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Cyclic codes over Zs +uZy+u’Zy+ ...+ uF 12,
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Abstract

In this paper, we study the structure of cyclic codes of an arbitrary length n over the ring Z> + uZs +
u?Zs 4+ ...+ uF"1Zy, where u* = 0. Also we study the rank for these codes, and we find their minimal

spanning sets. This study is a generalization and extension of the work in reference [1].
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1. Introduction

Among the four rings of four elements, the Galois field F; and more recently the ring of integers modulo
four Z4 are the most used in coding theory. Zj-codes are renowned for producing good nonlinear codes by
the Gray map, namely Kerdok, preparata or Goethals codes. On the other hand, the ring Z; admits a linear
Gray map which does not give good binary codes. The structure of cyclic codes over rings of odd length n has
been discussed in Bonnecaze and Udaya [4], Calderbank [5], Dougherty and Shiromoto [8], and van Lint [11].
Calderbank and Sloane [6], and Pless [10] presented a complete structure of cyclic codes over Z, of odd length.
In [3], Blackford studied cyclic codes of length n = 2k when k is odd. The cyclic codes over Z4 of length a power
of 2 are studied in Abualrub and Oehmke [2]. They showed that the ring Zy[z]/(z™ —1) is not a principal ideal

ring and hence ideals may have more than one generator. Let Ry, be the ring Zo + uZy +u?Zo + ...+ uF"12,
with u* = 0, where Zy = {0, 1}.

In [1], Abualrub and Siap studied cyclic codes of an arbitrary length n over Zs + uZs = {0, 1, u,u+ 1}
where u? = 0 and over Zy +uZs +u?Zy = {0, 1, u,u+1,u% 1+ u? 1+ u+u? u+u?} where u® = 0. In this
paper, we extend these results to more general rings of the form Zo +uZs +u?Zs +...+u*"1Zy where u* = 0.

We give a unique set of generators for these codes as ideals in the ring Ry ,, = Ri[z]/ <x" - 1>. For this

purpose, it is useful to obtain the divisors of 2™ — 1, but this becomes difficult when the characteristic of the
ring is not relatively prime to the length of the code, because then x™ — 1 does not factor uniquely over the
ring. For codes over Zy + uZs + u?Zy = {0, 1, u,u+ 1,u% 1+ u? 1+ u + u?, u +u?}, with u* =0, this case
corresponds to the case, when the length is even. Also, we study the rank of these codes and give a minimal

spanning set for them.
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We show that the results of [1] concerning the codes over the rings Fy + uF> with u? = 0 and
Zo +uZs + u?Zy with u® = 0 are valid for Ry, = Zo + uZs + u?Zs + ...+ u*~1Z, with v* = 0.
The remains of this paper is organized as follows:

In section 2, we give some basic definitions and results that are used in the sequel of this paper. In section
3, we study cyclic codes of an arbitrary length n over Ri. We find a unique set of generators for these codes.
In section 4, we study the rank and find minimal spanning sets for these codes. In section 5, we include some

examples of cyclic codes over Rj.

2. Preliminaries

Let F' denote the vector space of all n-tuples over the finite field F;. An (n, M) code C over Fy is a
subset of F' of size M. If C' is a k-dimentional subspace of F', then we will called an [n, k] linear code over
F,.

A linear code C of length n over Fj is cyclic provided that for each vector ¢ = cpcy...cph—2¢p—1 in C,
the vector ¢,_1¢g...cp—2 obtained from ¢ by the cyclic shift of coordinates i — i+ 1( mod n), is also in C'.

A code of length n over a commutative ring R is a nonempty subset of R™, and a code is linear over R
if it is an R-submodule of R".

A free module C' is a module with a basis (a linearly independent spanning set for C').
A linear code of length n is cyclic if it is invariant under the automorphism o which is given by

o(co, €1y vy Cn1) = (Cn—1,€0y -, Cn_2).

Definition 2.1 [7] An ideal I of a ring R is called principal if it is generated by one element. A ring R is
a principal ideal ring if its ideals are principal. R is called a local ring if R has a unique maximal right (left)
ideal. Furthermore, a ring R is called a right (left) chain ring if the set of all right (left) ideals of R is a chain

under set-theoretic inclusion. If R is both a right and a left chain ring, we simply call R a chain ring.

Definition 2.2 The ring Ry = Zs [u]/<uk> =Zo+uZo+uZo+...+u* 12y is a commutative chain ring of

2% elements with maximal ideal uRy, , where u® = 0. Since u is nilpotent with nilpotent index k, we have
Ry D uRp D U2Rk:)...:) ukRk:O.

