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Note on Hilbert-type inequalities

Predrag Vukovié

Abstract
The main objective of this paper is to prove Hilbert-type and Hardy-Hilbert-type inequalities with a
general homogeneous kernel, thus generalizing a result obtained in [Namita Das and Srinibas Sahoo, A
generalization of multiple Hardy-Hilbert’s integral inequality, Journal of Mathematical Inequalities, 3(1),

(2009), 139-154].

1. Introduction

Bicheng Yang in [4] proved a Hilbert-type inequality for conjugate parameters and with the kernel
K(z,y) = (u(z) + u(y))~®, s > 0. His result is contained in the following theorem.

Theorem A If p > 1, 117 + é =1 ¢ >0 =p,q), ¢p+ g =35, u(t) is a differentiable strict increasing
function in (a,b) (—oo < a < b < 00), such that u(a+) = 0 and u(b—) = oo, and f,g > 0 satisfy

0< fb (u(@)PC=ta)7t fP(z)dr < 0o and 0 < fb ng(x)dx < 00, then

a  (u(x)P?! a  (uw(x)i 1T
" f@)gly)
[ [ wiw (11
b p(1—¢q)—1 b q(1—¢p)—1 q
< B(¢p, ¢q) (/ %f%x)dw) (/ %g%w)dw) ,
where the constant factor B(pp, ¢g) is the best possible. If p <1 (p #0), {s;0, >0 (r =p,q), pp+o, = s} # 0,

(u' ()P~
with the above assumption, one has the reverse of (1.1), and the constant is still the best possible.

<=
=

Recently, Namita Das et al. [1] gave a generalization of Yang’s result:

Theorem B Let n € N\{1}, p; > 1, (i =1,2,...,n), Yry>~=1,5>0, \; >0 (i =1,2,...,n) with

1
Dpi
Yo Ai = s. Suppose for every =1,...,n; u; : (ai, b;) — (0,00), is a strictly increasing differentiable function

such that w;(a;) =0 and u;(b;) =oc0. If f; >0 (j=1,2,...,n), satisfy

0< /bj (uj ()7 A= (Wl (@) 7 () dee < oo,

J
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then

by bn 1 n
/a1 /a —(Zleui(xi))sjl_[lfj(xj)dxl"'dx"

R bj , +
< m HF()\]‘) </ (U,j(xj))luj(l—)\j)—l(u;(xj))l—pjff] (l'j)dl'j> 7
Jj=1 aj

J

where the constant factors ﬁ [T;_, T(\)) is the best possible.

Our main objective is to emphasize the previous theorem. Our generalization will include a general

homogeneous kernel. In what follows we suppose that K(z1,...,2,) is non-negative measurable homogeneous
function of degree —s, s > 0. To obtain the main results we define the function & (f1,...,Bn—1) by
k(B Bn) ;:/ KLty ety )t dty - - dt (1.2)
(0,00)m =1

where we suppose that &k (81,...,0,-1) < oo for By,...,0h—1>—1land 1+ +Bp_1+n<s+1.

Let A;;, 4,5 =1,...,n, be the real numbers satisfying

YA =0, i=1,2,...,n. (1.3)
i=1
We also define
aZ:ZA1]7 i:1,2,...7n. (1'4)
j=1

Our results will be based on the following result of Peri¢ and Vukovié from [2].

Theorem C Let p1,...,pn be conjugate parameters such that p; > 1, ¢ = 1,...,n, and let é = Z?;l p%_.
Let K : (0,00)" — R be non-negative measurable homogeneous function of degree —s, s > 0, and let
Aij, 4,5 =1,...,n, and a;, i = 1,...,n be real parameters satisfying (1.3) and (1.4). If fi : (0,00) — R,
fi # 0, i = 1,...,n are non-negative measurable functions, then the following inequalities hold and are

equivalent:

/ K(xl,...,xn)Hfi(xi)dxl---dxn
(0,00)™ i=1

1

< LH (/ x;z—s—l-i—piaifzpi (;[;1)de> " (15)
; 0
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and
. q
(1-q)(n—1-s)—qa, / .
x,, K(zq,. filzi)dzy -+ -dxp_1 | dxy,
/0 < (0700)71 1 H )
n—1 00 o
< ][] ( / S (:ci)dxi> : (1.6)
i=1 /0
where

a1 a1
L =k(p1Ai2,...,p1A1n)?" - k(s —n —pa(ag — Azz),p2A23, ..., paAsy,) P2

1

: k(pnAn2u ] 7pnAn,n—17 s—n— pn(an - Ann))mu (17)
and piAij > —1, 7,75], pi(Aii—ai) >n—s—1.

In what follows, without further explanation, we assume that all integrals exist on the respective domains of

their definitions.

2. Main results

By applying Theorem C we get the following theorem.
Theorem 1 Let K : (0,00)" — R and A;j, i,j =1,...,n, be as in Theorem C. Suppose for every i =1, ..., n;
u; ¢ (a;,b;) — (0,00), is a strictly increasing differentiable function such that w;(a;) = 0 and wu;(b;) = co. If

fi 0 (0,00) = R, fi #0, i = 1,...,n are non-negative measurable functions, then the following inequalities

hold and are equivalent

b1 bn
/ K ’U,l (tl I_IfZ dfl (21)

s o
<r]] </ (i (£3)" 7P (g (t))! plf”(i)dti>
i=1 @i

and

bl n—1 q
/ (t (1)) 1~ (1= 1=) =g </ / K(ui(t1), I_IfZ Ydty . .dtn_1> dt,
[o 7% An—1

q

n—1 b; Pr
<Ll ( [ttt - ow%)du) , (2.2)

i=1 i
where the constant L is defined by (1.7).
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Proof. The proof follows directly from Theorem C setting the functions g; : [0,00) = R, ¢ = 1,...,n, such
that f;(¢;) = gi(ui(t;))us(t;). Namely, the inequality (1.5) with the functions g; defined above, becomes

/ K(x1,. ng (wi)day .. (2.3)
(0700)71

n

1
< LH (x? 5= 1+plalgpl(xz)dxz) L

where the constant L is defined by (1.7). Now, let I and J denote the left-hand and right-hand side of the

inequalities (2.3) respectively. By using the substitution x; = w;(t;), ¢ =1,...,n, we obtain

bl n n
/ Kul(tl ) [T (g (wa(t) i (83) dt . . dt, (2.4)

i=1

where we used the facts u;(a;) =0 and wu;(b;) = 0.

Similarly, we get

a1
n i Py
J = LH </ n s— 1“”‘“91i(ui(ti))ué(ti)dti>
i=1 g
1

_LH ( / T (1) pwgf%<uz<ti>><u;<ti>>mdti> E (25)

Now, from (2.3), (2.4), (2.5) and the fact f;(¢;) = gi(w;(t;))u}(¢;) follows the inequality (2.1). The second
inequality (2.2) can be proved by applying (1.6) from Theorem C. O

To obtain a case of the best possible inequality it is natural to impose the following conditions on the

parameters A;;:
pjAjii=s—n—pila;—Ay), ,,7=1,2,...,n, i # j. (2.6)
In that case the constant L from Theorem 1 is simplified to the form:
= k(Ay,..., Ay), (2.7)

where

A =pjAj, i,j=1,2,...,n, i #j. (2.8)

It is easy to see that the parameters ZZ- satisfy the relation

i A =s—n. (2.9)

i=1
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By using (1.3) and (2.8) we have

Aii = —Au—Aoi— = A —Aipri— 0 — A
A A A A A;
P P2 Pi-1  DPit+1 Dn

I
e

~(%4> (2.10)

Further, by using (2.7) and (2.8) and (2.10), the inequalities (2.1) and (2.2) with the parameters A,;;,
satisfying the relation (2.6), become

b1 bn
/ K ’U,l(tl I_IfZ dfl (211)

n b; B L
<L H </ (wi ()~ P (ul () P fPe (ti)dti>

i=1 i

and

bl n—1 q
/ (t, (t ))(1 Q) (—1—pnAy) </ / K (uy(t1), I_IfZ )dty . .dtn_1> dt,

n—1

49

n—1 i P;
qH(/ 1“@MW%$@W)- (2:12)

i=1

In the following theorem we show that, if the parameters A;; satisfy condition (2.6), then one obtains the best

possible constant.

