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Products of multiplication, composition and differentiation between
weighted Bergman-Nevanlinna and Bloch-type spaces

Ajay K. Sharma

Abstract
Let ¢ and 1 be holomorphic maps on I such that (D) C . Let Cy, My, and D be the composition,

multiplication and differentiation operators, respectively. In this paper, we consider linear operators induced
by products of these operators from Bergman-Nevanlinna spaces .Ajﬂ\, to Bloch-type spaces. In fact, we prove

that these operators map Aﬁ, compactly into Bloch-type spaces if and only if they map Aﬁ, boundedly into

these spaces.

Key word and phrases: Composition operator, Multiplication operator, Differentiation operator, Bergman

space, Bloch space, Growth space.

1. Introduction
Let D be the open unit disk in the complex plane C and H(ID) be the algebra of all functions holomorphic
1 1
on D. Let dA(z) = —dxdy = —rdrdf be the normalized area measure on D. For each § € (—1,00), we set
m m

dvg(z) = (B+1)(1—|2|?)?dA(z), z € D. Then dvg is a probability measure on D. For 0 < p < oo the weighted

Bergman space A’é is defined as

5= {f € HD) : ||f||Ag = (/D |f(z)|pdyg(z))1/P - OO}.

Note that ||f||Ag is a norm only if 1 < p < oco. When 0 < p < 1, A’é is a an F-space with respect to the

translation invariant metric defined by dg (f,9)=11f—4ll AT The weighted Bergman-Nevanlinna class .Aj’a\f is
defined by

A= {renm: [ 1o Flans(e) <0},

where

logx if >1
Jr _ puiy
log x*{o if <1,
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The space .Aj’a\f appears in the limit as p — 0 of the weighted Bergman space A’é in the sense of

tP—1

lim

= logt, 0<t<o.
p—0

The Bergman-Nevanlinna space Aj’a\f contains all the Bergman spaces A’é. Obviously, the inequalities
logtx <log(l+2)<1+logta, >0 (1.1)

imply that f € .Aj’a\f if and only if

171l = [ log(1 + L) (2) < .

Of course, we are abusing the term norm since || f| A, fails to satisfy the properties of norm, but in this case

,g) — —g|| 45 defines a translation invariant metric on A’G and this turns A’G into a complete metric
AL N N

space. Also, by the subharmonicity of log(1 + | f(z)]), we have

111z,

log(1 + [f(2)]) < C,BW,

zeD (1.2)

forall f € .Aj’a\f. In particular, (1.2) tells us that if f,, — f in Aj’a\f, then f, — f locally uniformly. Here, locally
uniform convergence refers to the uniform convergence on every compact subset of ID. For general background
on weighted Bergman spaces A’é and weighted Bergman-Nevanlinna spaces Aj’a\f one may consult [3], [9] and
references therein.

Let o > 0. A function f holomorphic in D is in «-Bloch space B® if

sup(1 — [2|%)*[ f'(2)| < o0
zeD

and in the little a-Bloch Space Bg if

tim (1- [2%)°1f(2)] = 0

For f € B* define
[fl|B= = [f(0)] +Slelg(1 — 21 (2)]-

With this norm B“ is a Banach space and the little a-Bloch Space Bf is a closed subspace of the a-Bloch
Space. Note that B! = B, the usual Bloch space.

For any a > 0, the space A~ consists of analytic functions f in D such that

[1flla-e = sup{(1 = [2[*)*[f(2)] : = € D} < <.

Each A™¢ is a non-separable Banach space with the norm defined above and contains all bounded analytic
functions on . The closure in A~ of the set of polynomials will be denoted by Ay ®, which is a separable

Banach space and consists of exactly those functions f in A~ with

lim (1 [2[2)°|f ()] = 0.

|2l
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If o > 1, it is known that f € B if and only if f € A~(®=1 or the antiderivative of f is in B* 1. As
0 < a < 1, the space B* = Lip'~%, the analytic Lipschitz space which contains analytic functions f on D
satisfying

f(2) = f(w)] < Clz —w|' 7

for any z,w € D. A good source for such spaces and their connection to Lipschitz spaces is [10]. See also [2]
and [5].