Moreover Ry/uRy = Zs is the residue field and |u'Ry| = 2|(u' T Ry)| =287 i =0,1,2,...,k — 1.
Denote Ry = Zy = {0,1}, Ry = Zy +uZs, R3 = Zy +uZo +u’Zs, .. .etc.

Definition 2.3 A linear code C} of length n over the ring Ry, = Zo +uZs +u?Zs + ... +uF 712y with u* =0
is defined to be an additive submodule of the Ry -module R}.

Remark 2.1 A cyclic code Cj of length n over Ry can be considered as an ideal in the ring Ry, =

Ryla]/{z™ —1).
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Definition 2.4 [1] Let ¢ = (co,...,cn—1) and u = (ug,...,un—1) be any two vectors over a ring. We define
their inner product by

cC-U=cCcyug+...+Ch_1Un—1.

If c-u =0, then ¢ and u are said to be orthogonal. We define the dual of a cyclic code C to be the set
Ct={ce€Ryp:c-u=0 forallueC}.
Definition 2.5 [1] The Hamming weight of a codeword c is defined by
wi(c) = [{i: e # 0}
The minimum Hamming weight dgy (C) of a linear code C is given by
dp(C) = min{wg(c) : ¢ € C and ¢ # 0}.

Following Abualrub and Siap [1, p.p. 274], the parameters of an Ry-code C with 4¥12k2 code words, where k;
refers to the free part and ko refers to non free part u-multiple generator of C'), and minimum distance d is
denoted by (n,4%12¥F2 d). Such codes are often referred to as codes of type {ki, k2}. Similarly, the parameters
of an R3z-code C with 8%14F22F3 code words, where k; refers to the free part and ko, k3 refer to non free part
(u and u? multiple generators of C'), and minimum distance d is denoted by (n, 8¥14%22%3 d). Such codes are
often referred to as codes of type {ki, ko, ks3}.

We define the rank of a code C over Ry of type {k1, ka}, denoted by rank (C'), by the minimum number
of generators of C, and define the free rank of C, denoted by f-rank(C), by the maximum of the ranks of
Rs-free submodules of C'. A code C of type {k1,k2} has arank (ki +k2) and a f-rank k;. We define the rank
of a code C over Rs of type {ki, ks, ks}, denoted by rank(C), by the minimum number of generators of C|,
and define the free rank of C, denoted by f-rank(C), by the maximum of the ranks of Rs-free submodules of
C. A code C of type {ki, ko, ks} has a rank (k1 + ko + k3) and a f-rank k.

Following the same procedure, we can define the ranks and free ranks of a code C over Ry V k > 4.
Notation: We write a for a(z), g for g(z),.. .etc.
Proposition 2.1 [7] Let R be a finite commutative ring, then the following conditions are equivalent: (i) R
is a local ring and the maximal ideal M of R is principal.

(ii) R is a local principal ideal ring.

(iwi) R is a chain ring.

3. A generator Construction

The structure of cyclic codes over R; depends on cyclic codes over R;_; for ¢ = 2,3,...,k and the

structure of cyclic codes over Ry depends on cyclic codes over R; = Z,.

By following results in [1], let C; be a cyclic code in Ry, = Ry[z]/{z™ — 1).
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Define 91 : Rr — Rg—1 by t1(a) = a. 1 is a ring homomorphism that can be extended to a
homomorphism ¢, : C; — Rg_1,, = Rk,l[:c]/@c" — 1> defined by

b1(co+erz+ ...+ 1™ ) = i(co) +Ui(c)z 4+ .. A+ Yi(cn_1)z" L

Let J; = {r(z) : u*71r(z) € ker¢1}, Jy is an ideal in Ry, = Ry[z]/(z" — 1) = Zs[z]/(z™ — 1) and
hence a cyclic code in Zs[z]/(z" —1). So Ji = (ar—1(z)) and ker ¢1 = (u*~lay_1(x)) with ap_1(z)|(z™ — 1)
mod 2.

Let Cy be a cyclic code in Ry_1, = Rk,l[:c]/<:c" — 1>.

Define ¢9 : Ry—1 — Rg—2 by t¥2(a) = a. 19 is a ring homomorphism that can be extended to a
homomorphism ¢y : Co — Ry_s[x]/ <:c" — 1> defined by

Baco + 1z + . 12" = ha(co) + Ya(c))x 4+ .. A Ya(cn_1)z" L

Let Jo = {r(z) = u*~?r(z) € ker ¢} is an ideal in Ry, = Zo[z]/(z™ — 1) and hence a cyclic code in
Zy[x]/(x™ —1). So Jo = (ax—2(x)) and hence ker(¢z) = (u*2ar_o(x)) with ap_o(x)|(z™ —1) mod 2.