Theorem 2 If the parameters A;j, i,j = 1,...,n, satisfy conditions (1.3) and (2.6), then the constants L*
and (L*)? are the best possible in inequalities (2.11) and (2.12).

Proof. As in the proof of Theorem 1, let g; : [0,00) — R, ¢ = 1,...,n be the functions such that
fi(t:) = gi(wi(t;))ul(t;). The inequality (1.5) with the functions g; defined above, becomes

/ K(zy,...,x ng (z;)dzq .. (2.13)
(0700)71

1

<L*H</ xi_l pi 1gfl(xi)dxi> pi,
0

i=1

where the constant L* is defined by (2.7).
Now, let’s suppose that the constant factor L* is not the best possible. Then, there exists a positive

constant Lj, smaller than L* such that the inequality (2.13) is still valid if we replace L* by L;. For this

N 0 ce(0,1)
gi(x;) = A [ L i=1,...,n,

YT ze 1, 00)

purpose, set
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where 0 < & < minj<;<,{p; —i—pigi}. If we put these functions in the inequality (2.13), then the right-hand side

of the inequality becomes % , since

n
1=

AP (e dy | = 2.14
Z; g; ' (xy)da; | = —. (2.14)
1 Lo

Further, let J denotes the left-hand side of the inequality (2.13), for above choice of the functions g;.

By using substitution u; = ;—i, i=2,...,n in J, we find that

J:/ xp e l/ / K(l,u2,...,un)Huﬁ—%dug...dun] dz;. (2.15)
1 1 1
T T

=2

It is easy to see that the following inequality holds

J > / xy 1 [/ K(1Liug, ... up) Huigi_fﬂ_idug .. .dun] dxq
1 (0700)7171 =2

—/ l‘l_l_EZIj(JJl)dl'l
1 j=2

J

1. [/~ ~ o0 -
= -k (Az—i,...,An—i> —/ J,'l_l_g Ij(l‘l)dl'l, (216)
€ b2 Pn 1 o

where for j =2,...,n, I;(z1) is defined by

n —~
Ii(x1) = K(l,ug,...,un)HuiAi_P_idug...dun,
D;j i=2
where D; = {(ug,us,...,un);0 < u; < %, 0 < ug < 00,k # j}. Without losing generality, we only estimate

the integral Io(z1). In fact, since 1—u§ — 1 (uz — 0T), there exists M > 0 such that 1—u§ < M (ug € (0, 1]),
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and by Fubini’s theorem, it follows that

0 < 5/ $1_1_€IQ($1)d£L'1
1

1 n —
o0 En A—=
= 5/ xy 1 TE / / IK(l,ug,...,un)”ui Pidus . . .duy | dxy
1 (0,00)=2 Jo bl

1 A—= s
= 5/ / K(l,ug,...,un)Hui Pi Qxl_l_gdxl dus . . .du,
(0700)7172 0 " 1

=2
! A 2!
= 5/ /K(l,ug,...,un)Hui Pl =(1 —u3) | dug . ..duy
(0,00)n=2 Jo i—o g
1 n Ai—i
< M/ /K(l,ug,...,un)Hui Pidug . . . duy,
(0700)7172 0 =9
oA
< M K(l,ug,...,un)Hui Pidug . . .duy,
(0700)71—1 =2

M-k(lz—i,...,ﬁn—i> < o0.
b2

Hence by (2.16), we have that

7> (Eg—i,...,ln—i> —0(1). (2.17)
€ b2 Pn

We conclude, by using (2.14) and (2.17), that L* < L; when & — 0T, which is an obvious contradiction. It
follows that the constant L* in (2.11) is the best possible.