Let ¢ be a holomorphic self-map on . The composition operator C, induced by ¢ is defined by
Cof = foyp for f € HD). The study of composition operators lie at the interface of analytic functions
and operator theory. By the Littlewood subordination theorem every holomorphic self-map ¢ of D induces a
bounded composition operator on Hardy and Bergman spaces while the boundedness on Bloch space follows by

Schwarz-Pick Lemma.
For a fixed ¢ € H(D), define the linear operator

YCof =P(f o), fe HD).

The operator (', is known as the weighted composition operator. The weighted composition operator is a
generalization of the composition operator C, defined by C,f = f o ¢ and the multiplication operator M,
defined by My f = ¢ f. Composition and weighted composition operators have gained increasing recognition
during the last three decades, mainly due to the fact that they provide—just as, for example, Hankel and Toeplitz
operators—ways and means to link classical function theory to functional analysis and operator theory. For gen-

eral background on composition operators, we refer to [1], [7] and references therein.
Let D be the differentiation operator defined by
Df =7, f € HD).

Hibschweiler and Portnoy [4] defined the linear operators DC, and C,D and investigated the boundedness and
compactness of these operators between Bergman spaces using Carleson-type measures. S. Ohno [6] discussed
boundedness and compactness of C,D between Hardy spaces. We can define products of these operators in

the following six ways:

(MyCeDf)(z) = ¥(2)f ((2)),

(MyDC, f)(2) = ¥(2)¢'(2)f (#(2)),
(CoMyDf)(z) = ¥(p(2))f (#(2)),

(DMyCof)(z) = ¥'(2)f(e(2)) + ¥ (2)¢ (2) [ (#(2)),
(CoDMyf)(2) = ¥ (p(2)f(#(2) + ¥(p(2)f (0(2))

and

(DC, My £)(2) = ¥ (9(2)) f(0(2))¢" (2) + ¥ (0(2)) f (0(2)) ¢ (2)

for z €D and f € H(D). X. Zhu in [11] have considered triple operators defined above from weighted Bergman

spaces to Bers spaces.
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In this paper, we study the boundedness and compactness of these operators from weighted Bergman-
Nevanlinna to Bloch-type spaces. Note that the operator MC,D induces many known operators. If ¥(z) =1,
then My C,D = C,D which was studied in [4] and [6]. When ¢(z) = ¢’(2), then we get the operator DC.,,
which was also studied in [4]. If we put ¢(z) = z, then MyC,D = My D, that is product of differentiation
operator and multiplication operator. Also note that My DC, = My, C,D and C,MyD = Myo,C,D. Thus
the corresponding characterizations of boundedness and compactness of M, DC, and C,MyD can be obtained
by replacing 1 respectively by ¢’ and ¢ o ¢ in the results stated for M,C,D. Also, the operator DMyC,
induces many known operators. If ¢(z) = 1, then DM,;C, = DC,. When ¢(z) = z, then DM,;C, = DMy.

Throughout this paper, constants are denoted by C, they are positive and not necessary the same at each
occurrence.

2. Boundedness and compactness

In this section, we characterize the boundedness and compactness of operators induced by products of

composition, multiplication and differentiation from weighted Bergman-Nevanlinna to Bloch-type spaces. A

subset E of .Aj’a\f is bounded if it is bounded for the defining F-norm ||.| Al Given a Banach space ), we say

that a linear map T : Aj’a\f — Y is bounded if T(E) C Y is bounded for every bounded subset E of Aj’a\f. In

addition, we say that T is compact if T(E) C Y is relatively compact for every bounded set E C .Aj’a\f.
The following criterion for compactness is a useful tool to us and it follows from standard arguments, for

example, to those outlined in Proposition 3.11 of [1].

Lemma 2.1 Let f € (—1,00) and Y =B, By, A~ or Ay“. Let T : Aj’a\f — Y be any one of the operators
defined in the introduction. Then T : Aj’a\f — Y is compact if and only if for any sequence {f,} in Aj’a\f with

sup ”fn”Aﬁ, =M < oo and which converges to zero locally uniformly on D, we have limy,_o || T fn|ly — 0 in Y.
n

Theorem 2.2 Let « >0, 8> —1,9 € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:
(i) MyC,D maps Aj’a\f boundedly into A™.
(i) MyC,D maps Aj’a\f compactly into A™%.

