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GPQ modules and generalized Armendariz modules

Liang Zhao, Xiaosheng Zhu

Abstract

Let Mg be a right R-module. We introduce the concept of right generalized p.q.-Baer modules (or
simply, right GPQ modules) to extend the notion of right p.q.-Baer modules. We study on the relationship
between the GPQ property of a module Mg and various quasi-Armendariz properties. We prove that every
right GPQ module is a quasi-Armendariz module. As a sequence, we obtain a general form of some known
results considering the p.q.Baer property of a ring, some known results are extended. Moreover, we prove
that for the formal triangular ring R constructed from a pair of rings S, T and a bimodule sM7, R is weak
Armendariz if and only if (1) S and T are weak Armendariz rings. (2) sM and Mr are weak Armendariz
as a left S-module and right R-module. (3) If s(m)s/(m) = t(m)t/ (x) =0, then s(z)M[z]N M[m]t/ () =0.
This gives the relationship of weak Armendarizness between R and S, T,s Mr, which plays a very important

role in ring theory.
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1. Introduction

Throughout this paper, all rings are associative with identity and modules are unital right modules and
a: R — R is an endomorphism of the ring R. Clark defined quasi-Baer rings in [9] and use them to characterize
when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to a twisted matrix
units semigroup algebra. A ring R is called quasi-Baer if the right annihilator of each right ideal of R is
generated by an idempotent. As a generalization of quasi-Baer rings, Birkenmeier [5] introduced the concept of
principally quasi-Baer rings. A ring R is called right principally quasi-Baer (or simply right p.q.-Baer) if the
right annihilator of a principal right ideal of R is generated by an idempotent. Similarly, left p.q.-Baer rings
can be defined. A ring R is called p.q.-Baer if it is both right and left p.q.-Baer. Another generalization of
Baer rings is a p.p.-ring. A ring R is called a right (resp. left) p.p.-ring [6] if the right (resp. left) annihilator
of every element of R is generated by an idempotent. R is called a p.p.-ring if it is both right and left p.p.

An ideal I of R is said to be right (resp. left) s-unital [18] if, for each a € I there exists an element
x € I such that az = a (resp. xa = a). Note that if I and J are right s-unital ideal of R, then sois I'NJ (if
ac€IndJ,then a€alJ Ca(INJ)). It is well known that I is right s-unital if and only if R/I is flat as a left
R-module if and only if I is pure as a left ideal of R.
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For a subset X of a module Mg, let rr(X) = {r € R: Xr = 0}. In [15], Lee-Zhou introduced Baer
modules, quasi-Baer modules, p.p.-modules and reduced modules as follows: (1) Mg is called Baer if, for any
subset X of M, rr(X) = eR where €2 = e € R. (2) Mg is called quasi-Baer if, for any submodule N of
M, rp(N) = eR where e = e € R. (3) Mg is called p.p. if, for any m € M, rg(m) = eR where e = e € R.
(4) My is said to be reduced if, for any m € M and a € R, ma = 0 implies mRN Ma = 0. It is clear that R
is reduced if and only if Rp is a reduced module. Recently, Baser et al. introduced the notion of principally
quasi- Baer modules. A module Mg is called principally quasi-Baer [3] (or simply p.q.- Baer) module if|
for any m € M, rp(mR) = eR, where e = ¢ € R. It is clear that R is a right p.q.-Baer ring if and only if Rz
is a p.q.- Baer module. Moreover, every quasi-Baer module is p.q.-Baer and every Baer module is quasi-Baer.

We introduce the concept of right generalized p.q.-Baer modules (or simply right GPQ modules) to extend
the notion of right p.q.-Baer modules. We prove that Ng is a right GPQ module if and only if M, (V) is a right
GPQ module and Mpg is a right GPQ module if and only if M|x]g[,) is a right GPQ module. We study the
relationship between the GPQ property of a module Mg and various quasi-Armendariz properties (including
skew power series, skew Laurent polynomials and skew polynomials). It is shown that every right GPQ module
is a quasi-Armendariz module. As an immediate consequence of these facts, we obtain a unified form of some
well-known results considering the p.q.Baer property of a ring. We show that if R is an a-compatible ring,
then R is a right p.q.-Baer ring if and only if R[z;a] is a right p.q.-Baer-ring. We prove, among others, that
the trivial extension T'(R, R) of R by R is a weak Armendariz ring if and only if the following two conditions
are satisfied: (1) R is a weak Armendariz ring. (2) If f(z)g(xz) =0 in R[z], then f(z)R[z] N R[z]g(x) = 0.

