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On the order of weighted approximation by positive linear operators

Tiilin Coskun

Abstract

An estimation of approximation of continuous functions by positive linear operators in weighted norm
using the weighted modulus of continuity is established. Application of the main result to the known

Gadjiyev* -Ibragimov operators is given.
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1. Introduction and preliminaries

Let m be a natural number and Bs,, = B2, (0,00) be the space of all functions f defined on the

semi-axis [0, 00) satisfying the inequality
[f(2)] < My(1+2*™),

where M is a positive constant depending on functions f only. Obviously, Bay, is the linear normed space

with the norm

_ /(@)
£ ll2m = SUp T
The subspace of all continuous functions belonging to Bs,, will be denoted by Ca,, := C,,(0,00), and also

define
f(z)

Cgm ={f € Cap :IIHEOW:KJ»<OO}.

As it follows from the Gadjiev papers [9], [10] the Korovkin-type theorems for positive linear operators

(p-l.o.) does not hold in whole space Cs,, and has the following forms.

Theorem 1.1 If the sequence of p.l.o. L, from Cs,, to Ba,, satisfies conditions

lim || L,(t"™, z) — z"™||2m =0, v =0,1,2,
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then for any function f € CS
Jim Ly f  fllan =0.

Theorem 1.2 For any m € IN there exists a sequence of p.l.o. (Lyp)nen, satisfying the conditions of Theorem

1.1 and yet, at the same time, there exists a function f* € Cop,, for with

B (Lo f* — fflam > 1.

Note that various theorems related to theorems 1.1 and 1.2 were proved in [3], [4], [5], [8], [11], [12].
In this paper the order of convergence of the sequences of p.l.o. in the weighted norm will be studied by
using the weighted modulus of continuity. For a function f € C9 | the following weighted modulus of continuity

is considered:

_ |f(z+h) — fz)]
w(f 0)am = x>(§11£,)|<6 (14 x2m)(1 + h2m)’

Note that this type of modulus of continuity for a function f € Cy,, was first introduced in [1] by Achieser. In
general, this modulus of continuity of function f € Ca,, does not tend to zero as 6 — 0. But, as proved in [13],

}irr(l)w(f, )2 = 0 for any function f € C9.
We will show now that for any fixed m € IN, }in(l) w(f,8)2m = 0 for each function f € C9 . In fact, by

the definition of C9,, given € > 0, we can find x¢ > 0 such that

f()
1+ g2m

flxz+h)

|1+(x+h)2m

7Kf|<€a |

—Kf|<€

for all z > x¢. Also, there exist 6 > 0 such that the inequality sup |f(z+ h) — f(z)] < e is satisfied
0<z<ao, |h|<8

for all f € C[0, zo]. Therefore

[Kp(1+ ™) — f(2)|
w(f,0)om < 2e+  su
(f )2 meg,EﬂSﬁ (1 + x2m)(1 + h2m)

2m  (2m 2m—j i—1
T Sk h|’
+Ky6-  sup 2]71(] ) A

<3+ 22K, -4,
x>z, |h|<6 (14 22m)(1 + h2m) I

and the desired result can be obtained.
Using the equality
f(x +mh) — = [flw+kh) = f(z + (k= 1)h)]

k=1

we obtain that the inequality

w(fa )\6)2777, S 22m(1 + >\)(1 + 62m)w(fa 6)2777,

holds for any positive number A. This inequality gives that
[f(t) = f@)] < L +2®™)(L+ [t = 2[*™)w(f, |t — 2])2m
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for any function f € C9,,, any t,z >0 and § > 0.

Since w(f,d)am tends to zero as 6 — 0, it may be used for the estimate of degree of approximation of
functions in CY,, by p.l.o. We will use the sequences of p.l.o. introduced in [14] called the Gadjiev-Ibragimov
operators (see, for example, [16]). These operators were studied in different papers, for example, in references
[2], [6], [7], [13], [15] and [16].

In particular, in [14] authors established the estimate for W, where o« > 3, (L,,) are Gadjiev-

Ibragimov operators, f € CY and x € [0,7,], lim v, = co. In [14] the estimate for the same ratio is stated as
n—oo

an “open problem”, if « € [1,3). Our main theorem, which is proved in the space Ca,, in the last section of
this paper, strengthens the above result for m = 1. This idea provides an answer to the open problem given
above.