(i) For all ¢ >0,

(1= |20 (2)] c _
A T [T

and e AT
Proof. It suffices to check two implications: (i) = (¢i¢) and (iii) = (4i).
(7) = (i4i). Suppose () holds. By taking f(z) = z in Aj’a\f, we get ¥ € A™*. Fix 2y € D. For ¢ > 0 and
w = ¢(2p), consider the function
e~ o)

fule) = e { G yatorm
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Using (1.1), we have

(1 o+
Il <1+ [ T dvale) = 1+

Since MyCy,D maps Aj’a\f boundedly into A~ and

£ () = 2B+ Y — w2 [0(1 — |w[?)7+2
w (1 — wz)2(B+2)+1 Pl w2 )

there is a constant N > 0 depending only on ¢ and [ such that

N

Y

(1= l20*)* % (20)[1.f2 ((20))]

(1 _ | |2)a2(ﬂ + 2)C|90(ZO)||1Z)(ZO)| [ C(]. — |w|2)’3+2
T )PP TP e PR )

That is,

(1 —|20/*)* |4 (20)] exp [ c
1 — [p(20)]? (1 = [p(20)[?)P+2

N1 — Jo(z0)[>)"**
2

IE
(B +2)ele(20)]

Taking | (hr)rll on both sides of above inequality, we get (ii).
©(z0)|—1

(#9i) = (4¢). Assume that (4i7) is valid for all ¢ > 0. Note that if f € .Aj’a\f, then by (1.1) and Cauchy integral

formula for derivatives, we have

2 1
‘/m'f(”i(“ [2)0)lldc]

s
) CollflLag,
< oo gy

(1= [=)If'(2)]

IN

Choose any sequence {f,} in .Aj’a\f such that || fn]| AL < M and f,, — 0 locally uniformly on D. By Lemma

2.1, it is sufficient to show that ||[MyC,Dfr||4-« — 0 as n — oo. For r € (0,1), we have

sup (1= [2[*)*|MyCypDfa(2)l = sup (1—|2)*[(2)l|fn(e(2)]
lo(2)|<r le(z)|<r
< A sup |fi(e(2)] —0
le(2)<r

as m — 0o, where A = sup,cp(1 — |2|2)*[1(2)| < c0. On the other hand, whenever r — 1, we have

sup (1 —[2[*)*|MyCyDfn(2)|
(=) >

o A= EPeeel
Sy Ta-ep P [<

Cs
1 — |ip(2)]2)5+2

— 0.
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Combining the above estimates, we see that ||MyC,D fp||4-= — 0 as n — oo. This completes the proof.
O

Corollary 2.3 Let a > 0,8> —1 and ¢ be a holomorphic self-map of . Then the following are equivalent:
(i) Cy,D maps Aj’a\f boundedly into A™<.
(ii) Cy,D maps Aj’a\f compactly into A~%.

(i) For all ¢ >0,

(1= |z ¢
111’1’1 — X T < ma<aao
o)1 1 — ()2 7 [a —le(2)[2)P+

Corollary 2.4. Let « > 0,3 > —1 and ¢ be a holomorphic self-map of D. Then the following are equivalent:
(i) DC, maps Aj’a\f boundedly into A™<.

(i) DC, maps Aj’a\f compactly into A~%.

(i) For all ¢ >0

(1 —[=»)l¢' (=) ¢

im exp [ 0
=1 1= p(2)]? (1= lp(2)[?)7*2
and ¢ € A~
Proof. Since DC, = M, C,D, the result follows by replacing ¢ by ¢’ in Theorem 2.2. O

Corollary 2.5 Let a« > 0,8> —1 and ¢ € H(D). Then the following are equivalent:
(i) MyD maps Aj’a\f boundedly into A™.
(i) MyD maps Aj’a\f compactly into A~%.

