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Extended cross product in a 3-dimensional almost contact metric
manifold with applications to curve theory

Cetin Camcy

Abstract

In this work, we define a new cross product in 3-dimensional almost contact metric manifold and we
study the theory of curves using this new cross product in this manifold. Besides, in the works of Baikousis,
Blair [1] and Cho et al. [4], we observe that some theorems are incomplete and excessively generalized are

thus their alternative proofs presented.
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1. Introduction

Let M be a (2n+1)-dimensional differentiable manifold. If there exist a 1-form 7, such that nA (dn)" # 0
on M, then (M,n) is called a contact manifold and n a contact 1-form [2]. A unique vector field ¢ is called
Reeb vector field (or characteristic vector field) where n(§) =1 and dn(&,.) =0 [2]. In a contact manifold, the

contact distribution is defined by
D ={X e x(M):n(X) =0}.

A (2n + 1)-dimensional differentiable manifold M is called an almost contact manifold if there is an almost

contact structure (¢,&,n) consisting of a tensor field ¢ type (1,1), a vector field £, and a 1-form 7 satisfying
¢?>=—-T+n®¢ and (oneof) nE)=1, ¢£=0, nop=0. (1.1)

If the induced almost complex structure J on the product manifold M2 +! x R defined by

7 (x.05) = (ox - sen0 )

is integrable then the structure (p,&,n) is said to be normal, where X is tangent to M, t is the coordinate
of R and f is a smooth function on M?"*+1 x R [2]. M becomes an almost contact metric manifold with an

almost contact metric structure (¢,§,n,g), if

9(¢ X, 0Y) = g(X,Y) = n(X)n(Y),
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or equivalently,
9(X,9Y) = —g(¢X,Y) and g (X&) =n(X)

for all X,Y € TM, where g is a Riemannian metric tensor of M [2]. For a 3-dimensional almost contact metric
manifold, Z. Olszak proved that

(Vx9)Y = g(6(VxE),Y)E —n(Y)o(VxE) (1.2)

forall X, Y € TM [5].

An almost contact metric structure is called a contact metric structure if
9(X,9Y) =dn(X,Y)

holds on M for X,Y € TM. A normal contact metric manifold is a Sasakian manifold. However an almost

contact metric manifold is Sasakian if and only if
(Vx9)Y =g(X,Y){ —n(Y)X, XY eTM, (1.3)

where V is Levi-Civita connection [2].

In any 3-dimensional contact metric manifold, the equation
(Vx9)Y = g(X + hX,Y){ = n(Y)(X + hX) (1.4)

is satisfied, where h = 3 £¢¢ and £ denotes the Lie derivative [6].

A well known example of a Sasakian manifold in terms of M = (R3,¢,&,n, g) can be given by

0 1 0
-1 0 0 0 1
and g := 1(da? + dy*) + n@n. Here,
0 0 0 0
={e=2— =2(— _- =9
p={e=25 00 =25 +uz). €=25)

is an orthonormal basis. Furthermore, ¢-sectional curvature of M is equal to —3. Therefore it appears to be
a space form denoted by R3(-3) [1].

Let (M,n) be a 3-dimensional contact manifold and « be a regular curve in this manifold. If n(t) =0
(i.e. t € D), we say that + is a Legendre curve in M where ¢t =+ [1]. Furthermore, in a 3-dimensional contact
metric manifold, if the angle between tangent vector of the curve and the Reeb vector field is constant, then it
is said that the curve is a slant curve [4].

In a 3-dimensional Sasakian manifold, Baikuossis and Blair [1] stated the following proposition and

theorems.

Proposition 1.1 In a 3-dimensional Sasakian manifold, the torsion (ks ) of a Legendre curve is equal to 1.
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Theorem 1.1 For a smooth curve v in a 3-dimensional Sasakian manifold, set o = n(¥). If ke =1 and at

one point 0 = o =0, then v is a Legendre curve.

Theorem 1.2 If on a 3-dimensional contact metric manifold, the torsion (ks ) of Legendre is equal to 1, then

the manifold is Sasakian.

