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Product of graded submodules

Ameer Jaber

Abstract
Let A be an abelian group. By considering the notion multiplication of A-graded modules (see [7]) over
a commutative A-graded ring with unity, we introduce the notion of product of two A-graded submodules
which we use to characterize the A-graded prime submodules of a multiplication A-graded module. Finally

we proved a graded version of Nakayama lemma for multiplication A-graded modules.
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1. Introduction

A grading on a commutative ring with unity and it’s modules usually aids computations by allowing one
to focus on homogeneous elements, which are simpler or more controllable than random elements. Therefore,
the study of graded modules is important.

Graded multiplication modules have been studied by many authors (for example, see [3, 4, 7].) and

graded prime submodules have been studied in many papers, (for example, see [1, 2]).

Let A be an abelian group, let R be any ring. Then R is called a A-graded ring, if R = @QGA Ry,

such that if a,b € A, then RyRy C Ray. Let R? = UgeaRy. Then R" is the set of homogeneous elements in

R.
Let R be a A-graded ring with unity 1 # 0 € R, then it is easy to see that 1 € R., where e is the

identity element in A.
Let M be an R-module. Then M is called a A-graded R-module if M = @QGA Myg; and for each

g € A, My is R.-module and for any z,y € A, we have R, M, C M,,. Let m € M". We write deg(m) =g
if me My, g€ A. Also, we define the annihilator of M to be ann(M) ={re R : rM =0}.
We say that M is a torsion free A-graded R-module whenever rm = 0, then either r =0 or m = 0,

where r» € R" and m € M".

Throughout this work all rings are commutative A-graded rings with identity, and all A-graded modules
are unitary.

Let N be a proper A-graded submodule of M; then N is a prime A-graded submodule of M if
the condition rm € N", where r € R", m € M", implies that m € N or rM C N. In this case, if
P=(N:M)={teR : tM C N}, then we say that N is a P-prime A-graded submodule of M ; and one
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can easily see that P = (N : M) is a prime A-graded ideal in R, that is if a,b € R" with ab € P then a € P"

or be Ph.

A A-graded R-module M is called a multiplication A-graded R-module provided for each A-graded
submodule N of M there exists a A-graded ideal I of R such that N = IM. Let M be a A-graded R-
module; then we say that M is finitely generated, if there exist mq, ma,- -, m, € M" where n € Z* such that
M =Rmqy+ Rmg+---+ Rm,,.

Recently, in [7], we we gave some results about A-supergraded prime submodules. These results are
generalization of A-graded prime submodules and prime submodules (see [6]). In this paper we define the
notion of product of A-graded submodules of a multiplication A-graded R-module and obtain some related
results. In particular, we give some equivalent conditions for prime A-graded submodules of a multiplication
A-graded R-modules. The results for the product of submodules of a multiplication module (in the nongraded
case) are proved in many papers; see for example [5, 8, 9]. Finally, we state and prove a version of Nakayama

lemma for multiplication A-graded R-modules.

2. The product of multiplication graded submodules

Let R be a commutative A-graded ring with unity and let M be a A-graded R-module. Then M is a
multiplication A-graded R-module if and only if every A-graded submodule of M is a multiplication A-graded

R-module. Let N be a proper A-graded submodule of M, then the radical of N, which is denoted by v'N,
is the intersection of all A-graded prime submodules of M containing N .

The radical of M, which is denoted by v M , is defined to be the intersection of the A-graded maximal
submodules of M if such exist, and M otherwise.

The proof of the following theorem for the nongraded case is found in [6].

Theorem 2.1 Let M be a faithful A-graded R-module. Then M is a multiplication A-graded R-module if
and only if

(1) Nxea(INM) = (Nxeadr)M for any nonempty collection of A-graded ideals of R; and

(2) For a A-graded submodule N of M and a A-graded ideal A of R such that N C AM there exists
a A-graded ideal B of R with B C A and N C BM .

