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On almost complex structures in the cotangent bundle

Arif Salimov, Aydin Gezer and Seher Aslanci

Abstract

E. M. Patterson and K. Yano studied vertical and complete lifts of tensor fields and connections from
a manifold M, to its cotangent bundle 7™ (M,). Afterwards, K. Yano studied the behavior on the cross-

section of the lifts of tensor fields and connections on a manifold M, to T*(M,) and proved that when ¢

defines an integrable almost complex structure on M, , its complete lift Cgo is a complex structure. The

main result of the present paper is the following theorem: Let ¢ be an almost complex structure on a

Riemannian manifold M, . Then the complete lift ¢ of ¢, when restricted to the cross-section determined

by an almost analytic 1-form w on M, , is an almost complex structure.

Key word and phrases: Almost complex structure, cotangent bundle, cross-section, Nijenhuis tensor,

analytic tensor field.

1. Preliminaries

Let M, be an n-dimensional manifold and T™*(M,,) its cotangent bundle. We denote by 7 (M,,) the
set of all tensor fields of type (r,s) on M, . Similarly, we denote by S%(T*(M,)) the corresponding set on
T*(My).

In this section, we shall summarize all the basic definitions and results on cross-section in T*(M,,) that
are needed later. Let M, be an n-dimensional manifold of class C* and T*(M,) its cotangent bundle over
M, . If 2 are local coordinates in a neighborhood U of a point & € M,,, then a covector P at x which is
an element of T*(M,,) is expressible in the form (z%,p;), where p; are components of P with respect to the
natural frame ;. We may consider (z,p;) = (z',2") =27, i=1,...,n; 1=n+1,...,2n; J=1,...,2n as local
coordinates in a neighborhood 7~ !(U) (7 is the natural projection T*(M,) onto M,,).

Now, consider X € S}(M,) and 6 € IV(M,), then “X (complete lift) and V6 (vertical lift) have,
respectively, components [5, p. 236], [6]

X" 0
C 14
X= ( P Op X™ ) b= ( O ) (1.1)

with respect to the coordinates (z",2") in T*(M,), where X" and 6, are local components of X and 6.
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For ¢ € $1(M,,), we can define a vector field vo € S§(T*(M,)) [5, p-232], [6]:

Ve = ( pj?p{ ) (1.2)

where cp{ are local components of ¢ in M, . Clearly, we have (yp) Vf =0 for any f € SY(M,,), where V f
= fom is a vertical lift of f. So that vy is a vertical vector field.

Suppose that there is given a 1-form w € 39(M,,) whose local expression is w = w;(z)dz?. Then the
correspondence * — w,, w, being the value of w at x € M,,, determines a mapping S, : M,, — T*(M,,), such
that 7o 8, = idy, and n-dimensional submanifold f,,(M,,) of T*(M,) is called the cross-section determined

by w and its parametric representations are as follows:
k _ .k
SR (1.3)
Pk = Wk(x y ey L )a

with respect to the coordinates (2%, py) in T*(M,,). Differentiating (1.3) by 27, we see that n tangent vector
fields B; to (. (M,) have component

oxK sk
K = —_— =
B = o) ( Oy ) (14

with respect to the natural frame {0y, 0z} in T*(M,).
On the other hand, the fibre being represented by

(1.5)

k= const.,
Pk = Pk-

On differentiating (1.5) by p;, we see that n tangent vector fields C; to the fibre have components

Cf(—(%g:)— ( (gi ) (1.6)

with respect to the natural frame {0k,0;} in T*(M,). 2n local vector fields B; and Cj, being linearly
independent, form a frame along the cross-section. We call this the adapted (B,C)-frame along the cross-
section [4]. Taking account of (1.1) and (1.2) on the cross-section, we can see that “X, V6 and ¢ have along
B (M,) components of the form [4], (see also [5])

o X7 v 0 0
X = 0= = 1.7
( 7Lij ) 0]' y TP wh, 90? ( )

with respect to the adapted (B, C)-frame. Similarly, if N € 33(M,), then YN € $1(T*(M,,)) is an affinor
field along 3, (M,,) with components [5, p. 232]

0 0
¥

with respect to the adapted (B, C)-frame, where Szhj are local components of S in M,, (For applications of

vN, see the formula (2.8)).
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2. Main results

Let ¢ € 3H(M,,) and w € S9(M,,). We define an operator

Py ST(M) — I3(My)

associated with ¢ and applied to the 1-form w by

(Pw)(X3Y) = (Loxw— Lxw)(Y) =
= (@X)(w(Y)) = X(w(eY)) + w((Ly©)X),
where ©(Y) = (wo p)(X) = w(pY) for any X,Y € S§(M,,).
When ¢ is an almost complex structure, a 1-form satisfying ®,w = 0 is said to be almost analytic [5, p.
309].
In a Riemannian connection V, the equation of almost analytic 1-form w:
(pX)(w(Y)) = X(w(¢Y)) + w((Lyp)X) =0
may be written as
(Voxw)(Y) = (Vxw)(@Y) —w((Vx9)Y) + w(Vye)X) = 0, (2.1)

which is equivalent to the condition for the almost analyticity. Thus, the equation (2.1) is an expression of the

condition for the 1-form w to be almost analytic in terms a Riemannian connection V.
Remark: A tensor field n € IY(M,,) which satisfies

n(eX,Y) =n(X,¢Y)

for any X,Y € S§(M,,) is said to be pure. Applications of this type tensor fields are studied by many authors
(for example see [1-3]).