Cho et al. [4] have investigated slant curves in a Sasakian 3-manifold and stated the following theorem.

Theorem 1.3 A non -geodesic curve in a Sasakian 3-manifold M is slant curve if and only if its ratio of ko+1

and ki is constant. where ki, ko are curvature and torsion of the curve, respectively.

In this theorem, the necessary condition is not correct. We will present a counterexample which violates

necessary condition of Theorem 1.3.

2. Cross product in 3-dimensional almost contact metric manifold

Definition 2.1 Let M? = (M, $,£,1,9) be a 3-dimensional almost contact metric manifold. We define a cross
product N\ by
XANY = —g(X,0Y)§ —n(Y)oX +n(X)eY, (2.5)

where X, Y € TM.

Example 2.1 In a 3-dimensional Euclidean Space R3(z,v,z), if we define a subspace of R>(z,y,z) by V =
{(z,9,0) : 2,y € R}, there exist natural projection w(x,y,z) = (z,y,0), and almost complex map J(x,y,0) =
(—y,2,0) on V. If we define a map ¢ = J o, then it is seen that (R*(x,y,2),$,&,1m,9) is an almost contact
metric manifold where n =dz, £ = % and g is standard Fuclidean metric in 3-dimensional Euclidean space.

As a result, we have
XANY =—g(X,9Y){ —n(Y)9X + n(X)¢Y,

where X,Y € TR3. In this case we have X NY = X x Y where X x Y is the usual cross product in R>.

Theorem 2.1 Let M3 = (M, ¢,&,n,9) be a 3-dimensional almost contact metric manifold. Then, for all
X, Y, Z € TM the cross product has the following properties:

a) The cross product is bilinear and antisymmetric (i.e. X NY ==Y A X ).

b) X ANY is perpendicular both of X and Y .

c)
Y AP(X) =g(X,Y)§—n(Y)X, (2.6)

H(X) = EAX. (2.7)

d) Define a mized product by
(X,Y.2) = (X \Y, 2),

then we have
(XY, Z) = —(9(X, 6(Y))n(Z) + g(Y, ¢(2))n(X) + g(Z, o(X))n(Y)) (2.8)

and
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(X,Y,2)=(Y,Z2,X)=(Z,X,Y).

e)
9 X, 0(Y)Z +g(Y,0(2))X + 9(Z,$(X))Y = —det(X,Y, Z) & (2.9)
(XAY)ANZ =g(X,2)Y — g(Y, Z)X, (2.10)
gXANY, ZANW) =g(X,Z2)g(Y, W) —g(Y, Z)g(X, W), (2.11)
X AY]? = g(X, X)g(Y,Y) — g(X,Y)2. (2.12)
f)

(XAYIANZ+YANZD)ANX+(ZAX)NY =0,

Proof. Proofs of (a), (b) are clear from equation (2.5).
Now we prove the other cases:

¢) Replacing X by ¢X in equation (2.5), we have

H(X)AY —9(6X, pY)E — n(Y)p* X
—(@(X,Y) +n(X)n(Y)) & —n(Y) (=X +n(X)§)

—(9(X, V)¢ —n(Y)X).

Then we get
Y Ao(X) = g(X,Y)E —n(Y)X.
Replacing Y by ¢ in equation (2.5), we obtain ¢X = X A €.
d) If we calculate g(X AY,Z), then we find

(X, Y, Z) = g(X A Y,Z)
= —g9(X,0Y)g(§, Z) —n(Y)g(¢X, Z) + n(X)g(¢Y, Z)
= —(9(X,0(Y)n(Z) + g(Y, 6(2))n(X) + 9(Z, p(X))n(Y)).

Then we can easily see that

(X,Y,2) = (Y, 2,X) = (Z,X,Y).

e) We know that the dimension of D = {X € x(M?):n(X) =0} is 2. If e is a unit vector in D,
then ¢ = {e, de, £} is an orthonormal basis for x(M). Then we can write X = Xje + Xage + X3¢,
Y = Yie + Yade + Y3&, Z = Zie + Zage + Ya€ where X,Y,Z € x(M?3). Since ¢Y = —Yze + Yi¢e, we

have

9(X, ¢Y) g(X1e+ Xage + X3, —Yae + Yige)

= X0V - XiYs.

