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Banach limit and some new spaces of double sequences
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Abstract
In this paper, we define and study the Banach limit for double sequences and introduce some new spaces
related to the concept of almost and strong almost convergence for double sequences. We characterize these

spaces through some sublinear functionals and we also establish some inclusion relations.
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1. Introduction

A double sequence x = (x;1) is said to be Pringsheim’s convergent (or P-convergent) if for given € > 0
there exists an integer N such that |z;, — ¢| < € whenever j,k > N. We shall write this as

im 2 =4,
J,k—o0

where j and k tending to infinity independent of each other (cf [9]). We denote by ca, the space of P-convergent
sequences.

A double sequence x is bounded if
[z ||= sup |zjk| <oo.
Jok>
We denote by £5° the space of bounded double sequences. Note that, in contrast to the case for single
sequences, a convergent double sequence need not be bounded. By ¢5°, we denote the space of double sequences

which are boundedly convergent.

In this paper, we first define the concept of Banach limit for double sequences.

Definition 1.1 Let ¢3° be the set of all real or complex double sequences x = (z;i) with the norm |z| =

sup |z;x| < co. A linear functional L on {3° is said to be Banach limit if it has the following properties:
J.k

(i) L(z) >0 if c >0 (i.e, xjp >0 forall j, k),
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(i) L(E) =1, where E = (ej) with ejrp =1 for all j, k, and
(#ii) L(S112) = L(z) = L(S10z) = L(So1z),
where the shift operators Sp1, S10 and Si1 are defined by
So12 = (%) k+1), S10% = (Tjt1,k), S117 = (Tj41,k41)-

Let By be the set of all Banach limits on (3°. A double sequence x = (x;1) is said to be almost convergent to
a number ¢ if L(x) ={ for all L € Bsy.

The idea of almost convergence for single sequences was introduced by Lorentz [3] and for double sequences
by Moricz-Rhoades [5] and further studied in [6]-[8].

The space fo of almost convergent double sequences was defined by Moricz and Rhoades [5] as

fo={z = (zjr) Um |7peet(z) — €] =0, uniformly in s,t},
p,q—00

where

P q
qust(ﬂf) Wg; j4s,k+t-

Note that a convergent double sequence need not be almost convergent. However, every bounded convergent
double sequence is almost convergent and every almost convergent double sequence is also bounded, i.e. c5° C
fo C €3° and each inclusion is proper.

The idea of strong almost convergence for single sequences is due to Maddox [4] and for double sequences
by Basarir [1].

A double sequence x = (i) is said to be strongly almost convergent to a number € if

q
Z |Tj 45,6+t — €] =0,

0 k=0

lim

p.g—o0 (p+1 (¢g+1)

/4
j=

uniformly in s,t. By [f2], we denote the space of all strongly almost convergent double sequences. Note that

[f2] C fo C €5° and each inclusion is proper.

2. Some new spaces of double sequences

In this section, we introduce the following sequence spaces, while such spaces for single sequences were
studied by Das and Sahoo [2].

m n
o= o= ) G S B e ) — O —
p=0¢=0

uniformly in s, ¢, for some £ },

122



MURSALEEN, MOHIUDDINE

[w2]_{x_(99jk) (m+1 Y+ 1) Z |qust$*€E)|—>Oasmn*>oo
p:0 q=
uniformly in s, ¢, for some £ }

ZZTPQ“ x —LE|) — 0 as m,n — o0,
=0 g=0

e = {2 = o) <m+1—n+1

uniformly in s, ¢, for some £ }

y (Cq,2), we denote the space of Cesaro summable double sequences of order 2 defined by

(C2,2)—{x—(xjk) (m+1 CES ZZ Tp,q,0,0(T HE&STYL,TLHOO}

=0 ¢=0

and by [Ca, 2], we denote the space of strongly Cesdro summable double sequences of order 2 defined by

