip, f h(s)f(u)Vs +f ©q f h(s)f(u)Vs) AT
(

> q'Ay (A’ZZ I aipq (f h(s)V ) (T —n)py (fn h( )Vs)) =4
So, if we take Qyp = {u € E : ||u|| < ¢'}, then
[[Awl] > ||ul|, v € PN oQy. (3.10)
Consequently, in view of p’ < ¢/, (3.9) and (3.10), it follows from Lemma 2.5 that problem (1.2) and (1.7) has

a positive solution u in PN (Qy\Q,). The proof is complete. O

Now, in terms of the operator A; : P, — E defined by (2.5) and the method similar to proving Theorem
3.3, we consider the problem (1.2) and (1.8) and have the following result.

Theorem 3.4 Suppose that the following conditions hold:
(i) there exists constant pj > 0 such that f(u) < @,(piA}) for 0 <wu <pl, where

= (B b T gy (S his)As))

(ii) there exists constant qi > 0 such that f(u) > ¢, (q1AS) for u € [%q’l, q’l} , where

M= (S22 T €) oy (JER(6)V3))

furthermore, P} # 4.

Then problem (1.2) and (1.8) has at least one positive solution u such that ||u|| lies between p| and ¢j.

3.3. For the case ip =1 and i, =0 or 70 =0 and i =1

In this subsection, under the conditions 790 = 1 and i, = 0 or ig = 0 and i, = 1, we discuss the
existence of positive solutions of problem (1.2) and (1.7) or (1.8).

First, we consider the existence on positive solutions of problem (1.2) and (1.7).

Theorem 3.5 Suppose that fo € [0, pp (A1) and foo € (cpp (%Ag) ,oo) hold. Then problem (1.2) and (1.7)
has at least one positive solution.

Proof. It is easy to see that under the assumptions, the conditions (i) and (ii) in Theorem 3.3 are satisfied.

So the proof is easy and we omit it here. O

230



SU

Theorem 3.6 Suppose that fy € (cpp (%Ag) ,oo) and foo € [0,0p(A1)) hold. Then problem (1.2) and (1.7)

has at least one positive solution.

Proof. Firstly, let 1 = fo — ¢p (%Ag) > 0, there exists a sufficiently small positive number ¢’, which

satisfies

200> foy— 1= ¢y (Z0s) forue (0,4,

Thus, if u € [¢,¢'] , then we have
F@) = ¢ (5A2) @p(u) = gp(Aad),

which implies that the condition (ii) in Theorem 3.3 holds.
Next, for e = ¢, (A1) — foo > 0, there exists a sufficiently large p”’(> ¢’), which satisfies

JP(EL)) < foo +E2 = pp (A1) for u € [p”, 00). (3.11)

We consider two cases:
Case (i) Assume that f is bounded, that is, f(u) < ¢,(K;) for v € [0,00) and some constant K; > 0.

If we take sufficiently large p’ such that p’ > max {K7/A1,p"’}, then

fu) < op(K1) < @p(Arp’) for u € [0,p'].

Consequently, from the above inequality, the condition (i) of Theorem 3.3 is true.

Case (ii) Assume that f is unbounded.

From fou € Crq([0,T]r,[0,0)), we have p’ > p” such that f(u) < f(p’) for u € [0,p]. Since p’ > p”,
by (3.11), we get f(p') < ¢p(A1p’), hence

flu) < f(') < pp(Aip’) for u € [0,p'].

Thus, the condition (i) of Theorem 3.3 is fulfilled. The proof is complete. O

From Theorems 3.5 and 3.6, we have the following two results.

Corollary 3.7 Suppose that fo =0 and the condition (ii) in Theorem 3.3 hold. Then problem (1.2) and (1.7)

has at least one positive solution.

Corollary 3.8 Suppose that foo =0 and the condition (ii) in Theorem 3.3 hold. Then problem (1.2) and (1.7)

has at least one positive solution.

Theorem 3.9 Suppose that fo € (0,¢p (A1) and foo = 00 hold. Then problem (1.2) and (1.7) has at least

one positive solution.
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Proof. First, in view of fo, = 0o, then by inequality (3.3), we have ||Au|| > |lu|| for w € PN OQp,. Next,
by fo € (0,9, (A1), for e3 = ¢, (A1) — fo > 0, there exists a sufficiently small p’ € (0, H2) such that

flu) < (fo+e3)pp(u) = @p (A1) < g, (A1p) for u € [0, p],

which implies (i) of Theorem 3.3 holds, that is, (3.8) is true, hence, we obtain ||Au|| < ||u|| for uw € P N OQ,.