Proof. Suppose (1) and (2) hold. Let N be a A-graded submodule of M. Let
S={I : Iisa A-graded ideal of R and N C IM}.

Clearly R € S. Let Ix (A€ A) be a nonempty collection of A-graded ideals of R in S. By (1), Nxealr € S
and therefore, by Zorn’s Lemma, S has (say) minimal element A. Then N C AM . Suppose N # AM , then
by (2) there exists a A-graded ideal B of R with B C A and N C BM . In this case B € S, contradicting
the choice of A. Thus N = AM and hence M is a multiplication A-graded R-module.

Conversely, suppose M is a multiplication A-graded R-module. Let I (A € A) be a nonempty collection
of A-graded ideals of R. Let I = Nxealyn. Clearly IM C Nyea(IxM). Let = be a homogeneous element in
Maea(IzxM). Let K ={re R : re € IM}. Then K is a A-graded ideal of R. Suppose K # R. Then there
exists a A-graded maximal ideal P of R such that K C P. By [7, Theorem 3.2], M is P-cyclic. Thus there
exists p € P" with deg(p) = e, where e is the identity element in A, and m € M" such that (1 —p)M C Rm.
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Hence (1 —p)z € Nxea(Ixm). For each A € A there exists ay € I} such that (1 —p)z = aym. Choose 3 € A.
For each A € A, agm = axm so that (ag —ax)m = 0. Now
(1 =p)(ag = ax)M = (ag — ax)(1 =p)M C (ag — ax)Rm =0

implies that (1 —p)(ag—ax) = 0. Therefore, (1—p)ag = (1—p)ay € I, for any A € A and hence (1—p)ag € I.
Thus (1 —p)?z = (1 — plagm € IM. It follows that (1 —p)? € K C P, a contradiction. Thus K = R and
x € IM . Therefore Nxea(IxM) C IM and hence IM = Nxea(InM). O

Results about faithful multiplication A-graded R-modules can easily be extended to non-faithful ones.
Therefore we leave it to the reader to show that Theorem 2.1 gives the following immediate corollary. For the

nongraded case see [6].

Corollary 2.2 Let M be a A-graded R-module. Then M is a multiplication A -graded R-module if and only

if
(1) Naea(IaM) = (Naea[In + ann(M)])M for any nonempty collection of A-graded ideals of R, and
(2) For a A-graded submodule N of M and a A-graded ideal A of R such that N C AM there exists
a A-graded ideal B of R with B C A and N C BM . O

Let M denotes the collection of all A-graded maximal ideals of R. Define My ={P € M | M # PM}
and My ={Pe M | (0 : M) C P}. Define J1(M) = Npem, P and Jo(M) = Npecpm, P.

Theorem 2.3 Let M be a multiplication A -graded R-module. Then

VM = Ji(M)M = Jy(M)M.
Proof. By Theorem 2.1.(1) and [7, Corollary 4.5], we have

VM ={PM | PecMi}=Ji(M)M 2 Jy(M)M.
Moreover Corollary 2.2.(1) also gives us that
JQ(M)M = Q{PM | Pe MQ}

Let Qe My, It M = QM , then VM C QM. If M # QM, then Q € M; and hence vM C QM. Thus in
any case VM C QM, it follows that v M C Jo(M)M . Therefore, VM = J(M)M = Jy(M)M . O

Theorem 2.4 Let M be a multiplication A -graded R-module, and let N be a proper A-graded submodule of
M. If A= (N : M), then VN =AM .