Let C3 be a cyclic code in Ry_2, = Rk,g[:c]/<:c" — 1>.

Define 3 : Ry—2 — Ri—3 by t¥s(a) = a. 3 is a ring homomorphism that can be extended to a
homomorphism ¢3 : C3 — Rk,g[:c]/<:c" — 1>. Continue in the same way as above until we define vy : Ry —
Ry = Fy by ¢y,(a) = a®. 9y is a ring homomorphism because (a + b)? = a? +b? in Ry and in Z.

Extend 1, to a homomorphism ¢y : Cp, — Z5 [:c]/<:c" — 1> = Ry, defined by

or(co+ x4+ ...+ cn,lfcnfl) = Yr(co) + Yr(cr)x + ... + Ui (cn,l)xnfl
=+Er+...+cA 2" mod?2,

mn

where C}, be a cyclic code in Ry ,, = Rg[:c]/<x" — 1>, where Ry = Z5 + uZy with u? =0 mod 2.

ker ¢, = (uay(z)) with a1(z)|(z™ — 1) mod 2.

The image of ¢y is also an ideal and hence a binary cyclic code generated by g(x) with g(x) | (:c" — 1). So

the cyclic code over Ry = Z5 + uZ, would be in the form:

Cr = (9(x) + up(z), uar(x)) for some binary polynomial p(z). Note that aﬂ(p%) because

" —1

g

" —1

o ( )=0

g+ up]) = ox (up
= (up“’T*l) € ker ¢y, = <ua1>. Also ug € ker ¢, implies al(:c)|g(:c).

Lemma 3.1 [1] If Cy, = (g(z) 4+ up(x),uai(x)) over Ry = Zy+uZy with (u?> =0 mod 2), and g(z) = a1(x)
with degg(x) =r, then
Cr, = (9(x) + up(x)) and (g + up)|(z" — 1) in Ro.
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Now since the image of ¢i_1 is an ideal in Ry, = Rg[x]/<x" - 1> (where Ry = Zs + uZy with

u? = 0), then Im(¢r—1) = (g(x) + up1(x),uar(x)) with ai(z)|g(z)|(z™ — 1) and al(x)|p1(x)(%). Also,

ker(¢r—1) = (uas(z)) with as(z)|(z™ — 1) mod 2. Since u?a; € ker(¢y_1) = (uaz), then the cyclic code

Ci—1 over Ry = Zy +uZy + u?Zy with v® =0 is

. "t —1 "t —1
Cp_1= <g+up1 + u2ps, uay +u2q1,u2a2> with as|aq|g|(z™ — 1), al(x)|p1(x)( @) ) mod 2, a2|q1( " ),
1
a2|p1(“’ngfl) and as |p2(“’gfl)(“’a—?1) We may assume that degps < degas, degq) < degaq, degp; < degay

because if e = (a,b), then e = (a,b+ de) for any d.

Lemma 3.2 [1] If Cy_1 = <g+up1 + u?po, uas +u2q1,u2a2> over Rz = Zy +uZy +u?Zy with (u® =0), and
az =g, then Cy_1 = (g +up1 +u’ps) and (g+up1 + u’ps)|(z™ — 1) in Rs.

Lemma 3.3 [1] If n is odd, then Cx_1 = <g,ua1,u2a2> = <g + uay +u2a2> over Rs.
Following the same process we find the cyclic code Cy_o over Ry = Zo+uZs+u?Zo+u?Zy with (u* = 0).

So, since the image of ¢5,_o is anideal in R3, = R3 [x]/<x"71> (where R3 = Zy+uZa+u?Zy with u® = 0), then
Im (¢r—2) = (9(x) + up1(x) + v?p2(x), uar(z) + uqi(x), uaz(z)) with aglai|g|(z™ — 1), a1(z) |p1(x)(%),

a2|q1(x)<(2:(;;)) and a2|p2(x)(%)(ﬁ). Also, ker(¢r_2) = (udas(x)) with as(z)|(z™ — 1).

a1 (x)

Since ulay € ker(¢y_o) = <u3a3(x)>, then the cyclic code Cy_o over Ry = Zo+uZy +u?Zs+uZy with

(ut = 0) is Cr_s = (g + up1 + u2ps + u®ps, uay + u2q1 + uPqa, u2as + w3l uPaz) with

a3|a2|a1|g|(xn —1) mod 2, a1(93)|p1(95)(x;(;)1)’
(z" — 1) a" — 1y 2" —1
a2|q1(x)<T(x)), a2|p2(x)( 9(2) )( a1(z) )a

aalts () (50 aalaat

" -1, ,2"—1
q1(z) ) a1 (z)

)

and a3(x)|p3(x)(xg(;)1)(22(3)(21(;;) Moreover , degps < degas, degqs < degas, degly < degas, degps <

degas, degq) < degas, degp; < dega;.