The result is obtained and the proof is complete. O

Theorem 3.10 Suppose that fo = 0o and foo € (0,9, (A1)) hold. Then problem (1.2) and (1.7) has at least
one positive solution.

Proof.  On the one hand, since fy = oo, by the inequality (3.5), one gets ||Aul| > [ju||, v € PN OQpw,.
On the other hand, since fs € (0,¢p (A1)), from the technique similar to the second part of the proof in
Theorem 3.6, one obtains that the condition (i) of Theorem 3.3 is satisfied, that is, inequality (3.8) holds, one
has ||Au|| < ||ull, v € PN Oy, where p’ > Hs. Hence, problem (1.2) and (1.7) has at least one positive

solution, the proof is complete. O

From Theorems 3.9 and 3.10, respectively, it is easy to obtain the following two corollaries.

Corollary 3.11 Assume that foo = 00 and the condition (i) in Theorem 3.3 hold. Then problem (1.2) and

(1.7) has at least one positive solution.

Corollary 3.12 Assume that fo = oo and the condition (i) in Theorem 3.3 hold. Then problem (1.2) and (1.7)

has at least one positive solution.

Now, in view of the operator A; : P; — E defined by (2.5), we consider the problem (1.2) and (1.8)
and obtain the following results. the methods are similar to those of proving theorems 3.3, 3.4 by a slight
modifications and due to the limited space we omit the proof. In the following, A} and Af defined as in
Theorem 3.4.

Theorem 3.13 Suppose that fo € [0, ¢, (A})) and foo € (cpp (ﬁAé) ,oo) hold. Then problem (1.2) and

(1.8) has at least one positive solution.

Theorem 3.14 Suppose that fy € (cpp (%Aé) ,oo) and foo €10, 0p(A})) hold. Then problem (1.2) and (1.8)

has at least one positive solution.

Corollary 3.15 Suppose that fo =0 and the condition (ii) in Theorem 3.4 hold. Then problem (1.2) and (1.8)

has at least one positive solution.

Corollary 3.16 Suppose that foo = 0 and the condition (ii) in Theorem 3.4 hold. Then problem (1.2) and

(1.8) has at least one positive solution.
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Theorem 3.17 Suppose that fo € (0,,(A])) and foo = 0o hold. Then problem (1.2) and (1.8) has at least

one positive solution.

Theorem 3.18 Suppose that fo = 0o and foo € (0,¢, (A})) hold. Then problem (1.2) and (1.8) has at least

one positive solution.

Corollary 3.19 Assume that foo = 0o and the condition (i) in Theorem 3.4 hold. Then problem (1.2) and

(1.8) has at least one positive solution.

Corollary 3.20 Assume that fo = oo and the condition (i) in Theorem 3.4 hold. Then problem (1.2) and (1.8)

has at least one positive solution.

3.4. For the case 1o =0 and i, =2 or igc =2 and i, =0

In this subsection, under ig = 0 and 2. = 2 or 79 = 2 and i, = 0, we study the existence of multiple

positive solutions for problems (1.2) and (1.7) or (1.8).
We first consider the problem (1.2) and (1.7). By combining the proof of Theorems 3.1 and 3.3, it is easy

to prove the following two theorems.

Theorem 3.21 Suppose that igc =0 and i =2 and the condition (i) of Theorem 3.3 hold, then problem (1.2)
and (1.7) has at least two positive solutions w1, uz € P such that 0 < ||ui|] <p’ < ||ue] .

Theorem 3.22 Suppose that ig = 2 and i = 0 and the condition (ii) of Theorem 3.3 hold, then problem (1.2)
and (1.7) has at least two positive solutions w1, uz € P such that 0 < |lui|| < ¢’ < |Juz]| .

Now, we consider the existence of solution to problem (1.2) and (1.8). According to the completely
continuous operator A, we can get the following results by using the same reasoning as the proof of Theorems

3.21, 3.22, respectively.

Theorem 3.23 Suppose that igc =0 and i =2 and the condition (i) of Theorem 3.4 hold, then problem (1.2)
and (1.8) has at least two positive solutions w1, uz € P such that 0 < ||ui|| < pj < |Juz]l .