Proof.  Without loss of generality, we may assume that M is faithful. Let p be the collection of all A-
graded prime ideals P of R such that A C P. If B = /A then B = Npep P and, hence, by Theorem 2.1,
BM = Npe,(PM). Let P € p. If M = PM then VN C PM. If M # PM then N = AM C PM implies
that /N C PM . It follows that VN C BM.
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Conversely, suppose that K is a proper A-graded prime submodule of M containing N. By [7, Corollary
3.10] there exists a A-graded prime ideal @ of R such that K = QM. Since AM = N C K =QM # M it
follows that A C @, by [7, Theorem 3.7], and hence B C Q. Thus BM C K and so BM C v/N. Therefore,
VN = BM. O
Let M be a A-graded R-module and let N be A-graded submodule of M such that N = IM for some A-

graded ideal I of R. Then we say that I is a presentation A-graded ideal of N ; for short, we say a presentation
of N. We denote the set of all presentation A-graded ideals of N by Gpr(N).

Remark 2.5 [t is possible that for a A-graded submodule N no such presentation A -graded ideal exists. For
example, if V = @geA Vg is a A-graded vector space over a field F' with a nontrivial proper A-graded subspace

W of V', then W does not have any presentation.

It is clear that M is a multiplication A-graded R-module if and only if N = (N : M)M for each A-graded
submodule N of M. Therefore, M is a multiplication A-graded R-module if and only if every A-graded
submodule of M has a presentation A-graded ideal. In particular, if N is a A-graded submodule of a
multiplication A-graded R-module M, then (N : M) is a presentation for N.

Let £(R) and £(M) denote the lattices of A-graded ideals of R and A-graded submodules of M,
respectively.

Define the relation ~ on £(R) as follows:

I~J&IM=JM.

Then it is easy to verify that this relation is an equivalence relation on £(R). We denote the equivalence class
of I € £(R) by [I].

Theorem 2.6 Let M be a faithful multiplication A-graded R-module. Then the following statements are

equivalent:

(1) M is finitely generated.

(2) Each equivalence class is singleton.

(8) The map ¢ : L(R) — £(M) defined by ¢(I) = IM is a lattice isomorphism.

(4) For every proper A-graded ideal I of R, [I| ={I}.

(5) For every A-graded mazimal ideal P of R, [P]={P}.

Proof. (1) = (2) Follows from [7, Corollary 3.10] and [7, Theorem 4.1].

(2) = (3) By [7, Corollary 3.10], we conclude that ¢ is a bijection map, and preserves the order. Moreover
by Theorem 2.1, we have (I + J)M =IM + JM and (INJ)M =IM N JM, since M is faithful. Therefore,
¢ is a lattice isomorphism.

(3) = (4) and (4) = (5) are immediate consequences of [7, Corollary 3.10].

(5) = (1) is an immediate consequence of [7, Theorem 4.1]. O

Let M be a A-graded R-module and let N = IM and K = JM for some A-graded ideals I and J of R. The
product of N and K, which is denoted by N K, is defined by IJM . Clearly NK is a A-graded submodule of
M which is contained in N N K.

32



JABER

Theorem 2.7 Let M be a A-graded R-module and let N = IM and K = JM for some A-graded ideals
and J of R. Then NK is independent of presentations of N and K .

Proof. Let I,I; € Gpr(N) and J, J; € Gpr(K). Let rsm € Iy J1M for some r € I, s € JP and m € M".
Since J1M = JM , we conclude that

n
sm = E rimg, i€ J, m;e M",
i=1

where for each i, deg(r;) deg(m;) = deg(s) deg(m). Therefore,

n

and for each ¢, deg(rsm) = deg(r;rm;).

Similarly, rm; € [ M = IM implies that

k

/ h / h

rm; = E tijmi;, tij € 1", mg; € M”,
j=1

and for all i and j, deg(rm;) = deg(t;;) deg(m;;). Thus,

n k
rsm = Z Z Titimy,
i=1 j=1
and deg(rsm) = deg(rirm;) = deg(r;) deg(t;jm;;). Therefore, rsm € IJM, so IJ1M C IJM. Similarly, we
have IJM C 1M . Thus IJM =1, J,1 M. O

If K and L are A-graded submodules of a A-graded R-module M , then we say that K and L are comaximal
if K+ L= M. By using some properties of the graded ideal Theory and the fact that

D LM = (Y LM,

AEA AEA

we have the following result.