(iii) 1 = 0.
Proof. We only need to prove that (i) = (4i¢). Since MyD = M,C,D, where ¢(z) = z, so by Theorem 2.2
My D maps Aj’a\f boundedly into A~¢ if and only if for every ¢ > 0

. o— c —
Jim (1= o)) e [y ] =0

and 1 € A™%, which is possible only if ¢ = 0. O

Theorem 2.6 Let > 0,8 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:

(i) ¥C, maps Aj’a\f boundedly into A~%.
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(ii) YC, maps Aj’a\f compactly into A~%.
(i) For all ¢ > 0,

lim (1 —|2z|)%¥(z exp[—
e R (e P DR
and e AT

Proof. It suffices to check only two implications: (i) = (i44) and (iii) = (i3).
(i) = (7). Suppose (i) holds. By taking f(z) = 1, the constant function 1 in A’B, we get ¥ € A7 Fix
zo € D and ¢ > 0 and let w = ¢(zp). Consider the function

Using (1.1) and the inequalities, log (1 4+ z) < x and

log(1+2y) <log(1+z)+log(l+y) for z,y>0,

we have
1 — [w|® \5+2 c(1 — |w[*)+?
log(1+ | fu(2)) < 10g[1+<|17mz|2) }+1+{|17W|2(ﬁ+2)}
1 — w]? \5+2
< 1+(1+6)<7|1—@z|2)
SO
<14(1 (el U 2
[ full g <1+ +C)/D<m) va(z) =2+c.

Since ¥C, maps Aj’a\f boundedly into A~%, there is a constant M > 0 such that

M > (1= |20l (z0)]] fule(z0))]

(1 — |20/*)*[9(20)] exp [ c
(1 = [p(20)[2)P+2 (1= Jp(z0)[?)P+2 1

That is,
c

(1= lp(z0)[2)7+2

Taking the limit  lim  on both sides of the above inequality, we get (iit).

le(z0)|—1

(1= J20/2)(z0)  exp { b < M= () 2)H.

(#44) = (it). Assume that (¢49) is valid for all ¢ > 0. Using the estimate

Coll a3
1@ < e { T pye |

and proceeding as in Theorem 2.2, we get (i7). O
Corollary 2.7 Let a > 0,8> —1 and ¢ be a holomorphic self-map of . Then the following are equivalent:
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(i) C, maps Aj’a\f boundedly into A™.
(i) C, maps Aj’a\f compactly into A~%.

C
Wi) lim (1—]|z®)%exp|—o
(i) Iv(Z)IHI( 12I°) 1D[(lflw(Z)IQ)ﬁ+2

Corollary 2.8 Let a > 0,8> —1 and ¢ € H(D). Then the following are equivalent:
(i) My maps Aj’a\f boundedly into A™.
(ii) My maps Aj’a\f compactly into A~%.

(iii) 1 = 0.

Proof. The proof follows on same lines as the proof of Corollary 2.5. We omit the details. O

Lemma 2.9 Let a > 0,8 > —1,¢% € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:

(i) For all ¢ >0,

c

(1= [=»)* ¥ ()]

L e (reL T 21
(i) For all ¢ >0,
(1= 5D ¢ )
A e e e (22)

and 1 € Ag“.
Proof. (i) = (i1) Suppose that (i) holds. Then

(1= [z ()] c

— 121y (z c ex
=Wl < e TR o [

}Ho

as |z| — 1. Hence ¢ € Ay®. If |o(z)| — 1, then |z| — 1, from which it follows that

(1= |2 (2)] c _
R s e S [ [a - ISO(Z)IQ)[’“} -0

(#4) = (¢) Suppose that (i) holds, but (2.1) is not true for some ¢ > 0, then there are ¢y and €¢; and a
sequence {z,} tending to D such that

(ol Wl oo
=T =Tl

} > €. (2.3)

Since 1 € Ay ®, (2.3) indicates that {z,} has a subsequence {z,,} with |¢(zy, )| — 1. Thus (2.2) produces the

following limit:

LI OO S
1= [l )P R

o
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which contradicts (2.3). Hence we are done.

Theorem 2.10 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:
(i) MyC,D maps Aj’a\f boundedly into Ay .
(i) MyC,D maps Aj’a\f compactly into Ag®.

(i) For all ¢ >0,

- (A= 2P c

lim exp [ ] =0.
=1 1= p(2)? (1= lp(2)[?)7+2

Proof. It suffices to check two implications: (i) = (i44) and (i) = (i¢). Using the same test functions as

in Theorem 2.2 we see that

(1= 212 (2)] ¢
el TR P [a —le(z) )72

Again, since MyC,D maps A% boundedly into A5 %, so by taking f(z) = z in A%, we have ¢ € A;“ and
hence by Lemma 2.9, we have (47).