2. GPQ modules and quasi-Armendariz modules

Following [4], Mg is called quasi- Armendariz if, whenever m(z)R[x]f(x) = 0 where m(z) = > m;a" €
Mlz] and f(z) = Z;:O ajz’ € R[z], then m;Ra; =0 for all i and j. It is clear that R is a quasi-Armendariz
ring if and only if Rp is a quasi-Armendariz right R-module. Note that every reduced module is a quasi-
Armendariz module.

Our focus in this section is to introduce the concepts of right GPQ modules and quasi-Armendariz
modules relative to skew power series modules, skew Laurent polynomial modules and skew polynomial modules,
respectively. Moreover, we study on the relationship between the GPQ property of a module Mp and those of
various quasi-Armendariz properties.

We first give the notion of a right GPQ module which is a generalization of right p.q.-Baer modules. We
begin with the following definition.

Definition 2.1. A module Mg is called right GPQ if the right annihilator rr(mR) is left s-unital as an ideal
of R for any m e M .

The left version for a left R-module can be defined similarly. It is obvious that every right p.q.-Baer
module is a right GPQ module. Moreover, if M is a bimodule gMp, then every left p.p. module is right GPQ
by [10, Proposition 1]. The following example shows that there exists a right GPQ module which is neither p.p.

nor p.q.-Baer.

Example 2.1 (see 17, Example 2.5) Let Z be the ring of integers. We consider the ring
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S = (HZ/zz)/(@Z/zz).

It is clear that S is a Boolean ring. Let R = S[[z]], then Rg is a right GPQ module by [17, Example
2.5], but it is neither p.p. nor p.q.-Baer.

Recall that a module Mp is called semicommutative if rg(m) is an ideal of R for all m € M, or
equivalently, if for any m € M and a € R, then ma = 0 implies that mRa = 0. It was shown in [1] that if
Mp is a semicommutative module, then Mp is a p.q.-Baer module if and only if the right annihilator of every

finitely generated submodule is generated (as a right ideal) by an idempotent. Similarly, we have the following

Lemma 2.1 The following conditions are equivalent for a module Mg :

(1) Mg is a right GPQ module.

(2) If N is a finitely generated submodule of Mg then for all a € rr(N),a € rr(N)a.
Proof. The implication (2) = (1) is straightforward. Now suppose that Mg is a right GPQ module. Let
N =miR+meR + - -+ m,R be a finitely generated submodule of Mg, then rg(N) = N rr(m;R). If
a € rg(N), then a € rp(m;R) for each i. Since Mg is a right GPQ module, there exists ¢; € rgr(m;R) such
that a = t;a for each i. So we have ta = a, where ¢t = t,t,,—1---t1 € rg(N). This yields desired result.

Let n be a positive integer and let M,,(R) be the ring of n x n matrixes over R. For a module Ng, we
denote M, (N) the formal n x n matrixes over N. Then M, (N) is an Abelian group under obvious addition

operation. Moreover, M, (N) becomes a module over M, (R) under the usual scalar product operation. The

next result shows one way to build new G PQ-modules from old ones. O

Proposition 2.1 Ng is a right GPQ module if and only if M, (N) is a right GPQ module.