Proposition 2.8 Let M be a multiplication A -graded R-module, and let N, K and L be A-graded submod-
ules of M. Then the following statements are satisfied:

(1) The product is distributive with respect to the sum on £(M).

(2) (K+L)(KNL)CKL.

(3) If K and L are comazimal then KNL =KL.
Proof. (1) and (2) follow from the properties of the graded ideal theory.

(3) Since K and L are comaximal, we have K +L = M, and hence by (2), M(KNL) = (K+L)(KNL) C
KL. But M(KNL)=KnL,so KNLCKL. Clearlyy, KL C KN L. Therefore, KNL=KL. O
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Lemma 2.9 Let N and K be A-graded submodules of a faithful multiplication A -graded R-module M . Then,
(1) The A-graded ideals (N : M).(K : M) and (NK : M) are in Gpr(NK).
(2) If M is finitely generated, then (N :M).(K:M)= (NK:M).
Proof. (1) Since N = (N : M)M, K = (K : M)M, by using the definition of multiplication A-graded
submodules, we have
NK =(NK:M)M = (N:M)(K:M)M.

Therefore, (N : M).(K : M) and (NK : M) are in Gpr(NK).
(2) Since M is finitely generated, by Theorem 2.6.(4), (NK : M) = (N : M)(K : M). O

Recall that, by [7, Proposition 3.1], for any m € M", we have Rm = IM for some A-graded ideal I
of R. In this case, we say that I is a graded presentation ideal of m, or for short, a presentation of m. We

denote the set of all presentation A-graded ideals of m by Gpr(m). In fact, Gpr(m) equals to Gpr(Rm).

For m,n € M", by mn, we mean the product of Rm and Rn, which equals to IJM for every A-graded
ideal I in Gpr(m) and A-graded ideal J in Gpr(n).
For m = Yjeamg, n = Xgeang in M, by mn, we mean the product of ¥jeaRmy and YgeaRng,

which equals to IJM for every presentation graded ideals I and J of YgeaRmy and ¥ e Rny, respectively.

Proposition 2.10 Let M be a multiplication A -graded R-module. Let N, K, N;, where i € I, be A-graded
submodules of M, s € R", m € M" and k any positive integer. Then the following statements are satisfied:
(1) Gpr(XierNi) = ZierGpr(N;) ;
(2) Gpr(NierN:) = (Nier[Gpr(Ns) 4 ann(M)])M ;
(3) Gpr(sm) = sGpr(m);
(4) Gpr(NK) = Gpr(N) Gpr(K);
(5) Gpr(N*) = (Gpr(N))*;
(6) Gpr(m*) = (Gpr(m))* ;
(7) Gpr(V'N) = /Gpr(N).

Proof. (1) Let J; € Gpr(N;) for every ¢ € I. Then it is easy to verify that

ZNi = Z(JzM) = (Z Ji) M.

i€l i€l i€l

)=
)=

Thus, Gpr (XierN;) = XierGpr(N;).
(2) It is an immediate consequence of Corollary 2.2.(1).
(3), (4), (5) and (6) are immediate consequences of Theorem 2.7.

(7) It follows from Theorem 2.4. O

Proposition 2.11 Let M be a multiplication A-graded R-module, and let mq, ma,...,mi € My for some
g € A. Then Gpr(Xf_ym;) C EF  Gpr(m;).
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Proof. Since my,my, ..., my are homogeneous elements in My, where g € A, we have

k k k k
Gpr(z m;) = Gpr(RZ m;) C Gpr(z BRm;) = Z Gpr(m;).

i=1 i=1

Theorem 2.12 Let P be a proper A-graded submodule of a multiplication A -graded R-module M . Then P
is a prime A -graded submodule of M if and only if

UVCcP ==UCP o VCP

for each A -graded submodules U and V of M .
Proof. Let P be a prime A-graded submodule of M, and let UV C P where U = IM, V = JM. Then
UV =1JM C P. Suppose U ¢ P and V ¢ P, then there are ry € U — P and sz € V — P for some r € I",

y € M" and s € J", x € M". Thus rsz € P, since rs € I.J and hence rM C P, that is ry € P, which is a
contradiction. Therefore, U C P or V C P.