Lemma 3.4 If Cy_o = <g+up1 +ulpa+udps, uar +ulqr +ulqe, uZas +udly, u3a3> over Ry = Zo+uZo+uZo+
u?Zy with (u* =0), and az = g, then Cx_o = <g + upy + upy + u3p3> and (g + upy + ups + u3p3)|(x” -1
in Ry.

Proof. Since as =g, then a1 = as = az = ¢g. From lemma 3.2 we get that (¢ + up1 + u2p2)|(x" —1) in Rs

and Cx_o = <g + up1 + ups + ulps, uar + vlqr + ulqo, u3a3> . Rest of the proof is similar to lemma 3.2. O
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Lemma 3.5 If n is odd, then the cyclic code Cr_o over Ry can be written as

Cr_o = <g, uaq, u2a2, u3a3> = <g “+ uay + u2a2 —+ u3a3>.

Proof. Since n is odd, then (2™ — 1) factors uniquely into a product of distinct irreducible polynomials. So,

ged (al, “;7(—;)1) = ged (ag, 21(3) = ged (ag, “;7(—;)1) = ged ((lg, 22—(;” = ged (a3, “;7(;)1) =1.

Since aﬂpﬂx)(%), then a1|p1. But degp; < dega;. Hence p; = 0, since a2|q1(x)(%(;§) and

x)|p2(x)(9;(—;)1)(x—71), then a2|q1 and a2|p2. But degq; < degas and degps < degas. Hence, po = q1 =

a1 (x)

0. Similarly, p3 = g2 =11 = 0. So Cx_o = <g,ua1,u2a2,u a3> Let h = g + uai1 + u?as + uas. Then,

uwdh = u3g, “’aflh = uu3a3 and u2uh = g 2 -1y3a, € <h> Since n is odd, we have (x;,g) =

(“’nfl,ag) =1. Hence 1 = f1 %

az

L + fyg for some polynomials f; and fo, and 1 =mZ

L 4 maas for some

polynomials m; and ms.

wdas = u a2f1

Ly ulasfag € <h> Also,

n

wdas = udazmy + uPasmaas € <h>

as
and u2ay = u3m2a§ € Ci_o and hence g € <h> Similarly, ua; € <h> Therefore Cy_o = <g, ua, uas, u3a3> =

(94 uay + u’az + uas). 0

From all the above discussion, we can construct any cyclic code C7 over Ry, k > 4 by using the same

process and induction on k to get the following theorem.

Theorem 3.6 Let C; be a cyclic code in Ry, = Ry, [:c]/<x" — 1>, Ry = Zy +uZs +u?Zy + ...+ uF"12y with
k=0.
(1) If n is odd, then Ry is a principal ideal ring and

Cy = <g, uay, u2a2, .. .,ukilakﬂ) = <g “+ uai + u2a2 +...+ ukilakﬂ),

where g(x), a1(x), az(x), . .., ax—1(x) are binary polynomials with ax_1(x)|ar—2(z)]| . .. |az(z)|ai(z)|g(z) mod 2.

(2) If n is not odd, then

(a) Cq = <g+up1 +ulpy + .. .+uk*1pk,1> where g(x), p;(x) are binary polynomials Vi =1,2,... k—1
with g(x)|(:c" —1) mod 2, (g+ ups +u’ps + ...+ ukflpk,1)|(:c” — 1) in Ry and deg p; < deg p;—1 for all
2<i<k-1. OR

(b) Cy = (g+up1+upa+...+u* " Ipp_1, uF~lag_1) where aj_1|g|(z"—1) mod 2, (g+up)|(z"—1) in Ry,

g(x )|p1( (;) ) and ak,1|p1(%), ak,1|p2(%)(%), .. and ag—1|pr— 1( g( )1) e (“’g(;)l)(k' — 1, times)
and deg prx_1 < deg ap_1. OR

(c) C1 = {g+upi +u’pa+ ...+ v Ipp_1,uar +ulq +. ..+ lg_g, wPas +udl 4+ T g, L

k—2 k71t1 ukfl
)

U ap—o2+u

ak,1> with ak,1|ak,2| .. |a2|a1|g|(x"71) mod 2, ak,2|p1(“’ngfl), .. .,ak,1|t1(fl’:j21),
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...,ak,1|pk,1(“’"71) e (u) Moreover deg pp—1 < deg ap—1,...,deg t1 < deg agx—1,... and deg p; <

g af—2

deg aj_o.