Proof.  Suppose that Ny is a right GPQ module and N = (n;;) € M,(N). Let A = (aij) € M,(R) is
such that A € rM”(R)(NMn (R)), then we have NM, (R)A = 0. Let E;; denote the (i,7)-matrix unit. Then
(X p.q waEp)TEii (32,  astEsy) = 0 for any r € R and any ¢ and j, where ny, is the element of N in (p,q)
and ay; is the element of A in (s,t). It is easy to see that Zp’t npira;jiFp = 0, this shows that npy;ra; =0 for
any p and t. Hence aji € rr(nyR) for all 4,5,¢ and p. Then ay € TR(ZM n;;R) for all s,t, and so there

exists ¢ € rg( i n;;R) such that as = cas for all s,t by Lemma 2.1. Now we have the following equation

()

c 0 0 c 0 0
0 c 0 - 0 c 0

A= A (1), NM,(R) =0. ()
0 0 c 0 0 c

It is straightforward to verify that (f) is also true. This implies that M,,(N) is a right GPQ module.
Conversely, if M, (N) is a right GPQ module. Let n € N and a € R such that a € rr(nR). Let
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n 0 0 a 0 0
- 0 0 0 0 0 0
N = and A=

Do .o N 0

0O o0 --- 0 0 0 0

It is clear that N M, (R)A=0, so A € TM,.(R) (NM,(R)). Since M, (N) is a right GPQ module, there
exists B = (bij) € M, (R) such that B € ry, (r)(NM,(R)) and A = BA. Since NM,(R)B=0, it follows that

nRbi1 = 0. This implies that b11 € rr(nR). It is easy to see that a = by1a and so Ng is a right GPQ module.
O

Lemma 2.2 Let Mp be a right R-module. If Mg is a right GPQ module, then Mg is a quasi-Armendariz
module.

Proof.  Assume that Mp is a right GPQ module. Let m(z) = mo + miz + --- + my2™ € M[z] and
f(x) = a0+ a1z + - -+ asz® € R[z] such that m(z)R[z]f(z) =0 with m; € M and a; € R. We shall prove

that m;Ra; =0 for all 4, j. Let ¢ be an arbitrary element of R. Then we have the following equation:

0 = m(x)ef(z) = mocag + - -+ (Mpcas_o + my_1cas_1 + my,_scas)x 572

(%)

+(mpcas_1 + my_1cas)x™ 57 + mycagz™ TS,
It follows that my,cas = 0, and so as € rg(m,R). Since rr(m,R) is left s-unital by hypothesis, there

exists t, € rr(m,R) such that ¢,a; = as. Replacing ¢ by ct,, in equation (*), we obtain

xn+572 n+s—1 _ 0

moctnag + -+ -+ (Mp_1¢tpas—1 + Mmy_octyay) 4+ Mmy_1ctpasT

Then we have my,_ijcas = my_ictpas = 0, so as € rr(m, R + my,_1R). Since rr(mp_1R) is left
s-unital, there exists h € rgr(my,—1R) such that has = as. If we put t,_1 = ht,, then ¢, 1as = a5 and
tn—1 € Tr(my R+ m,_1R). Next, replacing ¢ by ct,—1 in equation (%), we obtain m,_scas; = 0 in the same
way as above. Hence we have as € rg(m,R+m,_1R+m,_2R). Continuing this process, we obtain m; Ras; = 0
forall t =1,2,---,n. Thus we get

(mo +myz + -+ mpz™)R[z](ap + a1z + - + as_12°71) = 0.

Using induction on m+n, we obtain m; Ra; = 0 for all ¢, 7. This implies that Mg is a quasi-Armendariz

module, as desired. O

The following example shows that there exists a quasi-Armendariz module My which is not right GPQ.

Example 2.2 (see 7, Example 2.8) For a given field F. Let

S={(an)2, € HF|an is eventually constant},

which is a subring of the countably infinite direct product [[F'. Then the ring S is a commutative von Neumann

regular ring. Let R = S[[z]]. It is clear that S is a reduced ring, it follows from [17, Example 2.4] that R is a
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reduced ring and so R is Armendariz as a right R-module. This implies that R is quasi-Armendariz as a right
R-module. But R is neither right p.q.Baer by [8, Ezample 3.6] nor GPQ as a right R-module by [17, Example
2.4].

Lemma 2.3. Let Mg be a right R-module. If M[z]gp) is a right GPQ module, then Mg is a right GPQ
module.