Theorem 3.24 Suppose that ig = 2 and i = 0 and the condition (ii) of Theorem 3.4 hold, then problem (1.2)
and (1.8) has at least two positive solutions w1, uz € P such that 0 < |lui|| < ¢} < ||uz]| -

4. Triple solutions

In the previous section, we have obtained some results for existence of positive solutions of problems (1.2)
and (1.7) or (1.8). In this section, we will further discuss the existence of positive solutions of problems (1.2)
and (1.7) or (1.8) by using two different methods. We will give a comparison of this two different methods in

the latter part of this section.
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For the notational convenience, we denote

M€:<BZz 1 az+77)90q<fo VS) (A/ZZI az+77)90q<f h(s )a

Le (BZZ 1 aﬂrr)cpq(fo ) :<BZZ. 1 b-+Tf§)<pq<f0 s),
(BZZ 1 azJFT) Pq (fo (s) 5) (A/Zz 1 b+ T — f) Pq (fo6 5);
(BZ'" b+ T —1) g (fy h(s)V ) = (BXE0i+T) 00 (Jy () Vs) -

4.1. The generalized Avery and Henderson fixed-point theorem

In this subsection, in view of the generalized Avery and Henderson fixed-point theorem due to Ren et al.
[28], the existence criteria for at least three positive and arbitrary odd positive solutions of problems (1.2) and
(1.7) or (1.8) are established.

For u € P, we define the nonnegative, increasing, continuous functionals 7,, G2 and as by

Yo (u) = max u=u(n), fo(u) = min u=wu(n), as(u) = max u = u(r).
te[0,n]r ten,Tlr te(0,r]r
It is obvious that ~a(u) = f2(u) < ag(u) for each v € P. By Lemma 2.2, one obtains [ju| < %u(n) =

%’)/2 (u) for all u € P.

We now present the results in this subsection.

Theorem 4.1 Suppose that there are positive numbers a’,b', ¢’ such that o’ < 7b' < ;JAVj ', In addition, f(u)

satisfies the following conditions:

(i) f(w) <y () for 0<u< Ze

(i) f(uw) > gy (4) for ¥ <u< §b';

a’

(iii) f <<pp< 5) for0<u<%a’.
Then problem (1.2) and (1.7) has at least three positive solutions ui, us and ug such that
0 < max;e(o,r), u1 < @' < maxye(o,r), Uz with
mingep, 7y, u2 < 0 < mingep, 7y, uz and maxyegjo, ), uz < ¢
Proof. By the definition of completely continuous operator A and its properties, it suffices to show that all
the conditions of Lemma 2.6 hold with respect to A. It is easy to obtain that A : P(ya,c) — P.

First, we verify that if u € OP(y2,¢’), then v (Au) < .
If uw € OP(y2,c), then y2(u) = max;epn), u = u(n) = ¢’. Lemma 2.2 implies that |lul| < %u(n) = %c’,
we have 0 <u < L ¢, t€[0,T]r.

Thus, by the condition (i), one has

Yo (Au) = Au( )
< B aiy ([0 )1 @)Vs) + [ ¢, (fTh )Vs) Ar
< (B Zi:l a; + 77) ©q (fOT h(s)f(u)Vs) < < (B py Za; + 77) ©q (fOT h(s)Vs) =c.
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Second, we show that [(Au) > b for u € OP(Ba,V).
If we choose u € OP(f2,b'), then Fa(u) = minyep, 71, v = u(n) = 0'. In view of Lemma 2.2, we have

[Ju|| < %u(n) = %b’. Sob <u< %b’, t € [, T)y. Using the condition (ii), we get

Ba((Au) = (Au)n) > (A" S25% ai + ) g () (o) f()V'5)
- (e ) (0 () 7
(A’Z " az+77)<pq<fnh s):b’.

Finally, we prove that P(aq, a’) # 0 and as(Au) < o' for all u € OP(ag,ad’).
In fact, the constant function % " € P(ag,d’). Moreover, for u € OP(ay, '), we have ag(u) = max;e(o,rjy U =
/

u(r) = a’, which implies 0 < u < @’ for t € [0,7]7. In view of Lemma 2.2, we have u < [ju|| < Lu(r) = Ly

Hence 0 < u < %a’, t € [0, T)y. By using assumption (iii), one has
az(Au) = (Au)(r)
<< i aerT)‘Pq(fo 9017( )Vs)
:a (BZ“aﬁ?“)@q(fo s ):a.