Further, since the equivalence keeps the best possible constant, the proof is completed. O

3. Some applications

To obtain the following results we need some lemmas.

Lemma 1 (see [3]) fn €N, r; >0, i=1,...,n, then

n—1 r.—1 n

. L : T i

/ HZZI Yi T du1 .. .dun_l = % (31)
(0,00)n—1 (1 + Z;zz—ll Ui) i=1 i=1"4

By using Lemma 1 we have
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Lemma 2 If neN, s, A>0, 6; >—1, it=1,...,n—1, and Z?;llﬁi<)\s—n+1, then

n—1,8;
/ Lﬁisdtl ooty (3.2)
oo (1 305 )

1 B+l 1=
T T(s)an? (le( ) >> < _XZ: @H)

Proof. Let J denotes the left-hand side of the identity (3.2). By using the substitution w; = ¢, i =
1,...,n—1, we find that

n—1
1 ' R
A (0,00)n—1 (14_21 1 uz)

Applying Lemma 1 we get

1 n
= Tl T HF(H),

=0 =1,

where 7; sn—1,and r, =5 — %Z?;ll(ﬁi + 1). In this way we prove (3.2). O

Remark 1 [t is easy to see that Theorem 2 is the generalization of Theorem B. Namely, let us define ZZ- = \—1,
it =1,...,n, and K(x1,...,2y) = (1 + -+ + ®,)"°. By using Lemma 1 we have L = k(A1,...,\,) =
oy LI TV

We proceed with some special homogeneous function. Since the function K(x1, ...,x,) =

(2?21 xfo‘_l)) /(i 2 ) A > 1, is homogeneous of degree —s, by using Theorem 2 we obtain:

Corollary 1 Let n > 2 be an integer and let p1,...,pn be conjugate parameters such that p; >1,i=1,...,n
and let é =30 11 o Ifa>1, f,>0,i=1,...,n, measurable functions, then the following inequalities hold

and are equivalent:

/ / e S i T fdn

L att ) 41

n

<Li]] ( / e s (ti)dti> " (3.3)
=1 -

and

1

q q
O iy . ZZ as()\ 1)t; n—1
l/_ G/Pn Tt (/ / ,,11‘ a/)\t ) H f (tz)dtl c 'dtn—l dtn

i=1

<L H (/ =t P i)d@-) " (3.4)
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where the constant

)\lna 1-n

.- G eoe)] w

i=1,ij

HM:

is the best possible in the inequalities (3.3) and (3.4).

Proof. Set K(xi, ...,z,) = (Z? 1905()‘ 1)) / (i, xf‘)s, A >0, and z; = u;(t;) :=a', i =1,...,n, in

Theorem 2. Then, using the notation of Theorem 1 we have a; = —oco and b; = oc.

It is easy to see that the parameters A;;, ¢,7 =1,...,n, defined by

Ay =2"1
Pipj
satisfy the condition (2.6). Therefrom, from the statement of Theorem 2 follows A = s;f” tog=1 n. Now
by using the definition of w;(¢;) and the parameters ZZ- we get,
(us(8)) P ()P = (na)' Pra "
and
(i (£)) 1700 = (o)
Further, it is enough to calculate the constant L; = (Ina)!~" - L, where L = k (%, ce S;%) . Using the
definition of the function k(aq,...,a,—1) given by (1.2) we have
s(A=1) S(/\ D .
1 t t =1 =
L:/ tho Tt i dt Lt = Y I, (3.6)
(0,00)71 (1+Zzlz) =
where
tlp2 tPn
Ot (14 > z)

and

gprl POTDERETL

Ik:/ ! k nl gty .odty_q, for k=1,....,n—1.
(0,00)n—1 (14‘2111)
By using Lemma 2 we get
1 . s spr(A—=1)+s

Ip=—— r T ——

O T(s)an T (Z_l_lz (Pi)\>> ( p1A ’
and similarly

1 . s spr1(A—1)+s
=g | II T ( > T ( :

L(s)A i—tizkir  \PiA Pr+1A

for k=1,...,n— 1. Now, from (3.6) we get (3.5). O
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