2. The degree of approximation

Recall that the construction of Gadjiev-Ibragimov operators, given in [14], are based on Taylor expansion
of functions K, (x,t,u) of variables x,t, u, which is an entire analytic function with respect to variable u for

fixed z,t € [0, A]. In [13] authors consider a more general case, when z,t € [0,7,] with lim ~, = occ.

We consider the following modified form of these operators. Let functions K, (x,¢,u) of variables

x,t,u € [0,00) satisfy the following conditions:
(1°) each functions K, (x,t,u) is entire analytic function with respect to variable u for fixed z,t € [0, 00);

(2°) for any natural n and any x € [0,00) K, (z,0,0)=1;

o v 0Ky (z,tu
(3°) {(1) O Kolau)

}ZO, v,n € IN for any fixed v = uy;
u=u71;t=0

(4°) ;—;Kn(x, t,u)

= —nx [%Knﬂn(x, t,u) for any fixed u = uq,

u=u71;t=0 u=u1;t=0

where (n + m) is natural number and m is a constant independent of v .

Moreover, let (pn(t))new and (¢n(t))nemw be sequences of continuous functions on [0,00) such that
©n(0) = 0, Y,(t) > 0, for all ¢t € [0,00) and let (an)new be a sequence of positive numbers having the
properties

—1, lim —1——o.

i
! 00 1290, (0)

n—oo 7
In [14] the authors write the Taylor expansion of entire function K, (z,t, ¢, (t)) in the powers of (p, (t)—ann(t))
and taking, then, ¢ = 0 obtained the expansion in the powers of (—a,1,(0)) since ¢, (0) =0.

Under these conditions Gadjiev-Ibrahimov operators have the form

o'}
v

(*anwn(o))y

v!

: (2)
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where the notation
0" Kp(x,t,u)

Kr(lu) (ﬂf, 0; anwn(o)) = ouv u=0rn y (t),t=0

is used. In [14] it has been shown that for different functions 1, (t) the operators (2) generalize Bernstein
polynomials, Bernstein-Cholodowsky polynomials, Szass operators, etc. Some new properties of operators (2)

will be needed.

Lemma 2.1 For any natural N

N an gnn+m)(n+2m)...(n+ (k—1)m C
T e LR GRS UR USSR

k=1

where Cy N are positive constants and Cy ny = 1.

Proof. For N = 1,2 equality (3) is true since L,(t,z) = <2z

an)2n+m 2+_ 1

Ln(t2ax) - ( n n n ann( )LL'

Assuming that (3) holds for natural p, we will use the induction method. Since for any natural v there exist

constants a; such that

P =v—1)- +Zl/ aj,
we can write
( v = viv—1).. Jrzp: a;
21, (0) (n?¢n (0 ”“ =’ 7121/) (0))r+1=7-

Then taking in (2) f(t) = tP™!, we obtain

L,(t"*' z) = Z(m)pﬂ K (2,0, anwn(o))_(*aniﬁ:z(o))”
v=0 n !
o rlv -1y P a;
- uz;)[ (n4n (0 P+1 +; 2 n% (0))p+i-i
K (.0, anwn(o»;(*a"iﬁr(—o))u
- v (—an¥n(0))”
= (n24),, (0))P+1 Vzp;rl K( ) (2,0, ann (0 ))m

p o |
+; RO
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Applying the properties (4°) of the function K,(f’)(x, 0, an,(0)) to the first term in the right hand side and
the formula (3) to the second term, by taking into account the properties (2°), we obtain