From (2.1), taking the alternation with respect to X and Y, we find that

(Vexw)(Y) = (Voyw)(X) + (Vyw)(pX) — (Vxw)(¢Y) =0,

ie. (Vxw)Y — (Vyw)X = (AVw)(X,Y) is the pure 2-form with respect to the structure ¢ for an almost
analytic 1-form w on a Riemannian manifold.

We calculate

—w(Vx@)Y) +w((Vyp)X) = —w(Vxp)Y)
F(Vxw)(pY) = (Vxw)(@Y) + w(Vy$)X)
F(Vyw)(@X) = (Vyw)(pX) = =(Vxwo )V

+H(Vxw)(9Y) + (Vywo p) — (Vyw)(pX). (2.2)
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By virtue of (2.2), the equation (2.1) is written as

(Vy@)X — (V@)Y = (Vyw)(pX) — (Voxw)(Y). (2.3)

If we substitute X into X, then the equation (2.3) may also be written as
7((Vyw)X — (wa)Y) = (Vyd))(pX — (vchJJ)Y
or
(Vyu:J)X — (VXu:J)Y = (Vyd))(pX — (vgoXJ))Y; (24)

where & = & o ¢. The equation (2.4) is condition that & € S9(M,,) be almost analytic.

From equations (2.3) and (2.4), we have

Theorem 1 If a I-form w on a Riemannian manifold with an almost complex structure ¢ is almost analytic,
then the 1-form @ = w o @ is also almost analytic.

We shall now prove the following proposition.

Proposition In a Riemannian manifold, the condition

O,0 = (Pyw)op+wo N,
holds, where N, is the Nijenhuis tensor of .
Proof.  We shall now apply the operator ®, to the 1-form & =wo ¢

(Pp0)(X;Y) = (Loxw — Lx (@0 @))(Y) = (Lox(wop) — Lx((wop)op))(Y)
= ((Lyxw) op+wo (Lyxp) = (Lx(wop))op — (wop)o(Lxp))(Y)
= (Loxw = Lx(wo9))(Y) + (wo (Loxp) — (wop)o (Lxp))(Y)
= (Loxw — Lx (wo 9))(¢Y) + w((Lox¢)Y) —w(p(Lxe)Y)
= (Qpxw)(9Y) +w([pX, pY] — [0 X, Y] — ¢ [X, oY ] + ¢* [X,Y])

= (Ppw)(X; 9Y) + w(Ny (X, V). (2.5)

Thus, the proof is complete. O

We note that the 1-form w in Proposition is not necessary to be almost analytic, in general. In particular,
if the 1-form w is almost analytic, then from Theorem 1 and Proposition, we have

Theorem 2 For an almost analytic 1-form w on a Riemannian manifold with an almost complex structure
@, we have the following equation.

wo N, =0.
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Let ¢ € $1(M,,). Then, the complete lift “p of ¢ along the cross-section w to T*(M,) has local
components of the form

h

Cp= @i 0

(O6f; — Onpl)wa — Pi0won + @l 0iwr ]!
with respect to the adapted (B, C)-frame [4]. We consider that the local vector fields

0 0 Xt
and

VX0 = Vaa) = Vst = () )
h

i=1,...,n; 7=n+1,...,2n span the module of vector fields in 7=!(U). Hence, any tensor fields is determined

in 771(U) by their actions on “X and V6 for any X € S§(M,,) and 6 € S9(M,,). The complete lift “¢ has
the properties

{ “p(“X) = Y(p(X)) +v(Lx ),
“o(V0) = V(0(0)),

which characterize “p, where ¢(6) € S(M,,).

(2.6)

Theorem 3 Let M, be a Riemannian manifold with an almost complex structure p. Then the complete lift

Cp e IUT*(M,)) of @, when restricted to the cross-section determined by an almost analytic 1-form w on

M, , is an almost complex structure.

Proof. Let ¢,¢ € 3}(M,,) and N € S4(M,,), using (1.7), (1.8) and (2.6), we have

Yo F¥) =(0) FYW), o) =v(wop), (YN)(CX)=~Nx (2.7)

where Nx is the tensor field of type (1,1) on M,, defined by Nx(Y) = N(X,Y) for any Y € S}(M,,).
If X € S4(M,,), then from (2.6) and (2.7), we have

(“?(OX) = (“po“ ) (“X) = “p(“p(° X)) = “o(“(p(X))
+1(Lxe) = “o(“(p(X)) + “e(r(Lx ) = “(p(p(X)))
H1(Lexe) T 1((Lxp) o) = “((po@)(X)) +1(Lexe + (Lxp) 0 p)
= (P)(“X) = 1Lx(p o)) +7(Loxp + (Lxp) 0 p)

= Y)OX) +v(Lpx e — o(Lxp)) = “(©*)(“X) +v(Np.x)
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= U*)OX) + (3N (O X), (2.8)
where Ny x (V) = (Loxo—9(Lx9))(Y) = [pX, 0Y] =9 [X, oV] =0 [pX, Y] +¢” [X, Y] = Ny (X,Y) is nothing
but the Nijenhuis tensor constructed by ¢ and vN, has local coordinates of the form yN, = ( Ni}? wn 8 ) (see
(1.8)).

Similarly, if 8 € S(M,,), then by (2.6), we have

(C@)?(V0) = (Yo 0)(V0) = “o(“p(V0) = “o(V(p(8))

= "(0(e9)) = V((wop)®) = “(¥*)(V) (2.9)

By virtue of Theorem 2, we can easily say that YN, = 0. From (2.8), (2.9) and linearity of the complete

lift, we have

902) = C(*IM”) = 7IT*(M”)'

This completes the proof. O
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