Conversely, let rz € P for some r € R" and = € M" — P*. We claim that M C P. Let m € M" and
let I and J be A-graded presentation ideals of rz and m. Then

R(rz)(Rm) = (Rx)(Rrm) =IM.JM =I1JM CIM C P.

Now, by hypothesis, we have Rx C P or Rrm C P but « € P so rm € P, therefore, rM C P and hence P is
a prime. O

A straightforward proof shows that Theorem 2.12 has the following obvious consequence.

Corollary 2.13 Let P be a proper A-graded submodule of a multiplication A -graded R-module M . Then P
is a prime A -graded submodule of M if and only if

mm CP=>mecP or m P
for every m,m’ € M". O

Definition 2.14 Let M be a multiplication A-graded R-module, and let N be a A-graded submodule of M .
Then

(1) N is called nilpotent if N¥ = {0} for some k € N.
(2) An element m of M" is called nilpotent if m¥ =0 for some k € N.

We denoted by Ny, the set of nilpotent elements of M .

Theorem 2.15 Let M be a multiplication A -graded R-module. A A-graded submodule N of M is nilpotent
if and only if every presentation A -graded ideal I of N, I*¥ C ann(M) for some k € N.

Proof. The proof is going straightforward. O
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Corollary 2.16 Let M be a faithful multiplication A -graded R-module. A A-graded submodule N of M is
nilpotent if and only if every presentation A -graded ideal I of N is a nilpotent A -graded ideal. O

Theorem 2.17 Let M be a multiplication A -graded R-module. Then

(1) Let x,y be nonzero homogeneous elements in Nj; with deg(x) = deg(y) then x+y € Ny .

(2) Let m be a homogeneous element in Ny and let r € R" then rm € Nyy.
Proof. (1) Let x,y be nonzero homogeneous elements in Ny; such that deg(z) = deg(y). Say ™ =0 and
y™ =0 for some n,m € N. Suppose I € Gpr(z) and J € Gpr(y). Then 2™ ="M =0 and y" = J"M = 0.
Since Rx = IM and Ry = JM , we have

Rx+y) CRx+Ry=IM+JM = I+ J)M,
so I+ J € Gpr(Rz + Ry). Let I =n+m. Then,

(Re+ Ry) = (I+J)M

= (zl: (i) I'J=HmMm

=0
= 0M
0,

hence z +y € Nas.

(2) Let m be a homogeneous element in Nj; and let » € R". Consider the graded presentation ideal
I of m. Then m* = I*M = 0 for some positive integer k. Since rm € Rrm = (rI)M C IM, we have
(rm)* C I*M = 0 and hence rm € Njs. O

Corollary 2.18 Let M be a multiplication A-graded R-module. Then Nyp; is a A-graded submodule of M
and the A-graded R-module M/Ny; has no nonzero nilpotent element.
Proof. In Theorem 2.17 we proved that if ¢ € A then (N ), is an abelian group under addition and
Ry (Num)g € (Nar)grg for all ¢, g € A. Therefore to show that Njs is a A-graded submodule of M, it is
enough to prove that n 4+ m € Ny, for every n,m € Ny;.