Proof. Let m be any element of M. Suppose that M[z]g[,) is a right GPQ module, then rg[,(mR[x]) is
left s-unital. Hence for any a € rr(mR), there exists a polynomial f(z) € R[z] such that f(z)a = a. Let
bo be the constant term of f(x). Then by € rr(mR) and bpa = a. This implies that rr(mR) is left s-unital. O

In view of the foregoing lemma, we are now in a position to give the following characterization of GPQ
modules.
Proposition 2.2 Let Mg be a right R-module. Then Mg is a right GPQ module if and only if M|x|g(y) is
a right GPQ module.
Proof. This follows directly from Lemma 2.2, Lemma 2.3 and [18, Theorem 1]. O

Note that if Mg is a p.q.-Baer module and let m € M. Then rr(mR) = eR for some idempotent
e? =e€ R, and so R/rr(mR) = R/eR = (1 — ¢)R is projective. Therefore a p.q.-Baer module satisfies the

hypothesis of Proposition 2.2, hence we have the following corollary.

Corollary 2.1 [3, Theorem 11] Let Mg be a right R-module. Then Mg is a p.q.Baer-module if and only if
M(z]ga) is a p.q.Baer-module.
Based on the fact that if R is a commutative ring then Mp is a p.p.-module if and only if Mp is a

p-q.Baer-module. We have the following corollaries.

Corollary 2.2 Assume that R is a commutative ring. Then Mg is a p.p.-module if and only if M[x]g[, is

a p.p.-module.

Corollary 2.3 [8, Theorem 3.1] A ring R is a right p.q. Baer-ring if and only if R[z] is a right p.q. Baer-ring.
In [15], Lee-Zhou introduced the following notation. For a module Mg, we consider M|[[z;a]] =
{>Z,miz’ : m; € M}. Then M[[z;a]] becomes a module over R[[z;a]] with the usual addition and the
following scalar product operation: For m(z) = Y7~ m;z’ € M|[z;a]] and f(z) = Z?io ajzd € R[[z;all,
m(z) f(z) =320 ik m;a’(a;))z¥. The module M[[x;a]] is called the skew power series extension of M.
Following [11], a ring R is called «-compatible if for each a,b € R,ab =0 < aa(b) = 0. According to
Krempa [13], an endomorphism « of a ring R is called to be rigid if aa(a) = 0 implies a =0 for a € R. A
ring R is said to be «-rigid if there exists a rigid endomorphism « of R. It was shown in [11, Lemma 2.2]
that R is «-rigid if and only if R is a-compatible and reduced. Thus the a-compatible ring is a generalization

of a-rigid rings to the more general case where R is not assumed to be reduced. We extend the definition of

an «-compatible ring to the version of modules as follows.

Definition 2.2 A module Mg is called o-compatible if, for any m € M and any a € R, ma =0 if and only
if ma(a) =0.
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The left version for a left R-module can be defined similarly. Motivated by the results in Baser [4], Lee
and Zhou [15], we introduce the concept of power series «a-quasi- Armendariz modules which is the power

series version of quasi-Armendariz modules.

Definition 2.3 Mg is called a power series a-quasi-Armendariz module if the following conditions are satisfied:
(1) Mg is a-compatible.
(2) For any m(z) = X272, mia* € M[z;a]] and f(x) = 372y aa’ € R[[z;a]], m(z)R|[[z;a]]f(z) =0
implies that m;Ra; =0 for all 1 and j.

Proposition 2.3 Let My be a a-compatible module. Then we have the following:
(1) If Mg is a right GPQ module, then Mp is a power series «-quasi-Armendariz module.
(2) If M{[z; o] R[jz;a) i a right GPQ module, then Mp is right GPQ.
Proof. 1) Assume that m(z) = S °° mua' € M[[z;a]] and f(z) = Y °° a;27 € R][x;a]] such that
1=0 7=0""7
> mz)R[[z; o > a;x7) =0 with m; € M, a; € R. Let ¢ be an arbitrary element of R. Then we
=0 j=0 "7 J
have the following equation:

5SS maraset) = 3 X mia(as)a ) = %
k=0 itj=k k=0 itj=k
We will show that m;Ra; = 0 for all 4 and j. We proceed by induction on i+ j. It is true for i +j =0
since moRby = 0 by (x). Suppose that m;Ra; = 0 is true for i +j < n— 1. Then a; € rr(m;R) for
j=01,---,n—1and ¢=0,1,---,n—1—j. Since Mg is a right GPQ module, there exists t;; € rr(m;R)

such that t;;a; = a; for j=0,1,---,n—1and i=0,1,---,n—1—j. From (x), we have

Z m;a(caj) = 0 for all k > 0. )
iti=k
Let f; = tp—1—j,j---t1; for j =0,1,---,n—1. It is clear that fja; = a;, and so f; € rr(moR) N
rr(miR)N---Nrr(mp—1—;R). If k=n, then the equation (}) becomes

mocan, + mia(can—1) + -+ -+ mua”(cag) = 0. (1)

Replacing ¢ by cfp in (f), we obtain mocfoa, + mia(cfoan—1) + -+ + mupa™(cfoap) = 0. Since Mp
is a-compatible and moRf; = miRf; = -+ = mp_1—jRf; = 0 for j = 0,1,---,n — 1, it follows that
mpa”(cfoao) = mpcfoap = mpcag = 0. Hence my,Rag = 0. Continuing this process by replacing ¢ by cf; in
(t) and using a-compatibility of Mgz, we obtain m;Ra; = 0 for all ¢ + j = n. This shows that Mg is power
series a-quasi-Armendariz.

(2) The proof is similar to that of Lemma 2.3. O

Corollary 2.4 Let R be an «-compatible ring. If R is right GPQ as a module, then R is a power series

a-quasi-Armendariz ring.
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For a module Mg, let Mz;a) = {> ;_ymiz’: s > 0,m; € M}. Then M|z;a] becomes a module over
R[z; o). Recall that Mp is called a-quasi- Armendariz module if the following conditions are satisfied:

(1) Mg is a-compatible.

(2) m(z)R[z;a]f(x) = 0 with m(z) = Y;_,miz’ € M[z;a] and f(z) = Z;:O ajz? € Rlx;a] implies
that m;Ra; =0 for all 4+ and j.

By analogy with the case of Lemma 2.3 and the proof of Proposition 2.3 we give the following proposition.

Proposition 2.4 Let Mgr be an «a-compatible module. Then Mp is a right GPQ module if and only if

M{z; &) Rjia) 15 a Tight GPQ module. In this case, Mg is o-quasi-Armendariz.

Corollary 2.5 Let R be an «-compatible ring. Then R is a right p.q.-Baer ring if and only if R[x;a] is a
right p.q.-Baer-ring.

For a module Mz, consider M[z,z71;a] = {25:75 miz’ i s >0,t>0,m; € M}. Then Mx,z7';q]
becomes a module over R[z,z~1;a]. We give the following definition by considering the definition of a quasi-

Armendariz module.

Definition 2.4 A module Mg is called Laurent «-quasi-Armendariz if the following conditions are satisfied:

(1) Mg is a-compatible.
(2) For any m(z) ='__ miz' € Mlz,2™Ya] and f(z) =3"___a;27 € Rz, % al,

i=—a

m(z)Rlx,z~ 1 alf(z) =0 implies that m;Ra; =0 for all i and j.

Proposition 2.5 Let a be an automorphism of a ring R and let Mg be an «-compatible module. Then Mp
is a right GPQ module if and only if M|z, z™1; Q) Rlz,z-1;a] 95 a Tight GPQ module. In this case, Mg is Laurent

a-quasi-Armendariz.

Corollary 2.6 Let R be an a-compatible ring. Then R is a right p.q.-Baer ring if and only if R[z,z71;a] is
a right p.q.-Baer-ring.

Corollary 2.7 Let R be an a-rigid ring. Then R is a right p.q.-Baer ring if and only if Rlx,x7';a] is a
right p.q.-Baer-ring.

3. Related topics

In this section we relate the problem on the weak Armendariz property of a module to the formal
triangular matrix ring constructed from a pair of rings S, 7" and a bimodule My . Due to Lee and Wong [14],
a ring R is called weak Armendariz if for given f(x) = ag + a1z and g(x) = by + biz € Rlz|, f(z)g(x) =0
implies that a;b; = 0 for each ¢, j (the converse is obviously true).