Thus, all the conditions in Lemma 2.6 are satisfied. From (S1) and (S2), we have, the solutions of problem (1.2)
and (1.7) does not vanish identically on any closed subinterval of [0, T];. Consequently, problem (1.2) and (1.7)

has at least three positive solutions wui, us and wus belonging to P(vs,c’), and satisfying

0 < maxe[o,y); w1 < @' < maxe(o,r), U2 With
3 / 3 /
mingepy,, 7y, U2 < b < mingep, 7y, us and maxie(o,y, us < ¢

The proof is complete. O

From Theorem 4.1, we see that, when assumptions (i), (ii) and (iii) are imposed appropriately on f, we

can prove the existence of an arbitrary odd number of positive solutions for the problem (1.2) and (1.7).

Theorem 4.2 Suppose that there are positive numbers a, b, c,. such that

N, N,
< LY S, < dl, < Tb, < ;Mf L, < al, <...<d,

81 T s1 TMe S2 Sn? ne Na

here i =1,2,...,n. In addition, f(u) satisfies the following conditions:

0 ) < (57

>f0r0<u<

’

(i) f(u )><p,,<b )forb’ <u< Ty

’

i) 1) < oy (5

Then problem (1.2) and (1.7) has at least 2n + 1 positive solutions.

>f0r0<u<
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Proof. When ¢ =1, it is clear that Theorem 4.1 holds. Then we can obtain at least three positive solutions

u1, uz and ug satisfying

, .
0 <maxep,r)y U1 < @, < MaXyeg[o,r)y U2 With
3 / 3 /
mingepy,, 7y, U2 < b, < mingep, 7y, us and maxieo, g, s < Cg, -

Following this way, we finish the proof by induction. The proof is complete. O

Denote Lg = (A’ 27512 a; +7“) ©q (fTT h(s)Vs) . Using Lemma 2.7, it is easy to have the following

results.

nLe
TM;

Theorem 4.3 Suppose that there are positive numbers a',b', ¢ such that o’ < ]@—ib’ < c. In addition,

f(u) satisfies the following conditions:
(1) flu) > pp (f,—;) for d <u < %c’;

(i) f(u) <<pp<]\b4/§) for 0 <u < %b’;

(iii) f(u) > ¢p (g—/) fora’ <u< Ly

6

Then problem (1.2) and (1.7) has at least three positive solutions uy, uz and ug such that

0 < max;e(o,r), u1 < @' < Maxye(o,r), Uz with
N / 3 /
MiNiepy T ue < b < mingep, 7y, us and maxse(o,y, us < ¢

From Theorem 4.3, we can obtain Theorem 4.4 and Corollary 4.5.

Theorem 4.4 Suppose that there are positive numbers a) , b ,c\. such that

/ Lo 3y nLe .1 / Lo 3y nLe .1 / /
a), < Msb/\1 < TN Gy, <@y, < Mgb/\2 < TN Chy SOy, < <@y, nE N,
here i =1,2,...,n. In addition, f(u) satisfies the following conditions:

’

(i) flu) > pp (1\2) for ¢\, <u< %C’Ai;

’

(i) ) < gy (52) Jor 0.5 s Zag

’

(i) 100) > o, (%4

Then problem (1.2) and (1.7) has at least 2n + 1 positive solutions.

T

/ T
)foraAigug al,-

Corollary 4.5 Assume that [ satisfies conditions
(1) fO = 00, foo = 00
(ii) there exists co > 0 such that f(u) < ¢p (MLJCO) for 0 <u < cp.

Then problem (1.2) and (1.7) has at least three positive solutions.
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Proof.  First, by the condition (ii), let b = Zco, one gets

flu) < ¢p (1\1)4/5) for0 <u < %b’,

which implies that (ii) of Theorem 4.3 holds.

Second, choose K3 sufficiently large to satisfy
KsLy = Ky (A' S 2 r) % (fTT h(s)Vs) >1. (4.1)
Since fy = oo, there exists 1 > 0 sufficiently small such that,

f(u) = p(K3)pp(u) = @p(Kzu) for 0 <u <7y (4.2)

/

Without loss of generality, suppose 71 < %b’ . Choose a' > 0 such that a’ < 7. For o’ <u < %a , we have

u<ry; and a’ < ]@—‘Zb’. Thus, by (4.1) and (4.2), we have
fu) > op(Ksu) > @p(Ksa') > ¢p (g-;) fora/ <u< Lo,

this implies that (iii) of Theorem 4.3 is true.
Third, choose K5 sufficiently large such that

KsNe = K> (A/ Sz 77) 4 (fnT h(s)Vs) > 1.
Since fo, = 00, there exists ro > 0 sufficiently large such that,
f(u) = op(K2)pp(u) = op(Kou) for u >rs.