If we calculate g(Y, ¢(Z)) and g(Z, ¢(X)), we obtain

9(X,0(Y)Z +9(Y,0(2)) X +9(Z,p(X))Y = —det(X,Y, Z) €.
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Using equation (2.5), (2.6) and (2.7) we have

(XAYIAZ = —(XoYi— X1Y2) (—Zoe + Z1e)
+(Z1(Ys X1 = Y1X3) + Z2(Y3 X2 — Y2X3)) €
—Z3 ((Y3X1 — Y1 X3)e + (Y3 X — Y2 X3)0e)
= (X121 + XoZs + X37Z3) (Yie+ Yage + Y3E)
— M2y + Y2 Zs + Y3Z3) (Xa1e + Xoge + X58)
= g(X,2)Y —g(Y,2)X.

Then we get
g XANY, ZANW) = (XAY,Z,W)
= g(XAY)ANZ W)
= 9(X, 2)g(Y, W) = g(Y, Z)g(X, W)
and

IXAY]P = g(XAY,XAY)

= 9(X, X)g(V,Y) - g(X,Y)*.
f) From equation (2.10), we can easily see that

(XAYIANZ+YANZD)ANX+(ZAX)NY =0.

Theorem 2.2 Let M3 = (M, ¢,&,1,9) be a 3-dimensional almost contact metric manifold. Then for all
XY, Z € TM we have
Vz(XANY)=(VzX)ANY + X A (VzY) (2.13)

where YV is Levi-Civita connection on M?3.

Proof. Using equation (2.5), we have

Vz(XANY) = —g(VzX,9Y)E —n(Y)o(V2X) +n(VzX)p(Y)

X, 0(VzY))E—=n(VzY)pX +n(X)p(VzY)

n(Y) (VzopX = p(V2X)) = g(X,VzoY —d(VzY))E
+1(X) (Vz9Y — ¢(VzY))

+(9(V2X,8) +9(X,VzE)) oY +n(X)Vz9Y,

-9

(
(
(
(

so we get
Vz(XANY) = (Vz2ZX)ANY +XA(VzY)

—9(X, (V29)Y)§ =n(Y)(Vzd) X +n(X)(Vz9)Y (2.14)
—9(X, 9Y)VzE — g(Y, V2o X + g(X, Vz§)pY.
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From equation (1.2), we have
—9(X, (Vz@)Y)§ =n(Y)(Vz9) X +n(X)(Vz¢)Y =0.

In 3-dimensional almost contact metric manifold, {¢pZ, *Z, £} is orthogonal basis. Addition, V z¢ is orthogonal
&¢. Thus we have

V€ = apZ + b Z. (2.15)
From equation (2.15) and (2.9), we have
—9(X,9Y)VzE — g(Y,V2£)pX + g(X, Vz£)oY = 0.

Using the equation (2.14), proof is complete. O

3. A curve theory 3-dimensional almost contact metric nanifold

In 3-dimensional almost-contact metric manifold there exist two types of Frenet frames. Let M?3 =
(M, ¢,€,m,g) be a 3-dimensional almost contact metric manifold and 7 be a regular curve in M? parametrized
by arc length.
First Type Frenet Frame (Usual Type Frenet Frame).
Vit
"

In this space, it is well known ¢ = +/(s), k = ||V, n = . Using the new cross product, we have

b =t An, which is orthogonal to two independent directions. In this way we can define the third vector in the
Frenet frame to be cross product of the first two unit vectors and the torsion to be the component of V;n in the
third direction. So we have 7 = g(V¢n,b), where {t,n,b} is a usual Frenet frame and k,7 are the curvature
and the torsion of the curve, respectively, where V is Levi-Civita connection on M?3.

Second Type Frenet Frame.

