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Multi-dimensional Weiss operators
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Abstract

We present a solution of the Weiss operator family generalized for the case of R? and formulate a d-
dimensional analogue of the Weiss Theorem. Most importantly, the generalization of the Weiss Theorem
allows us to find a subset of null class functions for a partial differential equation with the generalized
Weiss operators. We illustrate the significance of our approach through several examples of both linear and

non-linear partial differential equations.
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1. Introduction

To investigate the integrability of nonlinear partial differential equations, many different methods have
been developed; among them is Painlevé test [1]. In the framework of this approach, the class of one-dimensional
(’scalar’) differential operators was defined first in [2], and in [3] has been applied to solitonic-type PDEs.

The family of Weiss operators performs a special kind of ordinary derivative operators of integer order n
(n > 0 and for each order only one such an operator exists), and the general solution for each Weiss operator

can be found in a very simple form. Following [2], let’s define for a differentiable scalar function ¢(x) the class
of factorized differential operators as

v flE -G8 @) o

where V = ¢y, /¢, is the so-called pre-Schwarzian. For n = 0 equation (1) produces the ordinary derivative

Ly =d/dx; for n =1, we get the Schrodinger operator

d 1 d 1 d\? 1
LQ(%E@ (aﬁ )(a) Tt

2000 AMS Mathematics Subject Classification: 35A24, 47F05.

687



BORISENOK, ERKUT, POLATOGLU, DEMIRER

for n = 2, we get the the Lenard operator

d d [ d d\? d

where by S we denote the Schwarzian of the function ¢(x)

ergee() -4()

The important result from [2] is related to the null space of Weiss operators:

Theorem 1.1 The null space of the operator family (1) is given by the set of linearly independent n+1 solutions
{¢;n/2¢k}; k=0,1,2,....,n, i.e. for every k

Luy1lo; "¢k = (3)

In this paper we propose the generalization of Weiss family L,y for multi-dimensional case of R¢. We
formulate a d-dimensional analogue of Theorem 1.1 for a special class of partial differential operators that
provides us with a sub-set of null class functions for a partial differential equation in terms of the generalized
Weiss operators. Our generalization therefore extends the role played by the Weiss operators in the construction
of some special class of ordinary differential equations to partial differential equations as well. We illustrate the

significance of our approach through several examples of both linear and non-linear partial differential equations.

2. Generalized Weiss operators in R¢

Let’s define for the vector x = (1, T2, ..., z4) € R? the linear differential operator

b
M&

a;(x 5‘951 (4)

1=1

with differentiable scalar functions a;(x). Note that, for a;(x) = x;, the definition (4) becomes the so-called

homogeneous operator.

Definition (4) implies for the power m of some scalar function A(x)

d m
Zaz 8A8x1 2) =mA™ Y (x)DA(x) . (5)

Also, for a given differentiable function ¢(x), we define with (4) a generalized pre-Schwarzian:

D2(a)

V'= Dola)
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The class of differential operators in d-dimensional space, given by:

Ln+1:ﬂ[p+(j—g)v’]:(ngv)-...-(D+gv) , (7)

Jj=0

includes Weiss’ operators (1) as a particular case for d =1 and a; = 1. The index n+ 1 in (7) denotes the
order of the differential operator L, 11 .

If, for instance, for d = 1, we put = =z, a(z) = a1(x1), then V = a, + adr./ P, and

d? d 1 1
Also, if we suggest the particular case

where ¢; # 0 are constants, then defining

Zq
fzzaa
i=1
we get
0 <~ 0
3_§:Zci5‘xz
1=1

and D = F(x)0/0¢, that allows to present the operators in one-dimensional form, i.e. D¢ = F¢g,

V=Rt PO
e
The “degenerated” case F' =1 corresponds to (1).
Now we can formulate the following theorem.
Theorem 2.1 A set of linearly-independent functions
{(Do(z) "¢ (x) , k=0,1,2,...n}, (8)
forms a null function
Frs1(@) = [Do(x)] "2 ero’ (@) | 9)
k=0

where {ck} is a set of constants, such that f,i1(x) satisfies the equation

L1 fo1(x) =0 (10)

Proof. Let’s check how the operator L, acts on D¢~"/2¢F. Tts first (rightmost) bracket using (5) and
(6) produces

n 2k = (Dg)nrgh [ D20, Do n/2H1 g1
(D+5V) (Do) /26" = (Do) /264 | =G5 4+ k= 4 GV | = k(Dg) /2ot
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The next bracket produces
4D —n/241 k-1 _ B —n/242 k-2
(D + (n 1 2) V) k(Do) oF=1 = k(k — 1)(Do) PF2

and so on. Each operator bracket from (7) increases the power of D¢ and decreases the power of ¢ by one.