an, nn+m)(n+2m)...(n+pm)
L,(tPT z) = (71)”“(7)erl o Kot (piym(2,0,0).2P1
P J
an nn+m)(n+2m)...(n+ (k—1)m)
+ Z 7”L21/) p+1 7 [Z 7 nk
j=1 k=1
. Ci,N xk}
(n?¢y (0))77F
B (%)p+1n(n+m)(n+2m) e (n+pm)xp+1
n np
P J
an cn(n+m)(n+2m)...(n+ (k—1)m) Cik,N ok
Jrjz:;a] 2:21 7 nk (n21),,(0))P+1- P
Changing the order of summation in right hand side we can write
an, nn+m)(n+2m)...(n+pm)
Ln(t’”rl, x) = (F)er — P
P
an nn+m)(n+2m)...(n+ (k—1)m) Ci,N ok
+kzzl W) p (n2, (0)PF 1 Z“J’
and denoting
P P
Z( )k n(n+m)(n+277:l) .(n+(k—=1)m) e C(‘(’;)I)V}H’l ok S aj, if 1<k <p,
Cr,p+1 = k=1 " i—
1, if k=p+1
we obtain the formula (13) with N = p+ 1. The proof is complete. O
Note that another form of the formula (3) was proved in [2].
Let N be a natural number, then
— v N (—antn(0))”
_ _ (v) ANtk VA
Tnn(x) = Z<n21/)n(0) x) K\ (2,0, ant,(0)) ”
v=0
is the N*® moments of operators (2).
Lemma 2.2 For any x € [0,00) and sufficiently large n the inequality
1

holds.
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Proof. From the definition of T ,(x) we can write the equality

N N
Tan(@) = (~0)"+ ( 1 )Ln@, DICEIR (z)Ln@?, ) ()Nt
N N
(N N 1>Ln(tN1,x)(x) + <N>Ln(tN,x).
Now using (3) the coefficients under 27 has consequently the multipliers (n24,(0))7~%, j=1,--- , N—1

and therefore tends to zero as n — oo. The term with 2 consists also the part which tends to zero as n — oo

and the part

N (-1)N + (?) (DN 4+ @7) (DYt

(e (N)]=e e (3) <o

k=0

1
)]

the desired result is obtained. O

Since all other terms as stated above consists of the terms ( )! for some natural I and n24),,(0) — oo,

Now the following main result will be proved.

Theorem 2.3 Let f € C3 . be given and w(f, )2 be its weighted modulus of continuity. Then for a sufficiently
large n, the inequality
(Lo (f, ) — f(2)] . 1

< . - -
o (L + 22m) (1 + g2mt1) = ™ wif; ann(O))

holds.
Proof. Denoting

(*anwn (0))V

Pyn(w) = K (@, 0, antpn (0) —

Y

and taking into account that L, (1,z) =1 and P, ,(z) > 0, following inequality can be written

[Ln(f,) = f(@)] < ;}‘f(m) — f(@)| Prn(@).

By the properties (1) of modulus of continuity w(f,d). , the inequality

o)) )] < 200 (g =)

holds for any sequences of positive numbers 6, . Therefore applying the Hélder inequality we obtain

|Ln(f, 2) — f(2)]
14 g2m

< 221+ 2"l )z {1+

1 1 1 1 1
+Tom (z) + 5_T22 (w) + 5_T22m+2 (x)TQZm(x)}.
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Using (4) we have the inequality

|Ln(f, z) — f(2)]
14 x2m

< 2P (L4 82l S, Bu)em {1+

1 1

2my__ - S . AL
+rx+... +x )n21/)n(0) 5 (n21l)n(0))%

Choosing 6, = nzd} @ We see that 6, — 0 as n — oo and therefore for a sufficiently large n, 6, < 1.
This gives
Lo (f,2) — f(2)] 2m+1 1
<2475 4+ 4m) - w(/f, ,
(]_ + x2m)(1 +x2m+1) — ( ) (f ann(O))zm
and denoting &,, = 22"+1(5 + 4m), the proof is complete. O

In conclusion consider the case m = 1. In this case the inequality of Theorem 2.3 gives

sup <éw(f, ———=

>0 (1+22) (1 +x3) — /124, (0

From this we obtain

wp L) = 1)

— < ¢ ’
z€[0,77] (1+22)(1+23) — é - w(f

1
),
0)"
1
),
/1%, (0)
for any sequence (7,) such that lim -, = oco. Since

(1+22)(1 +2°%) < (1 + 22)3,

the inequality tried to be proved in this study could be considered better than the inequality obtained in [13].
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