From Gram-Schmidt procedure, we have

FEi=t
Ey =Vt — g(Vit, V1)W1

Ey = Vit — g(Vit, Vi)Vi — g(Vit, Vo) Vs,

where t = +/(s), V4 = Hgil\ =t, Vo = Hggl\ and V3 = ngn . Thus curvatures of the curve are obtained by
k1= g(ViVi,V2) and ko = g(ViVa, V3).
There are some difference between the usual type Frenet Frame and second type Frenet Frame. In the

second type Frenet Frame, H. Gluck [3] proved that curvatures of the curve are given by

[ |
I

k1=
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and

_ B
B

ko

Thus k1 and ko are not negative. In the paper by Baikuossis and Blair [1], they use second type Frenet Frame,

in which they assumed that curvatures of the curve are positive. In this paper, we use the usual type Frenet

Frame.

Relations between the usual type Frenet Frame and the second type Frenet Frame are given by

t:munzwubZE%uﬁ:kluT:‘gk?u

(3.16)

where & = det(Vi, Va,V3) = +1 is the orientation of the curve. Using the equations in (3.16), we state the

following corollaries.

Corollary 3.1 i) 7 >0 if and only if e =1
it) <0 if and only if e = —1.

Corollary 3.2 ko =1 if and only if one the following condition are satisfied
Case 1: T=1 (e=1);
Case 2: T=—1 (e=—-1).

Considering the notations above we state the following equations and propositions.
n()t +n(n)n+nb)b =&
Using equation (3.17), we have

n(t)* +n(n)? +n(b)* =1

and
tAn=bnAb=t,bAt=n.

(3.17)

(3.18)

(3.19)

Proposition 3.1 Let M3 = (M, ¢,&,n,g) be a 3-dimensional almost contact metric manifold and v a reqular

curve in M3 parametrized by arc length. Then the following equations are satisfied:
ot = n(b)n — n(n)b,

¢n = n(t)b —n(b)t
and
¢b = n(n)t —n(t)n.
Proof. Using equations (3.17) and (3.19), we have
ot = EAt
nt)t At+nn)n At+nb)bAt
n(b)n —n(n)b.

The proofs of the equations (3.21) and (3.22) are similar. This proves the proposition.

(3.20)

(3.21)

(3.22)
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Proposition 3.2 Let v be a regular curve in a 3-dimensional contact metric manifold M3 = (M, $,&,n, g)

parameterized by arc length. Then the following equations hold:

oy = Kon — g(t, oht) (3.23)
ol, = —kot + (1 — 1)op, — g(n, pht) (3.24)
oy, = —(1 = 1)on — g(b, pht), (3.25)

where a(s) = au(s) = 1(t) = g(£,€), ouls) = n(n) = g(n,€) and arl(s) = n(b) = gb,€).
Proof. It is known that
Vx§=—¢(X) — oh(X) (3.26)

in a contact metric manifold [2]. From (3.26), it is easily seen that

The proofs of the equation (3.24) and (3.25) are similar. So our proposition is proved. O

4. A curve theory in 3-dimensional sasakian manifold

Theorem 4.1 Let v be a reqular curve in a 3-dimensional Sasakian manifold M3 = (M, ¢,£,1m,g) parametrized

by arc length. Then the equations below hold

o = Koy, (4.27)
ol = —koy+ (1 — 1)y (4.28)
oy, =—(1—1)op. (4.29)

Proof. In a 3-dimensional Sasakian manifold, it is known that h = %f ¢¢ = 0 [1]. Considering equations

(3.23), (3.24) and (3.25), we easily obtain equations (4.27), (4.28) and ( 4.29). O

Remark 4.1 Let M3 = (M, $,&,1m,9) be a 3-dimensional Sasakian manifold and ~ be a regular Legendre
curve in this manifold parameterized by arc length. In this case, Baikousiss and Blair [1] found that t = +/'(s),
n=x¢t, and ko = 1. If n = ¢t , then using equations (2.7), (2.10) and (3.19), we have b =& and 7 = 1.
If n = —¢t, then by similar method we have b = —§ and T = 1(e = 1). They assumed that the torsion ke of
the curve is a positive quantity, while in the current notation we assume that T can be positive or negative. In
[1], Baikousiss and Blair assumed that the torsion (ks ) of the curve is equal to 1, while in the current notation
torsion (7) is equal to 1 (e = 1) or —1 (¢ = —1). Because of the notation in [1], Proposition 1.1 and Theorem
1.2 seems to be incomplete and Theorem 1.1 appears to be (incorrectly) too much generalized (in [1], they used