(#44) = (49). The proof follows on same lines as the proof of the corresponding case of Theorem 2.2. So

we omit the details. O

Corollary 2.11 Let a > 0,8 > —1 and ¢ be a holomorphic self-map of D. Then the following are equivalent:
(i) Cy,D maps Aj’a\f boundedly into Ag“.
(i) Cy,D maps Aj’a\f compactly into Ay .

(i) For all ¢ > 0,
(1 —[2»)" ¢

lim ex =0.
T = e P [(1 = [ip(2)]2)P+2

Corollary 2.12 Let a > 0,8 > —1 and ¢ be a holomorphic self-map of D. Then the following are equivalent:
(i) DC, maps Aj’a\f boundedly into Ag“.
(i) DC, maps Aj’a\f compactly into Ag .

(i) For all ¢ > 0,

SRCEIE DL/ CTPY SR
lz2l—1 1 —]p(2)]? (1 — |o(z)[2)5+2

=0.

Corollary 2.13 Let a > 0,08> —1 and ¢» € H(D). Then the following are equivalent:
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(i) MyD maps Aj’a\f boundedly into Ay .
(i1) MyD maps Aj’a\f compactly into Ag®.
(iii) ¥ = 0.

Theorem 2.14 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:
(i) ¥C, maps Aj’a\f boundedly into Ag“.
(i1) YC, maps Aj’a\f compactly into Ag®.
(i) For all ¢ >0,
c
lim (1 —|2[)%(2)]exp | ————=—==| =0
Jlim (1= =) () exp | e
and 1 € Ag“.
(iv) For all ¢ >0,
lim (1 — |2]2)® S ———
Jim (1= o) 9 2) exp | oy ] =0

Proof. That (ii4) and (iv) are equivalent follows on the same lines as the proof of Lemma 2.9, whereas the
proof of the implications (i) = (#¢) and (i43) = (#) follows on the same lines as the proof of Theorem 2.10.
We omit the details. O

Corollary 2.15 Let a > 0,8 > —1 and ¢ be a holomorphic self-map of D. Then the following are equivalent:
(i) C, maps Aj’a\f boundedly into Ag“.

(i) C, maps Aj’a\f compactly into Ag®.

(i) For all ¢ > 0,

lim (1 — |2]?)%exp ¢

211 [u “TemrEl =

The above result was recently proved by Xiao in [8].
Corollary 2.16 Let a > 0,08> —1 and ¢» € H(D). Then the following are equivalent:
(i) My maps Aj’a\f boundedly into Ay “.
(i) My maps Aj’a\f compactly into Ag“.
(iii) 1 = 0.

Theorem 2.17 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:
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(i) DM,C, maps Aj’a\f boundedly into A™.
(i) DM, C, maps Aj’a\f compactly into A~%.

(i) For all ¢ > 0,

. 2\a |,/ =
ot T el oy =

(1= [2)* e (2)¢' (2)] exp c =
le(z)=1 (1 —=|e(2)?) (1 = lp(z)[?)5+2
Ve AT and Yo' € AT

0,

Proof.  Suppose (i) holds. By taking f(z) = ¢, a constant function in .Aj’a\f, we get ¢ € A~%. Again by
taking f(z) = z in .Aj’a\f, we get

Slelg(l — 2P W (2)e(2) + ¥ (2)¢ (2)] < 0.
Since ¢ € A= and |p(z)] < 1, we get

sup(1 — |2)*[1(2)¢ (2)| < oo.

zeD

For ¢ >0 and A € D, consider the function

() :{ —

(L= leW?PH 11— eV ,5+2}
3(1— N2+ 27 (1 - p(N)2)?

1—JpV)[? 1 (1= [p(N)[?)2+2)
xp [60{2((1 —oN2)? - 37 (1= o(0)2)30+2) H

It can be shown that every f) € .Aj’a\f and Hf/\HAﬁf < M for some M > 0.