[02;2]_{x_(xjk)imZth,q,oo( ) — ¢ — 0 as m, n—>oo}

=0 g=0
Remark 2.1 If [wo]-lima = ¢, that is

1
(m+1)(n+1)

NE

|Tpgst —£] — 0
q=0

Il
o

p

as m,n — oo, uniformly in s,¢; then

m n

1
(m+1)(n+1)p§§

1 p
ERDILIEE
p+1 =

and
m n

1 1<
— — o —t|— 0.
(m+1)(n+1)pz::0§ qulkz::OTp’“t ‘—>0

3. Some sublinear functionals

Let G be any sublinear functional on ¢5°. We write {¢3°, G} to denote the set of all linear functionals
F on ¢3° such that F' < G, ie., F(z) < G(x) for all = (z;i) € £5°.

Now we define the following functionals on the space £5° of real bounded double sequences:

¢(x) = limsupsup ———— EFECE) Z Z Tpgst (T

m,n s,t —0 g=0
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Y(x) = limsupsup ——————— A DD Z Z |Tpgst (T

m,n s,t p:0 q=0

f(z) = limsupsup —— - -
) mﬁnpsf(erl n+1) Z)q - past (|]);

&(z) = lim supsup 7pqst (),
psq st

n(x) = lim sup sup 7pgst (|]),
psq st

where |z = (|2j&])75=1-
It can be easily verified that each of the above functionals are finite, well defined and sublinear on £3°.

A sublinear functional G is said to generate Banach limits if F' € {¢5°, G} is a Banach limit and it is

said to dominate Banach limits if F' € By implies F' € {¢(3°,G}.

In the following theorem we characterize the space £5° N ws in terms of the sublinear functional ¢.
Theorem 3.1 We have the following:

(i) The sublinear functional ¢ both dominates and generates Banach limits, i.e. ¢(x) = &(x), for all
x = (z;k) € £3°.

(1) €57 Nwy = {z = (z;1) € 657 : §(x) = —o(=2)} = f2.

Proof. (i) From definition of £, for given € > 0 there exist pg, o such that
Tpgst(T) < &(x) + €
for p > po,q > qo and for all s,¢. This implies that
p(x) < &(x) +e
for all o = (x;j,) € £5°. Since € is arbitrary, so that ¢(x) < {(z), for all o = (x;) € £5° and hence
{03°, 0} {57, ¢} = B, (3.1.1)

i.e., ¢ generates Banach limits.

Conversely, suppose that L € By. As L is the shift invariant i.e., L(S112) = L(z) = L(S102) = L(So12),

we have

10 = G ZZ)
1t

—L((erl T izn}pqst ) (3.1.2)

p:0 q=0
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But it follows from the definition of ¢, that for given € > 0 there exist mg, ng, such that

(m+1 Yn+1) DD o) < bla) + ¢ (3.1.3)

p:0 q=0

for m > mg,n > ng and for all s,¢. Hence, by (3.1.3) and properties (i) and (ii) of Banach limits, we have

L((mﬂ—nﬂzzaqst )< £((6(0) + 98 )= o(o) + (3.1.4)

p=0 g=0

for m > mg,n > ny and for all s,¢, where E is defined in the beginning of Section 2. Since ¢ was arbitrary, it
follows from (3.1.2) and (3.1.4) that

L(z) < ¢(x), for all z = (z;) € £5°.
Hence
By C {05°, ¢} (3.1.5)

That is, ¢ dominates Banach limits.
Combining (3.1.1) and (3.1.5), we get

{657, 6} = {6°, 9},

this implies that ¢ dominates and generates Banach limits and ¢(z) = £(x) for all x € £5°.