Motivated by the work in [7], [9], the structure of cyclic codes over Ry of odd length n can be given in
another way as follows: Let Ry be a finite chain ring with the maximal ideal < u > and k be the nilpotent
index of u. Assume that n is not divisible by the characteristic of the residue field Zs, so that ™ — 1 has a
unique decomposition as a product of basic irreducible pairwise coprime polynomials in Rj[x] (cf. proposition
2.7 in [7]).

Theorem 3.7 Let C be a cyclic code of length n (n odd) over Ry, which has mazimal ideal < u >
and k is the nilpotent index of w. Then there exist polynomials go,g1,...,gk—1 in Rglx] such that C =

(g0, ug1, ..., uF lgp_1) and gr_1|lgr—2|...|g1]g0|(z™ — 1).

Theorem 3.8 Let C be a cyclic code of length n (n odd) over Ry, which has mazimal ideal < u > and k is

the nilpotent index of u, F = Fy +uFs+...+u*"1F}, where Fi(z) is a factor of z™—1, Fz(x) = 912(;% Then
C=(F).

Corollary 3.9 Ry [:c]/<x" — 1>, (n odd) is a principal ideal ring.

4. Ranks and minimal spanning sets for cyclic codes over Ry

Theorem 4.1 [1] Let C be a cyclic code of even length n over Ry = Zy + uZy with u® = 0.

(1) If C = (g(x) +up(x)) with deg g(z) =r and (g(x)+up(z))|(z™ —1), then C is a free module with
rank(C) =n —r and basis = {g +up(x), zg(x) +up(z),...,2" " g(z) + up(:c))}, and |C|=4""".

(2) If C = (g(z) + up(x),ua(z)) with deg g(x) =r, deg a(x)=t, then C has rank(C) =n—t and a

minimal spanning set given by x = {g(x)Jrup(x), z(g(z)+up(z))+. . .+2" " (g(z)+up(z)), ua(z), zua(z), . ..,
x”*tflua(x)}.

By following the same process, we find the rank and the minimal spanning set for any cyclic code over

the ring R; for i =2,3,...,k. To do this, let us consider the cyclic code Cj_o of even length n over the ring
Ry =25 +uZs+ U2ZQ + u322 with u* = 0.
(1) If Cx—a = <g +upy +u’py + u3p3> as in lemma 3.4., deg g(z) = r, then Ck_» is a free module with

T g +upr +

rank(Cy_2) = n —r and basis § = {(g +upy +ulpe +ups), x(g+upr +upy +udps),...,
u’py + ujps)}

(2) If Cx—o = <g+up1+u2p2+u3p3, uar+ulq1+udge, vlas+udly, u3a3>, where a3|a2|a1|g|(x"71) mod 2
with deg g(x) =r, deg ai(x) =s, deg az(z) =t and deg as(z) = b, then Cy_3 has rank(Cy_2) = n—band a
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minimal spanning set given by y = {(ngupl +ulpy +ulps), x(g+upr +ulpe +ulps), ..., """ g+up +
Wpat+ulps), (uar+uq+ulee), x(uar+ulq+uter), .., 2" uar uPq +uler), (WPag +utl), z(uPaz+
wh), ..., 2T (WPag + 0th), (vPas(e)), w(wPas(x)), ..., ictfbfl(u?’a?,(x))}

3) If Cpe = <g+ upy + ups + u3p3,u3a3> where deg g(z) = r, deg as(x) = t, then Ck_o has

rank(Ck_2) = n —t and a minimal spanning set given by
r= {(g+uz01+u2pz+u3p3), z(g+upt+uPp2+uips), ..., 2" (gruprHutpatutps), ulag, zutag, ..,

xT*t*1u3a3}.

Continue in the same way as above to get the following theorem as is a generalization of the results in
[1].
Theorem 4.2 Let Cy be a cyclic code of even length n over

Ry, = Zs +uZo +u?Zs + ...+ u" 1 Zy with u* = 0.

The constraints on the generator polynomials as in theorem 3.6.