Moreover,

-1 1 ¢
f)\(cp(A)) = ? (1 — |<,0()\)|2)’6+2 exp |:(1 — |90()\)|2)’6+2]

Also

_ 2)2(B+2) _ 2\B+2 _
“@“Hfl QIO (Al (o o)

|
A P(N)2)3BFDFL (1 — p(N)2)2(B+2)+1

— (L= (W[} (1= lpN)[?)*+2)
+6¢(3 + 2)(‘»0()‘)){ (1— Wz)Q(ﬁJ’,Q)JFl N (1 (p()\)Z)S(’B+2)+1 }

{(1 [p(N)|?)2(5+2) 1((1|<p( )IQQ)WH

3(1— M2+ 23 (1 - p(N)2)

1L 1—]p(N)P 1 (1= Jp(\)[?)>+2)
exp [60{§(W)'6+2 - § (1 Wz):a(,aw) H
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Moreover,
Ale(N) =0.

Since DMy, C,, maps A% boundedly into A™%, we can find some My > 0 such that

Mo > (1= [AP)* [/ (W) +D(N)e' (V) fr ()]

P
(=P ¢ |
(1= JeM2)P2 “Pla ()5

and so
c

(1= lp(N)[?)7+2

Taking | (1i§r|1 on both sides of the above inequality we get
w(A)|—1

(1= AR )] exp | | < Mo(1 = o)),

. 2\« /
W= PO e | s =

Now consider the function

o= = o) () [ (A

1(1—[p(N)]?)2+2)
T3 (1 - p(N)2)3(5+2) H '

It can be shown that every gy € .Aj’a\f and Hg)\HAﬁf < M for some M > 0.

Moreover,
ga(p(A)) = 0.
Also,
o [( L=l 82 (-l
ne = KW) o) +4) (1 — (V) 2)2(B+2)+1 (e(N))
(1 =JpW)?)P+? ——
+{6e (2 = ()8 +2) 00D (00 }
{ L= lpN)P)P2 (1= p()[2)2E+ H
(1 —(N)2)2B+D+1 (1 — p(X)2)3(6+2)
1/ 1—|eN)2 \8+2  1(1—|p(N)2)206+2)
exp [60{5 (W) -3 (1= o020 H
Moreover,

, - 1 c
i (= o)

286



SHARMA

Since DMy, C,, maps A% boundedly into A™%, we can find some constant M; > 0 such that

My > (1= [AP)Y (NgaleN) + (N (V) gh (V)]
RO
1= ez P LI o(n[2)5+2

and so

(1= PN’ V)] exp [ c
(1= 1le(N)1?) (1= |p(\)[2)7+2

| <0 = o).

Taking | (thll on both sides of the above inequality we get
w(A)|—1

P et P O IOV exp [ c
lo(A)] =1 (1 —=1le(N)?) (1= Jp(N)[?)P+2

=0.

Assume that the conditions in (iii) are valid for all ¢ > 0. Note that if f € A%, then by (1.2) and Cauchy

integral formula for derivatives

A=lPIFE < 2 [5G+ 50 - Dol

™

) Coll full ug,
< e[ ppp)

Choose a sequence {f,} in .Aj’a\f such that || fi|| A% < M’ and f,, — 0 locally uniformly on D. Then for each
r e (0,1)

sup (1= |29 (2) fu((2)) + ¥ (2)¢' (2) £1,((2))]

lp(z)<r

<A s fa@@) +B s [fAeE)] — 0 as n— oo,
le(2)|<r le(2)|<r

where A = sup,cp(1 — |2[2)?¢/(2)] < 00 and B = sup,ep(l — [2%)¥|¢(2)¢’(2)| < oo. On the other hand,

whenever r — 1, we have

sup (1 —[2[*)*| DMy Cop fu(2)|
(=) >

< sup (1= [2)7¢'(2)] exp[c—b
T )l (1= lp(2)[?)7+

(1= 229 (2)¢' (2)]
R R C R PP 1)

]

Cs

exp[(17|¢(z)|2)ﬁ+2] —0as r— 1L

Combining the above estimates, we see that

IDMyCopfrnll 4=« — 0 as n — oo.
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Thus by Lemma 2.1, (ii) follows.

Corollary 2.18 Let a > 0,08> —1 and ¢ € H(D). Then the following are equivalent:

(i) DMy maps Aj’a\f compactly into A™%.
(i) DMy maps Aj’a\f boundedly into A™.
(iii) 1 = 0.