(ii) As a consequence of Hahn-Banach theorem, {¢3°, ¢} is nonempty and a linear functional F' € {¢3°, ¢}
is not necessarily uniquely defined at any particular value of z. This is evident in the manner the linear
functionals are constructed. But in order that all the functionals {¢5°, ¢} coincide at x = (i) it is necessary
and sufficient that

P(x) = —p(—x); (3.1.6)
we have
lirfln’srzlpsgf o mED) Z Z Tpgst () = 111721 1nnfs;1¥) mE DD Z Z Tpgst (X (3.1.7)
p:O q=0 p:O q=0
But (3.1.7) holds if and only if
Z Z Tpgst (T ¢ (say) as m,n — 00,
(m+1 )(n+1) p:Oq:O

uniformly in s,¢. Hence, = (i) € wa N £3°. But (3.1.6) is equivalent to

§(x) = —¢(—x),

this holds if and only if x = (xji) € fo
This completes the proof of the theorem. O

In the following theorem we characterize the spaces [wa] N ¢5° and [w]2 N €5° in terms of the sublinear

functionals.
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Theorem 3.2 We have the following:

(i) [wo] N €3° = {x = (zjx) : Y(z —LE) = 0, for some £} = {& = (zji) : F(x —{E) =0, forall F €

{52, 0}, for some (}.

(i) [wla N5 = {x = (zjx) : 0(x — (E) = 0, for some £} = {& = (x;;) : F(x —¢E) =0, forall F €

{l5°, 0%}, for some (}.
Proof. (i) It can be easily verified that « = (z;i) € [w2] N¥¢5° if and only if

Y(x —LE) = —¢(lE — x).
since t(x) = 9(—z) then (3.2.1) reduces to
Y(x —LE) =0.
Now, if F' € {¢5°,4} then from (3.2.2) and linearity of F', we have

F(z — (E) = 0.

(3.2.1)

(3.2.2)

Conversely, suppose that F'(z —¢E) =0 for all F' € {¢(3°,1} and hence by Hahn-Banach theorem, there

exists Fp € {¢5°,v} such that Fy(z) = 1(x). Hence
0= Fy(x —LE) =¢(z — LE).

(ii) The proof is similar as above.

4. Inclusion relations

We establish here some inclusion relations between the spaces defined in Section 2.

Theorem 4.1 We have the following proper inclusions and the limit is preserved in each case:

[f2] C [w]a C [we] C wae C (Cy,2).
Proof. Let x € [f2] with [f2]-limx = ¢, say. Then

Tpgst ([T — LE|) — 0 as p,q — oo, uniformly in s, ¢.
This implies that
m n
(m+1 Y(n+1) ;;T pgst (|2 — LE]) — 0 as p, ¢ — oo, uniformly in s, ¢.

This proves that = € [w]z and [f2]-limz = [w]e-limz = £.

Since

1 m n
(m+1 )(n+1) ‘ZZTM“ ‘szzmst(x@)l

=0 q=0 p=0 q=0
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S(erl n+1) ZZquSt —LE)

p:0 q=0

this implies that [w]z C [we] C we and
[w]e-limz = [we]-limz = we-lima = £.

Since

1 m n
D) 2 2 el

p=0 g=0

converges uniformly in s,¢ as m,n — oo implies the convergence for s = 0 = t. It follows that wy C (C2,2)
and we-limz = (Cs, 2)-limz = £.

This completes the proof of the theorem. O

Theorem 4.2 We have the following proper inclusions

[fQ] C [w]2 mggo C [U)Q] n Zgo C f2.
Proof. If x = (z;;) then
¢(z) < ¥(x) < b(x) <n(z).

By sublinearity properties of these functionals, for z = (x;) € £5°, we have

—n(=z) < —0(—x) < —¢(—z) < —¢(—x) < ¢(x) < ¢(x) <O(x) <n(z).

Hence
n(z) = —n(—x)
= 0(z) = —0(—x)
= P(z) = —Y(-x)
= ¢(z) = —¢(—x). (4.2.1)

It is easy to see that
{z = (2;x) € 657 : n(x) = —n(—2)} = [f2].

we have already proved in Theorem 3.2 that
{z = (zj1) € 65° : 0(z) = —0(—2)} = {x = (zji) : 0(x —(E) =0} = [w]2NLF

{z = (zj5) € 57 : Y(2) = —¥(=2)} = {w = (z;1) : P(x — LE) = 0} = [w2] N £5°.