() IfCq = <g+up1 +ulpy+.. .+uk*1pk,1> , deg g(x) =7, then C1 is a free module with rank(Cy) =
n—r and basis = {(9+up1 Futpr . AU ), 2(gFupr Futpe o AU T ), L 2T g+
upy +ulpy+ ... + Uk*lpkfﬁ}

(2) If C1 = (g +upr + up2 + ... + " Ipp_ruar + WP + ..+ W g, uPan + Wl 4+ L+

WP s, uF T R o +uF Ty uF T gy ) with deg g(a) =11, deg ai(x) =12, deg as(z) =rs3,..., deg ar_1

=71k, then C1 has rank(Cy) = n — 7y and a minimal spanning set given by x = {(g +upr + ulps + ...+

uF o), w(gtuprFultpe . A uF ey, o 2T (g upr Hutpe + . P T ), (uar +uPq +
T ), 2(uar g uF T o), Lo 2 T (e +utq T ), (WPag +ull +
cuF U 3), w(uag+udli 4. AT ), L, 2T N (wPag w4 A F T ), L, uF T e (),

ruFlag_q(x), ..., sc”“*lf”’cflukflak,l(x)}.

(3) If Cv = (g +up1 +u’pa + ... + v pp_1,uF ar_1) with deg g(x) =r,deg ar_1 =t then Ci has
rank(C1) = n—t and a minimal spanning set given by I' = {(ngupl +ulpat. . AuFpp_1), z(g+up +ulps+
o uF e ), o 2T Y (g upy Hulpe + .+ uF T ), wF g, auF T lag o, . .,sc’“*tflukflak,l}.
Proof. (1) Let C; be a cyclic code of even length over Ry, = Zo +uZs +u?Zo + ...+ uF~1Z, with u¥ = 0.
Suppose

" —-1= (g +upy + u2p2 + ...+ ukilpk,l) (h + up1 + u2p2 + ...+ ukilpk,l) overRy.

Let c(z) € C1 = (g(z) + up1(z) + u’pa(z) + ...+ v pp_1(x)), then c(z) = (g9(x) + upi(z) + u?pa(z) + ...+

u*~pr_1(z)) f(z) for some polynomial f(z).
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If deg(f(z) <n —r —1, then we are done, otherwise by division algorithm there exist two polynomials

q(zx), s(x) such that

)= ( - Jate) + 5(2)

g+upr +ulpe+ ...+ uklpy_y

where s(z) =0 or deg(s(z)) <n—r—1.

Now, (g(x) +upy (x) +ulpa(w) + ...+ uklpkl(:c)>f(:c)

= (g(x) + upl(x) + u2p2(:c) +.o+ uklpkl(x)> <g+up1+u2p€:r.}+u’“1pk1 q(x) + S(x)>

= (g(x) +upy (z) +upa(z) + .. .+uk1pk1(x)>s(:c). Since deg(s(z)) <n—r—1, then § spans C;. Now we

only need to show that § is linearly independent. Let g(x) =1+ gz + ...+ 2", pi(z) =pro+praz+...+
p1rart, pa(z) = pao + P21z + ...+ p2pa®s ..., Pr—1(®) = pr—1,0 + Pe—112 + ... + pr—1,4z?. Suppose (9(33) +
upy (2) +uPpe () +. . A uFpp_1 () co+a(9(x) +ups () +u?pe (@) +. . +uFTpp_1(2))er+. .+ (g()+
upy () + ulpa () + ...+ ukflpk,l(:c))cnﬂ,l = 0. Comparing coefficients in the above equation we get that
(1 +up1,0 +u2p2,0 +.. .+uk71pk,1’0)co =0 (constant coefficient). Since (1 +up1,0 +u2p2,0 +.. .+uk71pk,1’0)
is a unit, then ¢y = 0.

Hence, z(g(x) +up1(z) +u?pa(z) + ...+ ur pp_1(x))er +. ..+ 2" " g(@) + upr () + upa(z) + ... +
uFpp_1(2))en—p_1 = 0.

Again, comparing coefficients, we get that (1 +upr o+ ulpao+ ...+ ukflpk,1,0)01 = 0 (coefficient of
2 ). This implies that ¢; = 0. Similarly we get that ¢; =0 forall i =0,1,...,n—r—1. Therefore, 3 is linearly

independent and hence a basis for C.

(2) Suppose C1 = (g +up1 + ups + ...+ u* pp_1,uar + g 4 ..+ uF T guog, vPas + 0Pl + L+
uF g, uF T tapy) with deg(g + upy + ... 4+ uFTipp_1) = 1, deguar + vl 4 ..+ T gs) =
ro, deg(u?as + udly + ...+ uF " p_3) = r3,..., deg(u*“lap_1) = rr. Since the lowest degree polynomial

in Oy is u*~lagx_1(v), then it’s suffices to show that y spans v = {(g +upr +ulps + ...+ ukflpk,l), :c(g +

up1+ulpat. . AuFpp_q), o 2T (ghupi+upet. e T pes), (uar et AuF T grs), @ (uar+
g+ AU ), 2T (way +uPqr AU ), (WPag + 0Pl 4 4 P ), a(uag +
udly 4+ uF g, o, e (e +ull P s), L, R e (), auF a1 (), .,

x"*”’rlukflak,l(:c)}. Similarly, it suffices to show that u*~lz™—1""kq; | € spany. uF~la™—1""kqy 4 (z) =

uF 1 (g(2) + upr(z) + uPpa(x) + ... + uF T pp_i(2)) + wFTIm(a), where w*~m(z) is a polynomial in Cy of
degree less than rj_1.

