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On the order of weighted approximation by positive linear operators

Tülin Coşkun

Abstract

An estimation of approximation of continuous functions by positive linear operators in weighted norm

using the weighted modulus of continuity is established. Application of the main result to the known

Gadjiyev∗ -Ibragimov operators is given.
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1. Introduction and preliminaries

Let m be a natural number and B2m = B2m(0,∞) be the space of all functions f defined on the

semi-axis [0,∞) satisfying the inequality

|f(x)| ≤ Mf (1 + x2m),

where Mf is a positive constant depending on functions f only. Obviously, B2m is the linear normed space

with the norm

‖f‖2m = sup
x≥0

|f(x)|
1 + x2m

.

The subspace of all continuous functions belonging to B2m will be denoted by C2m := C2m(0,∞), and also
define

C0
2m := {f ∈ C2m : lim

x→∞

f(x)
1 + x2m

= Kf < ∞}.

As it follows from the Gadjiev papers [9], [10] the Korovkin-type theorems for positive linear operators

(p.l.o.) does not hold in whole space C2m and has the following forms.

Theorem 1.1 If the sequence of p.l.o. Ln from C2m to B2m satisfies conditions

lim
n→∞

‖Ln(tνm, x)− xνm‖2m = 0, ν = 0, 1, 2,
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then for any function f ∈ C0
2m

lim
n→∞

‖Lnf − f‖2m = 0.

Theorem 1.2 For any m ∈ IN there exists a sequence of p.l.o. (Ln)n∈IN , satisfying the conditions of Theorem
1.1 and yet, at the same time, there exists a function f∗ ∈ C2m , for with

lim
n→∞

‖Lnf∗ − f∗‖2m ≥ 1.

Note that various theorems related to theorems 1.1 and 1.2 were proved in [3], [4], [5], [8], [11], [12].

In this paper the order of convergence of the sequences of p.l.o. in the weighted norm will be studied by

using the weighted modulus of continuity. For a function f ∈ C0
2m , the following weighted modulus of continuity

is considered:

ω(f, δ)2m = sup
x≥0, |h|≤δ

|f(x + h) − f(x)|
(1 + x2m)(1 + h2m)

.

Note that this type of modulus of continuity for a function f ∈ C2m was first introduced in [1] by Achieser. In

general, this modulus of continuity of function f ∈ C2m does not tend to zero as δ → 0. But, as proved in [13],

lim
δ→0

ω(f, δ)2 = 0 for any function f ∈ C0
2 .

We will show now that for any fixed m ∈ IN, lim
δ→0

ω(f, δ)2m = 0 for each function f ∈ C0
2m . In fact, by

the definition of C0
2m given ε > 0, we can find x0 > 0 such that

| f(x + h)
1 + (x + h)2m

− Kf | < ε, | f(x)
1 + x2m

− Kf | < ε

for all x > x0. Also, there exist δ > 0 such that the inequality sup
0≤x≤x0, |h|≤δ

|f(x + h) − f(x)| < ε is satisfied

for all f ∈ C[0, x0]. Therefore

ω(f, δ)2m ≤ 2ε + sup
x≥x0, |h|≤δ

|Kf(1 + x2m) − f(x)|
(1 + x2m)(1 + h2m)

+Kf δ · sup
x≥x0, |h|≤δ

∑2m
j=1

(
2m
j

)
x2m−j|h|j−1

(1 + x2m)(1 + h2m)
≤ 3ε + 22mKf · δ,

and the desired result can be obtained.
Using the equality

f(x + mh) − f(x) =
m∑

k=1

[f(x + kh) − f(x + (k − 1)h)]

we obtain that the inequality

ω(f, λδ)2m ≤ 22m(1 + λ)(1 + δ2m)ω(f, δ)2m

holds for any positive number λ . This inequality gives that

|f(t) − f(x)| ≤ (1 + x2m)(1 + |t − x|2m)ω(f, |t − x|)2m
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≤ 22m(1 + x2m)(1 + |t − x|2m)(1 +
|t − x|

δ
)(1 + δ2m)ω(f, δ)2m (1)

for any function f ∈ C0
2m , any t, x ≥ 0 and δ > 0.