Without loss of generality, suppose ry > %b’ . Choose ¢’ = ry. Then

fu) > @p(Kou) > @p(Kad') > ¢, (f,—;) for ¢ <u<Z¢,

which means that (i) of Theorem 4.3 holds.

%’fjg ¢, then, all conditions in Theorem 4.3 are satisfied.

From above analysis, we get 0 < o’ < ]@—ib’ <

Hence, problem (1.2) and (1.7) has at least three positive solutions. O

In terms of Theorem 4.1, we also have the following corollary.

Corollary 4.6 Assume that [ satisfies conditions
(i) fo=0, foo =0;
(ii) there exists co > 0 such that f(u) > ¢p (%Co) for Zco <u < cp.

Then problem (1.2) and (1.7) has at least three positive solutions.
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In the following, we consider the problem (1.2) and (1.8).

For u € Py, we define the nonnegative, increasing, continuous functionals 3, (5 and as by

'« = = B = 1 = P = = l.
v3(u) [ nax u u(§), Bs(u) ain v u(§), as(u) A u u(l)

In view of completely continuous operator A; defined on Pp, it is easy to obtain the following results by
using the similar techniques to those of considering (1.2) and (1.7).

Theorem 4.7 Suppose that there are positive numbers a',b', ¢ such that a’ < %b’ (TTJZ% ' In addition,

f(u) satisfies the following conditions:
(i) f() < (5

(i) f(u) > op (T) for ¥ <u < LY

)for0<u§TLc"

\M\
t/‘h

o

(iii) f (Z—/) for 0 <u < A=d.

Then problem (1.2) and (1.8) has at least three positive solutions ui, us and ug such that

0 < maxeep, 1), U1 < @ < maxye, 7], U2 With
mingeo,¢), u2 < 0" < minggjo ¢}, uz and maxepe ), uz < ¢

Theorem 4.8 Suppose that there are positive numbers aj, , b}, ), such that

(T—1)Ng (T—1)N}
ap, < THb, < T S, <aj, < L), < ™ Sy, <ap, <...<ap, , neEN,

here i =1,2,...,n. In addition, f(u) satisfies the following conditions:

() flu ><sop(““)for0<uéTTg e

(ii)f()><pp< )forb’ <u< AL,

/

(i) 100) < o0 (%

Then problem (1.2) and (1.8) has at least 2n + 1 positive solutions.

Let Ly = (A’ S 2bi4+T — ) ©q (fol h(s)Vs) , we also have the following theorem.

Theorem 4.9 Suppose that there are positive numbers a',b’, ¢ such that o’ < %b’ < ]\g/l),Le ' In addition,
¢

f(u) satisfies the following conditions:

() fu) > ¢y ($7) for ¢ <u < 7
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(iii) f ><pp<2—) for o <u<F5d.

Then problem (1.2) and (1.8) has at least three positive solutions ui, uz and ug such that

0 < maxep, ), 1 < @ < maxye, 7}, ue with
mingeo,¢)y U2 < 0" < mingepo ¢}, u3 and maxyee 1), uz < ¢

Theorem 4.10 Suppose that there are positive numbers ay_, by , cy such that

Ly (T-&Lg

’ / ’ Ly (T=8Lgy 4
ag, < Méb < TR cp, < ag, <

by, < ™ cp, <@y, <...<ay ,neN,
H n

here i =1,2,...,n. In addition, f(u) satisfies the following conditions:

. cp.
(1) flu) > pp (Nié> for cp <u< %Céii

(i) ) <o (3

m\

(iii) f(u) > ¢p (%) for ap <u < —ay .
Then problem (1.2) and (1.8) has at least 2n + 1 positive solutions.

Corollary 4.11 Assume that [ satisfies conditions
(i) fo=0, foo=0;

(ii) there exists co > 0 such that
flu) > ¢p (%Co) for %co <u <cp.
Then problem (1.2) and (1.8) has at least three positive solutions.

Corollary 4.12 Assume that [ satisfies conditions
(1) fO = 00, foo = 00
(ii) there exists co > 0 such that f(u) < ¢p (M Tco) for 0 < u < cy.

Then problem (1.2) and (1.8) has at least three positive solutions.