Since any polynomial in C; must have degree greater or equal to deg(u*~las_1(x)) = r, then rj <

k-1 k-1

deg(m(x)) < rk—1. Hence u*~Im(z) = agu*tag_1(z)+arzu* tag_1(z)+. . A —pp—12™ 17 "1k "1y g ().
Hence, x is a generating set. By comparing coefficients as in (1) we get that non of elements in x is a

linear combination of the others. Therefore Y is a minimal generating set.
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(3) This case is a special case of case (2); so the proof is similar to case (2). O

Definition 4.1 [1] Let C = (g + up(z),ua(z)) be a cyclic code of even length n over Ry = Zy + uZy. We
define Cy, = {k(x) : uk(z) € C} in Ry = Rolz]/(z™ —1).

Remark 4.1 [1] C, is a cyclic code over Zy = {0,1} = R;y.

Definition 4.2 [1] Let C = <g + upy + u’ps, uay + u2q1,u2a2> be a cyclic code of even length over Rs =
Zy +uZs +uZs with (u® =0). We define C2 = {k(z) : u?k(z) € C} in Rs, = Rslz]/(z" —1).

Remark 4.2 [1] C,2 is a cyclic code over Ry = {0,1} = Z,.

By following the same process, we define C,i-1 over the ring R; for i = 2,3,... k. So, if i = 4, then
we let C' = <g +upy + ulpy + ulps, uar + ulqy + ulqe, ulas + uily, u3a3> be a cyclic code of even length over
Ry = Zy+uZs+u?Zy + u?Zy with (u* =0) = Cys = {R(z) : v?k(x) € C} is a cyclic code over Z.

Hence, we generalize these definitions to more general ring Ry as follows.

Definition 4.3 Let C = (g+upi+...+u* Ipp_1,ua +u?q +. . . +ub1g_g, v?as+udl +. . +ub s, .
P 2u o + w1y uF T ag 1) be a cyclic code of even length n over Ry, = Zs +uZs + u?Zs + ...+ ub"12Z,

with uF = 0. We define Cyr—1 = {k(z) : u*"1k(z) € C} in Ry .

Remark 4.3 Cyr-1 is a cyclic code over Zy = {0,1}.

Proof. Let k(z) € Cyr—1, we need to show that xk(x) € Cyr—1. Now, since k(z) € Cpr1 = uFlk(z) €
C, but C is cyclic code over Ry = zu*~'k(z) € C = xk(x) € Cyr. O

Theorem 4.3 [1] Let C = (g +upy +u’ps, uar + uqy,uas). Then Cy2 = {az(z)) and wy(C) =wp(Cy2).

According to Theorem 4.3, if C' = <g + upy + ulpy + ulps,uay + u?qr + udqe, ulas + uily, u3a3> over
Ry = Zo +uZs+u?Zs +uZs with (u* =0). Then Cys = (az(z)) and wy(C) = wy(Cys).

Continue in the same way as above we have the following theorem:

Theorem 4.4 If C = (g+upi+...+uf pp_1,uas +ulqr +. ..+ 0¥ Tgp_o, uas +udl +. .. +uF g, .
2w o+ uF 1y uF T ag_1) ds a cyclic code of even length over Ry = Zo + uZs +u?Zs + ...+ uF"1Zy with
uF =0. Then Cyi-1 = <ak,1> and wy (C) = wy(Cyr-1).

Proof.  Since u*~la;_1 € C, then (ag—1(z)) C Cur-1. Now given an b(z) € Cye-1, then u*~1b(z) € C
and hence there exist polynomials ci(z),c2(z),...,ci(z) € Za[z] such that w*~1b(z) = ci(x)uF~1g(z) +
co(z)uFtar(z) + es(2)ublas(z) + ... + er(z)uFtap—1(z). Since ag_1(z)|ar—2(2)]...|az(2)]ai(z)|g(z), we

have u*~'b(z) = uF~'m(z)ay_1(x) for some m(z). So Cyr-1 C {ay_1(x)) and hence Cyr-1 = {ap_1(z)).
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uk—