Let m = Ygeamg € Ny then m € YgeaRmg = JM for some A-graded ideal J of R. Let
n = Ygeang € Ny, then n € YgeaRng = IM for some A-graded ideal I of R. Since n,m € Ny we
have n® = 0 and m’ = 0 for some i, € N. Now, n’ = 0 implies that I'M = 0 and m? = 0 implies that
JIM =0. Let k =i+ 7, then

n+mée» (Rng+Rmg) € > Rng+ Y Rmy C(I+J)M
geEA geEA geEA

implies that the graded presentation ideal of deA RnngdeA Rmy, is contained in I+J. Since (I+J)*M =0,
we have that (n +m)* =0 and hence n + m € Nj;. Therefore Ny is a A-graded submodule of M.
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Let x € M" and suppose T = 2+ Ny . If (Z)* = 0 for some k € N, then z¥ € Nj; and hence (z%)" =0
for some n € N. Therefore, x € Nj; and so T = 0. Since Ny, is a A-graded submodule of M, then M/Ny

has no nonzero nilpotent element. O

In Corollary 2.18, we proved that Njs is a A-graded submodule of M . Therefore, m = Xjeamy € Ny if and
only if each my € Ny for every g € A.

Theorem 2.19 Let M be a multiplication A -graded R-module, and let N be a A-graded submodule of M .
Then

VN ={me M | m* C N for some k € N}.
Proof. By the same arguments used in the proof of Theorem 2.17 and Corollary 2.18, we can show that
B={me M |mF CN for some k € N} is a A-graded submodule of M.
Suppose m € B" and A C Gpr(m). Then m* = A*M C N for some k € N and hence by Theorem 2.4

Vmk =AM =V AEM = VAM C V/N.

Thus m € Rm = AM C VAM C v/N and hence B C V/N.

Conversely, let m be a homogeneous element in N = v/ IM , where I = (N :M). Then m = X2 ;rm,
where for each i, r; and m; are homogeneous elements in v/I and M respectively and deg(r;) deg(m;) =
deg(m). Now, for each 7, mm; € VIM = \/IM which implies that (rim;)* C IM = N for some k; € N.
Thus for a sufficiently large k € N, we have m* € N so m € B and hence v'N C B. Therefore, B=+/N. O

Corollary 2.20 Let M be a multiplication A -graded R-module. Then Nys is the intersection of all A-graded

prime submodules of M .

Proof. By Theorem 2.4, we have v/0 = vVAM , where A = ann(M) and by Theorem 2.19, v/0 = Ny, .
Therefore Ny, is the intersection of all A-graded prime submodules of M . O

Corollary 2.21 Let M be a faithful multiplication A -graded R-module. Then Ny = AM, where A is the
A -graded nilradical of R. O

Definition 2.22 A homogeneous element u of a A-graded R-module M is said to be a unit provided that u

is not contained in any A -graded mazimal submodule of M .

Remark 2.23 If M is a multiplication A -graded R-module and w € M". Then, by [7, Proposition 4.4], u is
a unit if and only if <u >= Ru= M.

In the final part of this section we prove the graded version of the Nakayama Lemma, but first we need to prove

the following theorems. See [11] for the proof of the next theorem in the nongraded case.

Theorem 2.24 Let M be a faithful multiplication A-graded R-module, and let uw € M" be a unit. Then
m € M" is an element in /M if and only if w —rm is a unit for every v # 0 € R" with deg(u) = deg(rm).

37



JABER

Proof. Let m € v/M. Suppose for some r € R" with deg(u) = deg(rm), u — rm is not a unit, then
uw—rm € N for some A-graded maximal submodule N of M. Since m € VM, m € N and hence u € N, a
contradiction.