After the application of all n + 1 brackets we end up with
L1 (D) 2% = k(k = 1)(k = 2) - ... (k — n)(Dg) "/>TmHtgh=n-1
But £ =0,1,2,...,n, and one of the factors k, k— 1, ... , k —n is zero, thus,

Lyi1(Dg)"2¢k = 0. (11)

As each operator bracket (D 4+ mV) is a linear differential operator, (11) can be applied to each term of the
linearly independent set Zk(ng)*"/ 20k | that is

Lus1y (Do) "?¢F =0.
k=0
Then we end up with (10). O

Thus, in our approach the function ¢(x) plays the role of producing function. Choosing first ¢(x) and
then using its pre-Schwarzian (6), we define the operator (7) and immediately get the solution (9) following
from Theorem 2.1.

Let’s give an example of our method. We consider the following 2-dimensional partial differential equation
for ¥(z,y):

Yoo + Yyy — 292y = 0. (12)

Now let’s choose for the simple producing function

x
oz, y) = — (13)
Yy
the operator
0 0
D=5y (14)

and
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The generalized Weiss operator for (14) is

0 0o 1 0 0o 1
Ly = (-2 —2)(2-242) =

or Oy y oxr Oy y
2 2

P00 P _ .

Ox? Ox Oy  Oy?

Note it reproduces the differential operator in the left hand side of (12).
The solution of (12) by Theorem 2.1 is given by
ot cytax

2.1. Linear and non-linear examples

Whether or not the partial differential equation under consideration is non-linear, the use of generalized
Weiss operators can be seen to be an effective method in the construction of some class of partial differential
equations. In order to make it clear, we provide the reader with one more linear example and two non-linear
examples of partial differential equations.

In general, the generalized Weiss operator

e (09 (o+1)

acting on a continously differentiable function ¥ (z,y) yields a partial differential equation in the form

D*y(x,y) + Q(z, y)v(z,y) = 0, (17)
where
Q—l pv—ty2)=1ip DN 1 (D% i (18)
2 2 2 D¢ 2\ D¢ '
In the following, as a linear example that corresponds to (17), we consider the partial differential equation
Vaw + Ty + 20205y + 2Py + ﬂw =0 (19)
zx vy zy Y 1+ x2)2 :

Choosing for the producing function ¢ = z + y the operator

0 0
D=_—"—+a2>—
oz e oy’

we get Do =1+ 22 and D?¢ = 2. Then we obtain

2z
1422

V:
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which yields
1—222

Q(x,y):m~

Thus the generalized Weiss operator

L _<3+x22)2+ﬂ
T\ T y) (1 a?)?

reproduces (19) whose solution according to Theorem 2.1 is given by

co+c1(x+y)

Let us now discuss the following partial differential equation in the form of (17) which, however, is

non-linear:
P+ by — 20y 302+ SR~ iy =0, (20)
Next, we consider
D=—bg +by
which leads to
Dip = —pihe + 1Pty

and

D = *un — 20° (Puy) + 92y + U7 + P — 200pu1hy
for 13y = ¥ys. Thus (17) can be written as
Oz — 207 Puy + P2y + UL+ PP) — 20ty + QY = 0. (21)

Here, @@ can be specified once we define the producing function ¢(z,y). Next, we choose ¢(x,y) =y — z to
end up with D¢ = 21 and D?¢p = —2un), + 2y, which together yield V' = 4, — 1, for a non-trivial solution
(i.e., ¥ #0). According to (18), we obtain

1 1 1, 1 1,
Q(x, y) = 5#”/&’95 + 511)%;, - 1#%;, - Z% + 5%% - ngg (22)
Using (22) in (21), the non-linear partial differential equation can be expressed as in (20). Then,

[eo + e1 (y — 2)*°

Y(z,y) = 91/3

can be identified to be a real solution of (20) in accordance with Theorem 2.1.
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Next, we present the second non-linear example for n = 2 for which the generalized Weiss operator can

be written as
2
Ly=[[ID+(G-1)V]=(D-V)D(D+V)
j=0
or
L3 = D3+ 4QD + 2DQ,

where @ is given by (18). The operator L3 acting on a continuously differentiable function ¥ (z,y, z) leads to

a partial differential equation in the form

D*(x,y, z) + 4Q(x, y, 2) D(x, y, 2) + 20 (2, y, 2) DQ(x, y, z) = 0. (23)
Choosing, for instance,
0 0] 0]
D= e + 3y + d’% (24)

for a producing function ¢(z,y, z) = x —y+ z, the partial differential equation in (23) becomes non-linear. One
can see, for (24), that

Dip =ty + 9y + 1)z
The explicit form of (23) can be obtained using

Do =1,
D%p = Dip = by + by + i,

and therefore

D6 ety v
D¢ (G
together with (18) in (23). Following from Theorem 2.1,

e,y 2) = tyfeo e (@ —y+2) +ea e -y +2)°

is given as a solution of (23).

3. Discussion

As we mentioned above, starting from the original work [3], the operator family L,y is usually used in
the analysis of partial differential equations of solitonic type [4]. Now we can extend the class of those equations
to the case of multi-dimensional spatial variables. The appropriate choice of the coefficients a; can fit the
necessary form of operator.
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