Further, given a codeword m(z) = mg(xo) + umi(z) + u?ma(x) + Ymp_1(z) € C, where
k—1

mo(x), mi(x), ma(z), ..., mp_1(x) € Fypz], since uF~? mo( ) € C and wy(u*tm(z)) <

wg (m(z)) and wF~1C is a subcode of C' with wy(u*~1C) < wy(C) it is sufficient to focus on the sub-

m(z) = u

code u*~1C in order to compute the Hamming weight of C. Since u*'C = (v tar_1(2)), thus wy(C) =

wi (Cyr—1). ]

5. Examples

Example 5.1 Cyclic codes of length 5 over Ry = Zy + uZsy + u*Zy + u®Zy with u* = 0. Now, x° — 1 =
(x+1)(2* + 23+ 22 +2+1) = g192 = The Nonzero cyclic codes of length 5 over Ry with generator polynomials
in Table 1.

Table 1. Cyclic codes of length 5 over Ry = Zs + uZs + w?Zo +u’Zs.

Non zero generator polynomials

Example 5.2 If n =8 over Ry = Zo+uZs+u?Zy with u®> =0. 2 -1 = (x —1)% = (g(;L'))8 over Zy = {0, 1}.

The nonzero free/non free module cyclic codes over Rs given in Table 2, and 3.

Table 2. Non zero Free module cyclic codes of length 8 over Rs = F» + uFs + u?Fy.

Non zero generator polynomial(s): g=x+1

) (9), {g+u), (g+u?)

(1
<9+U Co+C1L)>, <g+u2(co+cl;c)>

<g + u(co + 1z + cox )>, <g' +u2(co+clx+02x2)>

<9 T u CO+01»L+C2»L + e )>, (g* + v (co + 1w + cp2” + c32®))
(o°

(g°

{g"

9° +u(x +1)(co+01L+CQL ), {9° + u?(@® + 1)(co + c1x + coz?))
g +u(z +1) (CO+01L)>, (¢° + v (z 4+ 1)*(co + c12))
g +ucO> (9" +v?co)
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Table 3. Non Free module cyclic codes of length 8 over R3 = Z> + uZs + u?Zs

Non zero generator polynomial(s): g=x+1

u), (u)

ug >,z—1 L7, WPy’ c 1.
w), i=1,2,....7, {(¢u®), i=1,...,T

7 +ucO,ug> <92+u200,u29>

g + uco,ug)), (g° +u’co,u g))

g + u(co + 1), ug >, <g +u (co+cl;c),u2g2>
+uc0,ug> <g +u200,u2g>

g + u(co + 1), g2> <g4+u2(co+clx),u2g2>

g + u(co + 12 + o ),ug3>, <g4+u2(co+clx+02x2),u2g3>

g9° + uco, ug), (g° +u’co, u’g)

g° +u(co + 1), ug2> <g5 +u2(co+clx),u2g2>

(
(
(g",
(g2
(g°
(g°
(g
(g*
(g*
&
gg + u(co + c1z + cea?), ug®), (¢° +u’(co + 1z + co?), u’g”)
(g°
(g°
(g°
(g°
(g°
(g’
(g’
(g’
(g’
(9"
(9"

~—1
~
\
—_
EN|

g° +u(z +1) (co+cli+02x2),ug4>, <g5+u2(1‘+1)(co+01$+02$2),u2g4>
9" +uco, ug), {¢° +u’co,u’g)

9° +ulco + c1z),ug?), (¢° +u’(co + c1z), u’g?)

9° +ug 00+01L) ug?), (g° +u’g(co + c12),u’g®)

g +ug (co + a1z), ug), (g5 + u’g*(co + c12), u’g")

g + ug®(co + 1), ug5> <96+u293(00+cw),u295>

9 +ucO,ug>, (¢" +u* o, u g)

97 + ugco, ug 3, {g" +u? ge. u’g?)
97 +ug co,ug?), (g" +u? i Zco, u?g”)
), {g" +u? g Sco, u’g?)
). (9" +uPgco, u?g%)
), (9" +uPg°co, u?g%)

o)

N

g + ug3co, ug
g + ug’co, ug
9" +ug’co, ug

5
6

Y

6. Conclusion

In this paper, we studied cyclic codes of an arbitrary length over the ring Zs 4+ uZs + u?Zs + ... +
ub=1Z,, with «* = 0. The rank and minimum spanning of this family of codes are studied as well. Open
problem include the study of cyclic codes of an arbitrary length over Z, +uZ, + u?>Z, +...+u*"1Z,, where p
is a prime integer, u* = 0, and also the study of dual and self-dual codes and their properties over these rings.
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