absolute value of 7). In order to solve these problems, we present another proof of Proposition 1.1.
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Proof. If the curve is a Legendre curve, then we have o = oy = 0. Using equations (4.27), (4.28) and (4.29),

we have
on=0and (1 —1)o, =0

and using equation (3.18), we obtain o, = +1 # 0. Then we have 7 =1 (¢ = 1). O

We give an example for Proposition 1.1.

Example 4.1 In R3(—3) Sasakian space, from [1], it is known that

Ve¢€ = f = —V¢ee, Vef = —(;56 = Vge
V¢e§ = €= Vg(be, Vee = V¢e¢6 = ng =0.

Then we have
VY = X [Vi] e+ X [Ya] de + X [Y3]€ = n(X)dY — n(¥)dX — g(X, Y)E,

where X = Xje+Xope+X38, Y =Yie+Yope+YsE. Forall s, let k > 0. Suppose that v(s) = (z(s), y(s), z(s))

is a regqular curve with respect to the standard basis defined by
2(s) = -2 sin/mds

y(s) = 2COS/I€dS

A (o fre) ) f e
1= (oo )~ (s f ) o,

which gives us n(t) =0 (i.e. the curve is a Legendre curve). If we calculate t' = Vit and ¢t = Vit , then we

have
t=— (msin/mds) e— (mcos/nd8> pe = —kot.

(cos / mds) o (sin / nds> pe
~ (Sin / mds) e <cos / mds) ge.

The result appears to be n = —¢t, b=t An=—§ and 7= g(Vn,b) =1.

IS
~
—

»
~

|

Since t =+'(s), we have

So we obtain

~
|

3
|

The following example is a counterexample of Theorem 1.1 and necessary condition for Theorem 1.3.
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Example 4.2 In R3*(—3) Sasakian space, we define v(s) = (z(s),y(s), 2(s)) by

z(s) = —2v/1—02sinf
y(s) = 2V1—02cosb
Z (s) = 20+ yx' (s),
where
0§ = —20+

1+o0

1
o(s) = 5(1 — cos (2\/55)),
Then the tangent vector becomes

t=(V1—o02cosh)e + (—v1 —o2sinf)p(e) + o

and
t = (\/%0056‘ — (0 +20) mginﬁ)e
—i—(%sinﬁ — (0 +20)V1 — o2cosh)p(e) + o €.
Since k? =| Vit ||?, we have
K2 = (%)2 +((0 +20)/1—02)2 + (o) = 4.

Thus we have k=2 and n = $V,t. From equation (2.5) and (3.19), we get

obz—\/l—JQ—(% )2.

From equations (4.27) and (4.28), we find

’

(5) +20=—(r=1y/1-0> = (3 ).

| Q

Evaluating (%), +20 and 1 — 0% — (% )2, we have

’

’

(%), + 20 =1-sina

and

' (1 — sina)?

12— (T2 75
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where o = 2¢/2s — g Thus we obtain

(r-1
2

1— sina = —

(1 — sina)

and T = —1. We see that absolute value of the torsion is equal to 1 and at one point 0 = o' = 0. However,
although the curve ~ in a Sasakian space, it is not a Legendre curve. Furthermore, we see that ratio of T — 1
and K 1s equal to —1 but the curve is not a slant curve.

For the curves in a Sasakian 3-manifold with 7 = —1, we state the following theorem.

Theorem 4.2 Let v be a reqular curve in 3-dimensional Sasakian manifold parameterized by arc length with

=L — ¢ and at one point o = o’ = 0. Then the torsion of the curve is equal to —1 if and only if

2v1 2
o(s) ==+ c __° cos te s , (4.30)
14+c¢2 1+¢2 c
where Fco +1 > 0.