Conversely, suppose u — rm is a unit for all r € R" with deg(u) = deg(rm). Let m = au for some
a € R". If m ¢ VM, then m ¢ PM for some A-graded maximal ideal P of R, so au ¢ PM and hence
a ¢ P. Therefore, P+ aR = R. Now, 1 = g + ar’ for some ¢ € P" and 7' € R" with deg(q) = deg(ar’),
but deg(q) = deg(ar’) = e where e is the identity element of the group A, so deg(r’) = (deg(a))™!,
and since deg(u) = (deg(a))~!deg(m), we have that deg(u) = deg(r’)deg(m) = deg(r'm). Therefore,
u—rm =u—r(au) = (1—ar)u = (g+ar’ —ar)u = (g+a(r'—7r))u is a unit for all » € R" with deg(r) = deg(r’).
Let 7 =17/, then qu is a unit and hence M = R(qu) C RPM C PM, a contradiction. Thus m € v/M . O

Using the fact that the A-graded homomorphic image of a multiplication A-graded module is a multiplication
A-graded module we recall that if M is a multiplication A-graded R-module and N is a A-graded submodule
of M, then M/N is a multiplication A-graded R-module.

Theorem 2.25 Let M be a finitely generated faithful multiplication A-graded R-module with M = M.
Then M =0.

Proof. Since M is finitely generated, there must be a minimal generating set X = {m, ma,---,m,} of
M". If M # 0, then m; # 0 by minimality. Since M is faithful and M = /M, we have M = Jo(M)M .
Thus, my = jimy + jama + -+ + jumy, (Ji € (J2(M))") whence jym; =my, so that (1 —ji)m; =0 if n=1,
and

(1 —j1)my = joma + -+ + jumy, if n>1.

Since ji € Jo(M) with deg(j1) = deg(1), we have 1 — j; is a unit in R, and hence

my = (1 —j1) Hama + -4 (1 — 51) " juma.

Thus, if n = 1, then m; = 0, which is a contradiction. If n > 1, then m; is a linear combination of
Mo, M3, ..., My; consequently, {mao, -+, m,} generates M, which contradicts the choice of X. Therefore,
M =0. O

Theorem 2.26 Let M be a faithful multiplication A -graded R-module such that w € M" is a unit. Then for

every A-graded submodule N of M, the following conditions are equivalent:

(1) N is contained in every A-graded mazimal submodule of M .

(2) u—rz is a unit for all r € R" and x € N" with deg(rz) = deg(u).

(8) If NM = M, then M =/ M.
Proof. (1) = (2) is an immediate consequence of Theorem 2.24.

(2) = (3) Let I € Gpr(N). Then NM = M implies that

M=NM=IMM=IM.RM =1IM =N,

and since M is faithful, then by Theorem 2.3, vM = J;(M)M = Jo(M)M , but by Theorem 2.24, M = N C
v M . Therefore, M =M.
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(3) = (1) Suppose NM = M, then M = +/M implies that N C v M, so that N is contained in every
A-graded maximal submodule of M . O

Now, we use the results proved in Theorem 2.24, Theorem 2.25 and Theorem 2.26 to prove the graded version

of the Nakayama lemma for multiplication A-graded modules.

Theorem 2.27 (a graded version of Nakayama lemma) Let M be a finitely generated faithful multiplica-
tion A-graded R-module. Then for every A -graded submodule N of M , the following conditions are equivalent:

(1) N is contained in every A-graded mazimal submodule of M .

(2) If NM =M, then M =0.

(3) If K is a A-graded submodule of M such that M = NM + K, then M = K .

Proof. (1) = (2) Suppose N is contained in every A-graded maximal submodule of M. If NM = M, then
by Theorem 2.26.(3), M = VM , and since M is finitely generated, then by Theorem 2.25, M = 0.

(2) = (3) By the recall before Theorem 2.25, M/N is a finitely generated faithful multiplication A-
graded R-module and M/N = (NM + K)/N = K/N. Therefore, K/N = (K/N)(M/N)= M/N, and by part
(2), K/N=0,s0 N=K and hence M = KM+ K =K.

(3) = (1) Let K be a A-graded maximal submodule of M, then K C NM+K C M. If NM+K =M
then M = K, a contradiction. Therefore, by maximality of K, K = NM + K and hence N C NM C K. O
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