Since ω(f, δ)2m tends to zero as δ → 0, it may be used for the estimate of degree of approximation of

functions in C0
2m by p.l.o. We will use the sequences of p.l.o. introduced in [14] called the Gadjiev-Ibragimov

operators (see, for example, [16]). These operators were studied in different papers, for example, in references

[2], [6], [7], [13], [15] and [16].

In particular, in [14] authors established the estimate for |Ln(f,x)−f(x)|
(1+x2)α , where α ≥ 3, (Ln) are Gadjiev-

Ibragimov operators, f ∈ C0
2 and x ∈ [0, γn], lim

n→∞
γn = ∞ . In [14] the estimate for the same ratio is stated as

an “open problem”, if α ∈ [1, 3). Our main theorem, which is proved in the space C2m in the last section of
this paper, strengthens the above result for m = 1. This idea provides an answer to the open problem given
above.

2. The degree of approximation

Recall that the construction of Gadjiev-Ibragimov operators, given in [14], are based on Taylor expansion

of functions Kn(x, t, u) of variables x, t, u , which is an entire analytic function with respect to variable u for

fixed x, t ∈ [0, A] . In [13] authors consider a more general case, when x, t ∈ [0, γn] with lim
n→∞

γn = ∞ .

We consider the following modified form of these operators. Let functions Kn(x, t, u) of variables

x, t, u ∈ [0,∞) satisfy the following conditions:

(1◦ ) each functions Kn(x, t, u) is entire analytic function with respect to variable u for fixed x, t ∈ [0,∞);

(2◦ ) for any natural n and any x ∈ [0,∞) Kn(x, 0, 0) = 1;

(3◦ )
{

(−1)ν ∂νKn(x,t,u)
∂uν

∣∣∣
u=u1;t=0

}
≥ 0, ν, n ∈ IN for any fixed u = u1 ;

(4◦ ) ∂ν

∂uν Kn(x, t, u)
∣∣∣
u=u1;t=0

= −nx

[
∂ν−1

∂uν−1 Kn+m(x, t, u)
∣∣∣
u=u1;t=0

for any fixed u = u1 ,

where (n + m) is natural number and m is a constant independent of ν .

Moreover, let (ϕn(t))n∈IN and (ψn(t))n∈IN be sequences of continuous functions on [0,∞) such that

ϕn(0) = 0, ψn(t) > 0, for all t ∈ [0,∞) and let (αn)n∈IN be a sequence of positive numbers having the
properties

lim
n→∞

αn

n
= 1, lim

n→∞

1
n2ψn(0)

= 0.

In [14] the authors write the Taylor expansion of entire function Kn(x, t, ϕn(t)) in the powers of (ϕn(t)−αnψn(t))

and taking, then, t = 0 obtained the expansion in the powers of (−αnψn(0)) since ϕn(0) = 0.

Under these conditions Gadjiev-Ibrahimov operators have the form

Ln(f, x) =
∞∑

ν=0

f(
ν

n2ψn(0)
)K(ν)

n (x, 0, αnψn(0))
(−αnψn(0))ν

ν !
, (2)
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where the notation

K(ν)
n (x, 0, αnψn(0)) =

∂νKn(x, t, u)
∂uν

∣∣∣
u=αnψn(t),t=0

is used. In [14] it has been shown that for different functions ψn(t) the operators (2) generalize Bernstein

polynomials, Bernstein-Cholodowsky polynomials, Szass operators, etc. Some new properties of operators (2)
will be needed.

Lemma 2.1 For any natural N

Ln(tN , x) =
N∑

k=1

(
αn

n
)k n(n + m)(n + 2m) . . . (n + (k − 1)m)

nk
· Ck,N

(n2ψn(0))N−k
xk, (3)

where Ck,N are positive constants and CN,N = 1 .

Proof. For N = 1, 2 equality (3) is true since Ln(t, x) = αn

n x

Ln(t2, x) = (
αn

n
)2

n + m

n
x2 +

αn

n

1
n2ψn(0)

x.