4.2. The Avery-Peterson fixed point theorem

In this subsection, the existence criteria for at least three positive and arbitrary odd positive solutions of
problems (1.2) and (1.7) or (1.8) are established by the Avery-Peterson fixed point theorem [7].
Define the nonnegative continuous convex functionals ¢ and [, nonnegative continuous concave func-

tional A, and nonnegative continuous functional ¢ respectively on P by

= [u®(r)l,

P(u) = maxiefo,1], ¥ = u(T), B(u) = maxie(r,T) . U
(u) = p(u) = mingep, 7w = u(n).

Now, we list and prove the results in this subsection.
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Theorem 4.13 Suppose that there exist constants a*,b*,d* such that 0 < a* < Zb* < ;—gﬁgd*. In addition,

suppose that We > g (fnT h(s)Vs) holds, f satisfies the following conditions:
() f) <y (), 0 u<d
(i) f() >y (§), b7 Su<d

(iii) f(u )<<pp( ) 0<u<T

Then problem (1.2) and (1.7) has at least three positive solutions uy, ug, us such that

sz” <dr fOT i=1,2,3, b* < IninifG[n,T]1r ug, a* < Ininife[n,T]1r U2
and mingep, ), 2 < 0* with mingepy, ) us < a”.

Proof. By the definition of completely continuous operator A and its properties, it suffices to show that all

the conditions of Lemma 2.8 hold with respect to A.
For all u € P, Au) = p(u) = u(n) and ||u|| = u(T) = ¢(u). Hence, the condition (2.6) is satisfied.
First, we show that A: P(¢,d*) — P(¢,d*).

For any u € P(¢,d*), in view of ¢(u) = ||u|| < d* and the assumption (i), one has

] = Au()
< B aigy ([ hls) S vs) +f0 o (Jo 1) f()Vs) Ar
§<BZ -1 azJFT)‘Pq(fo 9017 Wg )
— - (B ai+ T) ¢ (U hs)As) = av

From above analysis, it remains to show that (i)—(iii) of Lemma 2.8 hold.

Second, we verify that condition (i) of Lemma 2.8 holds, let u = kb* with k = N—5 From the definitions
of N¢, We and ((u), respectively, it is easy to see that u = kb* > b* and B(u) = 0 < kb*. In addition, in view
of b* < %—id*, we have ¢(u) = kb* < d*. Thus

{u€ P(§, B\ b, kb, d") : A(x) > b} # 0.

For any u € P(¢, 3, A, b*, kb*,d*), then we get b* < u < d* for all t € [, T|r, hence, by the assumption (ii),

we have

A(Au) = Auy)
(A' S a4 n) eo () R (52 Vs)
8 (A7 k) e (1) B(s)AS) = b

Third, we prove that the condition (ii) of Lemma 2.8 holds. For any u € P(¢, A, b*, d*) with G(Au) >
kb*, that is, B(Au) = [(Au)2(r)] = ¢, (fT h(s)f(u(s))Vs) > kb*. So, in view of k = IJ/IV/—: and W >
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©Pq (fnT h(s)Vs) , one has

AMAu) = Au( )
> A gy (S R F@)Vs) + [y oo (ST s f(0)Vs) A7
(A’ZZ ; az+n) 4 (fr h(s) f(u)V ) (A’ZZ - az+n) kb* > b*.

Finally, we check condition (iii) of Lemma 2.8. Clearly, since ¢(0) =0 < a*, we have 0 ¢ R(¢, ¢, a™, d*).

If u € R(¢, ¢, a*,d*) with ¢(u) = minsep, 77, u = u(n) = a*, then, Lemma 2.2 implies that [jul| < %u(n) = %a*.

This yields 0 < u < %a* for all ¢ € [0,T]. Hence, by assumption (iii), we have

AMAu) = Au()

< B aigy (O hs)f vs) +f0 <pq( f()Vs) Ar
(BZZ 1 az+77) Pq (fo 90;0 Mg )

= i (BEL @ ) o (I (0)8s) =

Consequently, all the conditions of Lemma 2.8 are satisfied. The proof is completed.

We remark that the condition (i) in Theorem 4.13 can be replaced by the following condition (i’):

: fw)
tim, e 2525 < 05 ().

which is a special case of (i).