Corollary 2.19 Let a > 0,8 > —1,¢¥ € H(D) and ¢ be a holomorphic

are equivalent:
(i) ¥C, maps Aj’a\f boundedly into B.
(i1) YC, maps Aj’a\f compactly into B.

(i) For all ¢ > 0,

Jm (=P @l e [ =0
(1= |22 [(2)¢' (2)] ¢ B
e S w1 5 R [a - |<P(Z)|2)[”2} =0

Y€ B and sup,ep(l —|2]%)*Y(2)¢ (2)] < oo.
Corollary 2.20 Let a > 0,8 > —1 and ¢ be a holomorphic self-map of D
(i) C, maps Aj’a\f boundedly into B.

(ii) C, maps Aj’a\f compactly into B.

(i) For all ¢ > 0,

(1 —[=»)l¢ (=) ¢

s 1 - [p(2)]? eXp[(lfw(z)PW =0

Corollary 2.21 Let a > 0,8 > —1,¢% € H(D) and ¢ be a holomorphic

are equivalent:
(i) DM,C, maps Aj’a\f boundedly into Ag“.
(i) DM, C, maps Aj’a\f compactly into Ay “.
(i) For all ¢ >0,

lim (1 [2[2)" [/ (2)] exp c

— | =0,
lo(2)|—1 [(1 — |p(2)]2)B+2
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(1= 212 [4(2)¢! (2)] c _
[ R G P21 B [a - |<P(Z)|2)[”2} -0
Ve Ay and limp (1 — |2]2)¥[¢(2)¢/ (2)] = 0.

(iv) For all ¢ >0,

i (= B @l [ ygera =0
and

(= PO ) c _
I oem o [Tl =

The equivalence of the above implications can be proved on the same lines as the proof of Theorem 2.10

and Lemma 2.9. We omit the details.
Routine calculations yield the following theorems.

Theorem 2.22 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:
(i) Co DMy maps Aj’a\f boundedly into A™.
(i) Co, DMy maps Aj’a\f compactly into A~%.

(i) For all ¢ >0,

im0 =) ) e | ] =0
(1 =) (e(2)] c _
A e ] =

Vope A and Yope A7

Theorem 2.23 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are

equivalent:
(i) Co DMy maps Aj’a\f boundedly into Ag“.
(i) Co, DMy maps Aj’a\f compactly into Ag®.
(i) For all ¢ >0,

= FP W et [ pypyars] =0

= D) e c -
0 R v BN [a - |<P(Z)|2)[”2} -0

Pope AZ® and Yoype Ay,

(iv) For all ¢ >0,

. 2\« /
im0~ PP el [ e
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and

s 1-fe(x)E P [a —le(z) )2

Theorem 2.24 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are
equivalent:

(i) DC,My maps Aj’a\f boundedly into A™.
(i) DC,My maps Aj’a\f compactly into A~%.
(i) For all ¢ >0,
¢
lim (1 —|z[)% (p(2))¢ ()] exp | ——————=| =0,
im0 (e @)l e | Tyl

(1~ |21 (p(2)¢ (2)] c _
(-1 - [o(2)]? P [a - ISO(Z)IQ)[’“} =0

' (Wop)e A7 and ¢'(Yop) e A%

Theorem 2.25 Let a > 0,0 > —1,v € H(D) and ¢ be a holomorphic self-map of D. Then the following are
equivalent:

(i) DC,My maps Aj’a\f boundedly into Agy*“.
(i) DC,My maps Aj’a\f compactly into Ay “.
(i) For all ¢ >0,

lim (1= |2[*)*|/(p(2))¢' (2)] exp [;} =9

lo(2)|—1 (1 —Jp(2)]2)5+2
(1= 2P e)e (2)] ¢ B
W 1= Je(2)P P [a - ISO(Z)IQ)[’“} =0

' [@Wop)e Ay and ¢'(Pop) e Ay

(iv) For all ¢ >0,

Jim (1= )10 () ()] exp | 7oy | =0
and
(1 — |21 9(p(2)¢'(2)] ¢ B
B! T Jp()]? P [a - |<P(Z)|2)[”2} =0
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