Assuming that (3) holds for natural p , we will use the induction method. Since for any natural ν there exist
constants aj such that

νp+1 = ν(ν − 1) · · · (ν − p) +
p∑

j=1

νjaj ,

we can write

(
ν

n2ψn(0)
)p+1 =

ν(ν − 1) . . . (ν − p)
(n2ψn(0))p+1

+
p∑

j=1

(
ν

n2ψn(0)
)j aj

(n2ψn(0))p+1−j
.

Then taking in (2) f(t) = tp+1 , we obtain

Ln(tp+1, x) =
∞∑

ν=0

(
ν

(n2ψn(0))
)p+1K(ν)

n (x, 0, αnψn(0))
(−αnψn(0))ν

ν !

=
∞∑

ν=0

[ν(ν − 1) . . . (ν − p)
(n2ψn(0))p+1

+
p∑

j=1

(
ν

n2ψn(0)
)j aj

(n2ψn(0))p+1−j

]

·K(ν)
n (x, 0, αnψn(0))

(−αnψn(0))ν

ν !

=
1

(n2ψn(0))p+1

∞∑
ν=p+1

K(ν)
n (x, 0, αnψn(0))

(−αnψn(0))ν

(ν − p − 1)!

+
p∑

j=1

aj

(n2ψn(0))p+1−j
Ln(tj , x).
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Applying the properties (4◦ ) of the function K
(ν)
n (x, 0, αnψn(0)) to the first term in the right hand side and

the formula (3) to the second term, by taking into account the properties (2◦ ), we obtain

Ln(tp+1, x) = (−1)p+1(
αn

n
)p+1 n(n + m)(n + 2m) . . . (n + pm)

np+1
Kn+(p+1)m(x, 0, 0).xp+1

+
p∑

j=1

aj

(n2ψn(0))p+1−j

[ j∑
k=1

(
αn

n
)k n(n + m)(n + 2m) . . . (n + (k − 1)m)

nk

· Ck,N

(n2ψn(0))j−k
xk

]

= (
αn

n
)p+1 n(n + m)(n + 2m) . . . (n + pm)

np
xp+1

+
p∑

j=1

aj

j∑
k=1

(
αn

n
)k n(n + m)(n + 2m) . . . (n + (k − 1)m)

nk

Ck,N

(n2ψn(0))p+1−k
xk.

Changing the order of summation in right hand side we can write

Ln(tp+1, x) = (
αn

n
)p+1 n(n + m)(n + 2m) . . . (n + pm)

np+1
xp+1+

+
p∑

k=1

(
αn

n
)k n(n + m)(n + 2m) . . . (n + (k − 1)m)

nk

Ck,N

(n2ψn(0))p+1−k
xk.

p∑
j=k

aj ,

and denoting

Ck,p+1 =

⎧⎨
⎩

p∑
k=1

(αn

n )k n(n+m)(n+2m)...(n+(k−1)m)
nk

Ck,N

(n2ψn(0))p+1−k xk.
p∑

j=k

aj, if 1 ≤ k ≤ p,

1, if k = p + 1

we obtain the formula (13) with N = p + 1. The proof is complete. �

Note that another form of the formula (3) was proved in [2].

Let N be a natural number, then

TN,n(x) =
∞∑

ν=0

( ν

n2ψn(0)
− x

)N

K(ν)
n (x, 0, αnψn(0))

(−αnψn(0))ν

ν !

is the N th moments of operators (2).

Lemma 2.2 For any x ∈ [0,∞) and sufficiently large n the inequality

|TN,n(x)| = (x + x2 + . . . + xN)O(
1

n2ψn(0)
) (4)

holds.
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Proof. From the definition of TN,n(x) we can write the equality

TN,n(x) = (−x)N +
(

N

1

)
Ln(t, x)(−x)N−1 +

(
N

2

)
Ln(t2, x)(−x)N−2 + · · ·+

(
N

N − 1

)
Ln(tN−1, x)(−x) +

(
N

N

)
Ln(tN , x).