Proof. From equation (4.27) and (4.28), we have

n(s) = % and (”T(S)> + ko(s) = (1 — 1)op.

Since 0% + 02 + 07 = 1, we obtain

Thus we have

(@)IMU(S) zj:(T—l)\/l — o2(s) — (("(S)>2. (4.31)

K

S

If we assume that r(s) = [ xdh, from equation (4.31) we have
0

5(r) + o(r) = £ —1 - =) V1= 02(r) — ()™, (4.32)

d
where ¢ = d—o. Setting A = 1 — 02(s) — (&)°, the equation (4.32) becomes
r

A $7' -1 .
— = .
VA
If we integrate the equation this equation, we have
t
-1
1—02— (d)2 = HF/ T do + Cq, (4.33)
K
0
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where C; is a constant. Since 7(0) = 0, we see that 0(0) = ¢(0) = 0. If at one point ¢ = & = 0, then we have

Ci =1 and
fr—1
\/1—02_((})2:¢/T; do+1. (4.34)
0

Considering the fact Tn;l = ¢ and from equation (4.33), we get

1—02—(6)>=Feo+1,
where Fco + 1 > 0. From the above equation, we have
(6)> + (1 + ) F 2co = 0.

Integration of this equation gives

o (t) :j:< € __° sin (\/H——c?t+02)>

142 14¢2

and

B c c . >
0(t)-:|:<—1+02 —i——sm(\/l—i—c t—i—Cg)),

142

or it can be written in terms of s as follows

o(s) ==+ (H% —H%sin (\/1+02f,‘$dh+02>>
0

5 (4.35)
o(s) == (H%—i- 1oz sin (\/1+c2({mdh+03>> .

Since ¢(0) = 0’(0) = 0, we have Cy = 7 and C3 = —% . If 0, > 0, then we have

o(s) = | —S — — cos \/1+02/mdh . (4.36)
0

14 c¢2 1—i—c2C

If 0 <0, then we have

14 c2 1+02CO

o(s) =— € % cos \/1+62/Iidh .
0

S

If torsion of the curve is equal to —1, we have kK = _72 and f kdh = _728 Then we obtain the equation
0

(4.30).

Conversely, suppose that we have one of the two condition as

=1 (7 20
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and

() = [ S = € o [ 2R
o) = 14+c¢2 14¢2 c ’

where —co 4+ 1 > 0. So from equation (4.36) and (4.37), we obtain

r WIT
\/1+62/I€dh= 2k + )7 — is,
0

c

which gives us k = _72 and 7= —1.

A new proof of Theorem 1.1:

If 7 =1, from equation (4.33) we have
o+o0=0.

Integrating the above equation, we have

S S

o(s) = Acos(/ kdh) + Bsin(/ kdh).

If at one point ¢(0) = ¢’(0) = 0, then we find

0 0

Acos(/ kdh) + Bsin(/ kdh) =0,

a a

0 0

—Asin(/ kdh) + Bcos(/ kdh) = 0.

a a

So we have A =B =0 and o = 0. Thus the curve is a Legendre curve.

A new proof of Theorem 1.2:

(4.37)

Let v be a Legendre curve in a 3-dimensional contact metric manifold parametrized by arc length.

Since h(§) = 0, Then A; = 0 is eigenvalue and & is an eigenvector. Since h is a self-adjoint operator, its

eigenvalues are real and the eigenvectors (corresponding to the nonzero eigenvalues) are perpendicular to & [2].

Thus an eigencurve of h in a contact metric manifold is a Legendre curve. If v is an eigencurve of h, we have

ot(s) = o3(s) = 0, where h(t) = At. From (3.23) , (3.24) and (3.25), we see that

on(s)=0and (1—1—MN)o, =0.

If we assume that 7 = 1, we have
—Aop = 0.
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By equation (3.21), we have o, = 1 # 0. From the above equation since o3 is not equal to zero, A must be
zero. It is well known that if A is eigenvalue of h, then —\ is eigenvalue of h [2]. Thus we have h = 0. Using

equation (1.4) and (1.3), as a result, we see that the manifold is a Sasakian manifold.
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