We say a module My is a weak Armendariz module if whenever m(z) f(z) = 0 where m(z) = mo+miz €
Mlz] and f(z) = ao + a1z € R[z], then m;a; = 0 for each 4, j. It is obvious that Armendariz modules are
weak Armendariz. Note that there exists a weak Armenariz module Mp which is not right GPQ by Example

2.2. The following example shows that there exists a weak Armendariz module which is not Armendariz.

Example 3.1 Let R = Z3[x,y]/(23, 2%y, y®), where Zs is the Galois field of order 3. Zsz[w, 3] is the polynomial
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ring with two indeterminates x,y over Zs, and (23, 2%y%,y3) is the ideal of Z3s[x,y] generated by 3, 2%y* y>.
Let R[t] be the polynomial ring with an indeterminate t over R. Since (z+yt)® = (z+4t) (22 +22yt+7*t?) = 0,
but 7> # 0. Then Rp is not Armendariz, but it is weak Armendariz by [14, Evample 3.2].

Proposition 3.1 . If Mg be a reduced module and R is a reduced ring. Then Mp is a weak Armendariz

module if and only if its torsion submodule T (M) is weak Armendariz as a right R-module.

Proof. If T(M) is weak Armendariz. Let m(z) = mo +mix € M[z] and f(z) = ap + a1z € R[z] such
that m(z)f(z) = 0. Then we have mpag = 0, moa1 + miag = 0, mia; = 0. we can assume ag # 0. If
we multiply the second equation by ag from the right, we can obtain that m(xz) € T(M)[z] by the hypoth-

esis. Since T'(M) is weak Armendariz, it follows that m;a; = 0 for each 4, j. The other implication is trivial. O

Given a pair of rings S, T and a bimodule gMry, let R = ( § ]\1{ ) denote the set

of all symbols ( 3 T ) , where s € S;t € T, m € M. It is straightforward to verify that R is a ring with

the usual rules for addition and the following multiplication of matrices:

s m s m . ss  sm +mt
0 t o ¢t ) \o tt' '
The ring R above constructed from S, T and gMry is called the formal triangular matrix ring. Note that
if M is an (S,T)-bimodule, then Mz| is an (S[z], T[z])-bimodule.
The rest of this section is devoted to a discussion of some basic facts concerning the foregoing formal

triangular matrix ring. The following proposition gives the relationship of weak Armendariz property between
R, S, T and sM, Mrp.

Proposition 3.2 Suppose that S and T are two rings, M is an (S,T)-bimodule and R is the formal triangular
matriz ring constructed from S,T and sMy. Then R is a weak Armendariz ring if and only if the following

three conditions hold:
(1) S and T are weak Armendariz rings.

(2) sM and Mr are weak Armendariz as a left S-module and right R-module.

(3) If s(x)s (x) = t(x)t' (x) = 0, then s(x)M[z] N M[z]t () = 0.
Proof.  First we shall prove that R is a weak Armendariz ring if the given three conditions are satisfied.
Suppose that f(x)g(z) = 0 with

_( s0 mo 51 my B sé) mé) 5/1 m/1
f(x)( 0t >+< 0t )x, g(x)( 0 t;) >+< 0 t/1 )xGR[x].

Let s(z) = so + s12, s (x) = sy + sy@, m(x) = mo +myz, m (z) = my+miz and t(z) = to + t1,

t' (z) =ty +tyx. Then s(z),s (x) € S[z], m(x),m (x) € M[z] and t(x),t (z) € T[z]. It is easy to see:

S0 Mg 51 my 55 My s, m)
)G ) )+ (3 )
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s(x)s (z) s(x)m (z) +m(x)t () Y _( 0 0
(e ™ )=(Gw)
Thus s(z)s (z) = 0,t(x)t () = 0 and s(z)m (z) + m(x)t (z) = 0. Since S and T are both weak

Armendariz rings, we have s;s; = 0 and tit; = 0 for each i,j. Moreover, s(z)m () = —m(z)t (z) €

s(z)M[z] N M[z]t (z) = 0 by (3). It follows that s(z)m (z) = m(z)t (z) = 0. Since sM and My are weak

’

Armendariz as a left S-module and right R-module by (2), we have s;m; = 0 and mit; = 0 for each ¢,7.

s my s; m;- B szs; sim;erit;- (00
0 0t )\ 0 tit; “Lo o

for all ¢+ and j. This shows that the desired implication is established.