Now using (3) the coefficients under xj has consequently the multipliers (n2ψn(0))j−N , j = 1, · · · , N −1

and therefore tends to zero as n → ∞ . The term with xN consists also the part which tends to zero as n → ∞
and the part

xN
[
(−1)N +

(
N

1

)
(−1)N−1 +

(
N

2

)
(−1)N−2 + · · ·+

+
(

N

N − 1

)
(−1) +

(
N

N

)]
= xN

N∑
k=0

(−1)N−k

(
N

k

)
= 0.

Since all other terms as stated above consists of the terms ( 1
n2ψn(0)

)l for some natural l and n2ψn(0) → ∞ ,

the desired result is obtained. �

Now the following main result will be proved.

Theorem 2.3 Let f ∈ C0
2m be given and ω(f, δ)2m be its weighted modulus of continuity. Then for a sufficiently

large n , the inequality

sup
x≥0

|Ln(f, x) − f(x)|
(1 + x2m)(1 + x2m+1)

≤ c̃m · ω(f,
1√

n2ψn(0)
)2m

holds.
Proof. Denoting

Pν,n(x) = K(ν)
n (x, 0, αnψn(0))

(−αnψn(0))ν

ν !
,

and taking into account that Ln(1, x) = 1 and Pν,n(x) ≥ 0, following inequality can be written

|Ln(f, x) − f(x)| ≤
∞∑

ν=0

∣∣∣f(
ν

n2ψn(0)
) − f(x)

∣∣∣Pν,n(x).

By the properties (1) of modulus of continuity ω(f, δ)m , the inequality
∣∣∣f(

ν

n2ψn(0)
) − f(x)

∣∣∣ ≤ 22m(1 + x2m)(1 + (
ν

n2ψn(0)
− x)2m)

·(1 + δ2m
n )

(
1 +

| ν
n2ψn(0) − x|

δn

)
ω(f, δn)2m

holds for any sequences of positive numbers δn . Therefore applying the Hölder inequality we obtain

|Ln(f, x) − f(x)|
1 + x2m

≤ 22m(1 + δ2m
n )ω(f, δn)2m

{
1 +

+T2m(x) +
1
δn

T
1
2
2 (x) +

1
δn

T
1
2
2m+2(x)T

1
2
2m(x)

}
.
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Using (4) we have the inequality

|Ln(f, x) − f(x)|
1 + x2m

≤ 22m(1 + δ2m
n )ω(f, δn)2m

{
1 +

+(x + . . . + x2m)
1

n2ψn(0)
+

1
δn

(x + x2)
1
2

1
(n2ψn(0))

1
2

+
1
δn

(x + . . . + x2m+2)
1
2 (x + . . . + x2m)

1
2

1
n2ψn(0)

}
.

Choosing δn =
√

1
n2ψn(0)

we see that δn → 0 as n → ∞ and therefore for a sufficiently large n , δn < 1.

This gives

|Ln(f, x) − f(x)|
(1 + x2m)(1 + x2m+1)

≤ 22m+1(5 + 4m) · ω(f,
1√

n2ψn(0)
)2m

and denoting c̃m = 22m+1(5 + 4m), the proof is complete. �

In conclusion consider the case m = 1. In this case the inequality of Theorem 2.3 gives

sup
x≥0

|Ln(f, x) − f(x)|
(1 + x2)(1 + x3)

≤ c̃1 · ω(f,
1√

n2ψn(0)
)2 .

From this we obtain

sup
x∈[0,γn]

|Ln(f, x) − f(x)|
(1 + x2)(1 + x3)

≤ c̃1 · ω(f,
1√

n2ψn(0)
)2

for any sequence (γn) such that lim
n→∞

γn = ∞ . Since

(1 + x2)(1 + x3) < (1 + x2)3,

the inequality tried to be proved in this study could be considered better than the inequality obtained in [13].
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[4] Coşkun, T.:Weighted approximation of continuous functions by sequences of linear positive operators. Proc. Indian

Acad. Sci. (Math. Sci.) Vol. 110, No. 4, 357-362, (2000).
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