Corollary 4.14 If the condition (1) in Theorem 4.13 is replaced by (i’), then the conclusion of Theorem 4.13
also holds.
Proof. By Theorem 4.13, we only need to prove that (i’) implies that (i) holds, that is, if (i’) holds, then

: . a*TWe We 14 .
there is a number d* > max{ nNgg,N—:b } such that f(u) < <pp< ) for u € [0, d*].

a TW& Wg
nlNe 7 Ne

Suppose on the contrary that for any d* > max{ b*}, there exists u. € [0,d*] such that

flue) > @p ( ) Hence, if we choose ¢}, > max{an?:/g, IJ/‘V/E b*} (n=1,2,...) with ¢/, — oo, then there exist

€ [0, ¢, such that

Fun) > o () (4.3)

3

and so
limy, 00 f(un) = 00. (4.4)

Since the condition (i’) holds, then there exists 7 > 0 such that

F@) <o () u>r (4.5)

Hence, we have u,, < 7. Otherwise, if w, > 7, then it follows from (4.5) that

).

f(un)<90p<u") —9017<
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which contradicts (4.3).
Let W = maxyco,7), f(u), then f(u,) < W(n = 1,2,...), which also contradicts (4.4). The proof is

complete. O

Theorem 4.15 Suppose that there exist constants af,bf,d} such that

1Y M

..  nNe
My o N g
ST S Tw, <a3 <

nNe
TW;

Ui

*
n’

0<aj b2

dy<as<...<a,, n€N,

here i =1,2,...,n. In addition, suppose that W¢ > ¢, (fnT h(s)Vs) holds, f satisfies the following conditions:
() fw) <y (=) 0w < dss
(i) F(u) > op (§5). b7 <u <y

(i) f(u) < @y (), 0<u < Lar.
Then problem (1.2) and (1.7) has at least 2n + 1 positive solutions.

Proof. Similar to the proof of Theorem 4.2; we omit it here. a

In the following, we deal with problem (1.2) and (1.8), we define the nonnegative continuous convex
functionals ¢; and [, nonnegative continuous concave functional A;, and nonnegative continuous functional
(1 respectively, on P} by

u® = lu®(D)],

$1(u) = maxeeo, ), u = ||ull, B1(u)=miniep,y,.
A1(u) = @1(u) = minte[o,g]1r u = u(f).

Again, we use Lemma 2.8 to study the existence of solutions of problem (1.2) and (1.8). In view of
operator A; defined on P, similar to those techniques of considering problem (1.2) and (1.7), we have the

following results of problem (1.2) and (1.8).

Theorem 4.16 Assume that there exist constant a?, bk, d¥ such that 0 < a} < ;5 by < (TTC?N5 d;, In addition,

suppose that Q¢ > ¢q (fo Vs) holds, f satisfies the following conditions:

() fw) <y (&), 0<u<ds

Then problem (1.2) and (1.8) has at least three positive solutions ui, ug, us such that

lz:ll < d5 for i=1,2,8, b5 < mingep ), w1, a5 < mingeo g, u
and mingeg, 7, w2 < by with minsep, ¢, us < ag.
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Note that the condition (i) in Theorem 4.16 can be replaced by the following condition (i”):

i f(w) 1
limy, o0 (W) < ¥p (Qg) )
which is a special case of (i).

Corollary 4.17 If the condition (i) in Theorem 4.16 is replaced by (i”), then the conclusion of Theorem 4.16
also holds.

Theorem 4.18 Suppose that there exist constants aj ,b; ,d; such that

S;7 780

— T N, — T—¢)N{
0<ap, < Ty, < T g <ar, < Totpr, < TOYg: <oz <. <al neN,

s1 T “s1 TQ¢ Sn)

here i —1,2,...,n. In addition, suppose that Q¢ > @q (f h(s )Vs) holds, f satisfies the following conditions:

(i) f<)<sop(‘”) 0<u<d;
(i) f(w) > o (7). b5 < u < di
(i) f(u) < ¢y (5), 0 u< 7k

¢
Then problem (1.2) and (1.8) has at least 2n + 1 positive solutions.

Recall the methods mentioned above. We note that these two methods have their own advantages
respectively. In the following, we show the differences of these two methods from two aspects.

From the viewpoint of the obtained solution position and local properties, by using method one, we only
get some local properties of solutions, however, the position of solutions is not determined. For method two,
we not only get some local properties of solutions but also give the position of all solutions, with regard to
some subsets of the cone. In addition, by using these two different methods, the local properties of obtained
solutions are obviously different. Hence, it is convenient for us to comprehensively comprehend the solutions of
the models by using these two different techniques.

From the viewpoint of the satisfied conditions, we take Theorem 4.1 and Theorem 4.13 as examples to
illustrate. Under the same parameters conditions, the f(u) of (i) in Theorem 4.1 has the wider range than the
f(u) of (i) in Theorem 4.13, and the region of f(w) in (iii) of Theorem 4.13 is wider than that of Theorem 4.1.