Also from Theorem 3.1 we have
{o = (e;0) € 67 : 6(2) = —p(—a)} = wa N 65 = fo.

Hence the result follows from (3.2.1). O
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Example 4.3 [w]z Niso & [w2] Nis (or [w]2 & [we] ).
Let © = (zji) be defined by
zj = (=1)F for all j,

that is
-1 1 -1 1
-1 1 -1 1
-1 1 -1 1
1 P q
|Tpgst (x — 0)| = CESCES)) Z: Z:ijrS,kth
=0 k=0
q+1 1 )
S PFDETD P uniformly for s,
Hence
b S ) € Yy
YR Tpgst - >~ T T aN/ AN — -
(m+1)(n+1)p:0q:0 (m+1)(n+1)p:0q:0p+1
1 “n+1
(n+1)(m+1)pz::0p+1
1 1
= 0

i.e. © = (xj5) € [wo) Nlss and hence by Theorem 4.2, x € fo. But x ¢ [w]aNils and hence x ¢ [fa] .

Theorem 4.4 [ws]-limz = ¢ if and only if

(i) we-limz =¢;

u v
(i) L Zl Zl [Ty (m,n,s,t)— £ — 0 (u,v — 00) wuniformly in s,t;
m=1n=
u v
(iii) = Zl Zl |T2(m,n,s,t) — £ — 0 (u,v — 00) wuniformly in s,t;
m=1n=
. 1 U v . .
(iv) == > > [Tmnst + dmnst — T1(m,n, s,t) — To(m,n, s,t)| — 0 (u,v — 00) uniformly in s,t;
m=1n=1
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where

m n

(m+1 )(n+1) ZZquSt

quO

dm,n,s,t = dm,n,s,t(x) =

do,0,5,4(T) = T0,0,s,t = Ts,ts Ad—1,0,,6(%) = T—1,0,5,4(T) = Ts—14,
do,—1,5,4(x) = 70,—1,5,6(€) = Ts,p—1, de1,—1,66(€) = To1,—1,8,4(T) = T5_1,¢—1,

1
Ti(m,n,s,t) = WZTpmt and Th(m,n,s,t) n+1 Zqust

Proof. Let [wy]-limz = ¢. Then obviously we-limz = £. From Remark 2.1, (ii) and (iii) follow immediately.
Now

1 u v
E Z Z |Tmnst + dmnst - Tl(m; n, s, t) - TQ(ma n,s, t)|

m=1n=1

1
= Z Z |Trmnst — £ + dmnst — £ — Ti(m,n, s,t) + £ —To(m,n, s, t) + ¢

1
S ’LL_ Z |Tmnst - £| + |dmnst - £| + |T1(m; n,s, t) - £| + |T2(ma n,s, t) - £|)

— 0 as u,v — 00, uniformly in s,t¢; since
(a) [wo]-lima = ¢ implies that the first sum tends to zero;
(b) (ii) and (iii) imply that third and fourth sums tend to zero;
(¢) (i) implies that dypse —> £ (m,n — o0) uniformly in s,¢; and so the second sum tends to zero.

Conversely, suppose that the conditions hold. Now

% Z Z |Tmnst*£

m=1n=1
1 u v
S _— Z Z |Tmnst+dmnst le(m,n,s,t) T2(m n,s, t |+ _— Z Z |dmnst *£|
uv m=1n=1 m=1n=1
1 u v 1 u v
+E mz::lr; |T1(mana S,t) - £| + E mz::l nz::l |T2(mana Sat) - £|

— 0 as u,v — 00, uniformly in s,t.

This completes the proof of the theorem. O
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