Therefore

Conversely, if R is a weak Armendariz ring. We shall prove that the other implication is true.

(1) This is because
Sﬂ{(é 8)|s€S},Tﬁ{<8 ?)hﬁeT}.

(2) Let s(z) = so+s12 € S[z], t(x) = to+ti1z € T[z] and m(z) = mo+myz, m (z) = my+myz € Mz].
Suppose s(z)m(z) =m'(x)t(x) = 0. Then

(5 9)-(5 M1 9)(5)-C9 )0 )
(3 #5)-(33)

Since R is a weak Armendariz ring, we have ( si 0 ) ( 0 m; ) = ( 00

0 0

0 0 0 0 ) for each 4,j. This

implies that s;m; = 0 for each 4, j. Therefore ¢M is weak Armendariz as a left S-module. The argument that
My is weak Armendariz as a right R-module is similar.

(3) Note that if R is weak Armendariz, we can prove that R[z] is weak Armendariz by a similar
way in [2, Theorem 2]. Assume that s(z)s (z) = t(x)t (z) = 0 and s(z)m(z) = —m (z)t (z) # 0 with
m(z),m (z) € M[z]. Then

but
s(x) 0 0 m(x) 4 0 0
0 t(x) 0 0 0 0 /)’
This is a contradiction. It follows that (3) is true, as desired. O
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Given a ring R and a bimodule gpMpg, the trivial extension of R by M is the ring T(R,M)=RP M

with the usual addition and the multiplication
(r1,m1)(r2, m2) = (r1r2, rima +mara).

m

This is isomorphic to the ring of all matrix ( " , ) , where » € R, m € M and the usual matrix

0
operations are used. Note that if M is an (R, R)-bimodule, then Mz] is an (R[z], R[z])-bimodule and
T(Rla), M[a])=T(R, M)]x].

As an immediate consequence of the foreging proposition we have the following characterization consid-

ering the trivial extension for a given ring R and a module pMpg.

Corollary 3.1 Let M be an (R, R)-bimodule. Then the trivial extension T(R, M) is a weak Armendariz ring
if and only if the following three conditions hold:

(1) R is a weak Armendariz ring.

(2) M is a left and right weak Armendariz R-module.

(3) If f(z)g(x) =0 in R[z], then f(x)M[z] N M[z]g(x) =0.

As an application, we consider the case when the trivial extension T'(R, R) of R by R is weak Armendariz

if R is a weak Armendariz ring.

Corollary 3.2 The trivial extension T(R,R) is a weak Armendariz ring if and only if the following two

conditions are satisfied:
(1) R is a weak Armendariz ring.
(2) If f(z)g(x) =0 in R[z], then f(x)R[zx] N R[z|g(x)=0.
The following example shows that the condition If f(x)g(z) =0 in R[z], then f(x)M[z]NMz]g(x) =0

in Corollary 3.2 is not superfluous.

Example 3.2 Let S be a reduced ring. Then the trivial extension T(S,S) is an Armendariz ring by [14,
Theorem 2.3], and hence T(S,S) is weak Armendariz. Let R = T(S,S), we prove that T(R, R) is not weak

Armendariz. In fact, let

0 1 0 0 0 1 1 0
F @)= 0 0 0 0 N 0 0 0 -1
)= 00 0 1 0 0 0 1 r
0 0 0 0 0 0 0 0
and
0 1 0 0 0 1 10
0 0 0 0 0 0 0 1
g(@) = 00 0 1 * 00 0 1 x
0 0 0 0 0 0 0 0
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be two polynomials in T(R, R). Then f(x)g(x) =0, but

£0.

o O OO
o O OO

0
0
1
0

o O O
o O OO
o O O
o O O
O = = O

This shows that T(R, R) is not weak Armendariz.