5. Examples

In this section, we present two simple examples to illustrate our result. In addition, these two examples

show the differences of the two methods in Section 4.

Example 5.1 Let
_ 1 3 157 1 23 3 31 11
T*{(g) }U{O’E’%’—moo’g’m’ﬁ’m’100}U[S 3]
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here No = {1,2,3,..., }.
Consider the following boundary value problem with p =5 and k € Ny.

(0 ()7 + Sk (o)1) =0, 1€ [0,5], 5.1)
u(0) =107 (08 (&) +u? (1)) =0, wd(3) =0,
where
2 x 107, 0<u<3,
5.4054 x 10Mu — 1.6216 x 10'2, 3 < u < 40,
flu) =< 2x10%, 40 < u < 80,

1.5748 x 10" u + 7.4016 x 1012, 80 < u < 334,
6 x 1013, u > 334.

If h(t) = 31 _, t*(p(t))"~*, then by Exercise 1.23 in [10], we have (t3)Y = Y27 _ #¥(p(t))"~F.

3 and a3 = az = 1. Choose r = %, direct

It is obvious that & = n = %, A= B =10

Al

calculation shows that Ne = (2 x 1072 + 1) (ff ZZ:O tk(p(t))PkVt) ~ 0.02235, by a similar way, we have
5
M ~ 2.2444 x 1072, L¢ ~ 2.5778 x 1072 and W ~ 3.7259 x 102,

If we take o’ =2, b’ =40, ¢/ =200, then 0 <da' < #b' < 77:]1\\[455 c,

f(u)—2><1013>10089><1013—<p5< ) for 40 < u < ¥ = 66.667,

f(u)<64122><1015~<p5< )forO<u<TC—4OO
f(u)—2><107<36235><107~<p5< )for0<u<T“ 2.8986.

Therefore, all the conditions of Theorem 4.1 are satisfied. By Theorem 4.1, we see that the boundary

value problem (5.1) has at least three positive solutions wui, us and wus such that

0 < max u; < 2 < max us with
te[o,%]]r 1 t€[0,12030] 2

min U 4 min u3 and ma: U 2
G[%’%]T 5 < 40 < te[%’%]r 3 Xtelo, Ly 3 < 200.

However, ¢, (ff h(s)As) ~ 0.1106 > W¢ ~ 3.7259 x 1072, hence, the existence of positive solutions of
5

boundary value problem (5.1) is not obtained by using Theorem 4.13.
Example 5.2 Let
r-{2-®"lufot 15028 B 2 0L 1.
Consider the following boundary value problem

p ud VJFZ?: tk( (t))77kf(u) =0, te [0’2] :
v (u(03)2(uAk(%o) Fat )20, @) =0, (52)
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Let € be an arbitrary small positive number, a*, b* and d* be arbitrary positive numbers with a* < b* < d*,

and
max{cpp (g—*)—e,cpp (%)Jre}, 0<wu<2a*
k(u), 2a" <u < b,
fw) =3 e (o) += b <u<d,
r(u), d* < u < 2d*,
©p (g—*) — &, u > 2d*,

here k(u) and p(u) satisfy k(2a*) = max{cpp (g—) €, ¥p (g— +€}, k(b*) = cpp<19 98) +e, r(d) =

Pp (19 98) +e r(2d7) = (20) &

(
It is obvious that & =n =1, A= B =2 and a; = ay = 1. Choose r = %, direct calculation shows

that Ne = 5 (7 S t"(p(8)) -Vt
We=24>4m ¢, ([ h()AL).

K2 (u)® =0, (r®(u)® =0.

Al

Q

19.98, by a similar way, we have M¢ = 20, L¢ = 22, W = 24 and

If we take a*, b* and d* satisfy 0 < a* < 3b* < gpe=d* = 19984,

It is obvious that (i), (ii) and (iii) in Theorem 4.13 are satisfied. By Theorem 4.13, we see that the

boundary value problem (5.2) has at least three positive solutions u1, us and wus such that

llz:l| < d* for i=1,2,3, b* < mingep 2), u1, a* < mingep 2, U2
and minge( 2], Uz < b* with mingeq 2], Uz < a*.

However, for arbitrary positive numbers a*, b*, d* with a* < b* < d*, the condition (iii) of Theorem 4.1

is not satisfied. Therefore, Theorem 4.1 is not fit to study the boundary value problem (5.2).
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