It was shown in [15] that a module Mg is Armendariz if and only if M|z, z™!] Rlz,»-1] is Armendariz.

Similar to the proof of [15, Theorem 1.12], we can get the following

Proposition 3.3 Mg is a weak Armendariz module if and only if M|z, x*I]R[I’rl} is weak Armendariz.

Acknowledgements

The authors would like to thank the referees for the valuable suggestions and many careful comments

that improved the present paper. The authors also wish to thank Professor Gary F. Birkenmeier for his helpful

communications. This work was supported by the Program Sponsored for Scientific Innovation Research of

College Graduate in Jiangsu Province (No.CX10B_001z) and was partially supported by the National Natural
Science Foundation of China (No.10971090) and the Youth Fund of Jiangxi Provincial Education Department
(No.GJJ10155).

(9]
(10]
(11]

(12]

References

Agayev, N., Harmanci, A.: On semicommutative modules and rings, Kyungpook Math. J., 47, 21-30 (2007).
Anderson, D. D., Camillo, V.: Armendariz rings and Gaussian rings. Comm. Algebra, 26(7), 2265-2272 (1998).
Baser, M., Harmanci, A.: Reduced and p.q.-Baer modules, Taiwanese J. Math., 11(1), 267-275 (2007).

Baser, M., Kosan, M.: On quasi-Armendariz modules, Taiwanese J. Math., 12(3), 573-582 (2008).
Birkenmeier, G. F.: Idempotents and completely semiprime ideals, Comm. Algebra, 11, 567-580 (1983).
Birkenmeier, G. F.: p.p. rings and generalized p.p. rings, J. Pure Appl. Algebra, 167, 37-52 (2002).
Birkenmeier, G. F., Kim, J. Y. and Park, J. K.: On quasi-Baer rings, Contemp. Math., 259, 67-92 (2000).

Birkenmeier, G. F.; Kim, J. Y. and Park, J. K.: On polynomial extensions of principally quasi-Baer rings,
Kyungpook Math. J., 40, 247-253 (2000).

Clark, W. E.: Twisted matrix units semigroup algebras, Duke Math. J., 34, 417-424 (1967).

Fraser, J. A., Nicholson, W. K.: Reduced p.p.-rings, Math. Japonica, 34, 715-725 (1989).

Hashemi, E., Moussavi, A.: Polynomial extensions of quasi-Baer rings, Acta. Math. Hunger., 107(3), 207-224 (2005).
Huh, C., Lee, Y. and Smoktunowicz, A.: Armendariz rings and semicommutative rings, Comm. Algebra, 30(2),

751-761 (2002).

647



ZHAO, ZHU,

[13] Krempa, J.: Some examples of reduced rings, Algebra Colloq., 3, 289-300 (1996).
[14] Lee, T. K., Wong, T. L.: On Armendariz rings, Houston J. Math., 29(3), 583-593 (2003).

[15] Lee, T. K., Zhou, Y. Q.: Reduced modules, rings, modules, algebras, and abelian groups, Lecture Notes in Pure
and Appl. Math, Dekker, New York, 236, 365-377 (2004).

[16] Lee, T. K., Zhou, Y. Q.: Armendariz and reduced rings, Comm. Algebra, 32(6), 2287-2299 (2004).
[17] Liu, Z. K., Zhao, R. Y.: A generalization of p.p.-rings and p.q.-Baer rings, Glasgow Math. J., 48, 217-229 (2006).

[18] Tominaga, H.: On s-unital rings, J. Okayama Univ., 18, 117-134 (1976).

Liang ZHAO"2, Received: 22.12.2009
'Department of Mathematics,
Nanjing University,

Nanjing 210093, CHINA

e-mail: 1zhao78@gmail.com

2Faculty of Science,

Jiangxi University of Science and
Technology, Ganzhou 341000, CHINA
Xiaosheng ZHU,

Department of Mathematics,

Nanjing University,

Nanjing 210093, CHINA

e-mail: zhuxs@nju.edu.cn

648



