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On the biharmonic vector fields

Mustapha Djaa, Hichem Elhendi and Seddik Ouakkas

Abstract

The problem studied in this paper is related to the biharmonicity of a vector field from a Riemannian
manifold (M, g) to its tangent bundle TM equipped with the Sasaki metric ¢°. We show that a vector
field on a compact manifold is biharmonic if and only if is harmonic. We also investigate the biharmonicity
of vector field of M, as a map from (M, g) to (T'M, g%).
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1. Introduction

Biharmonic maps are critical points of bienergy functional defined on the space of smooth maps between

Riemannian manifolds, introduced by Eells and Sampson in 1964, which is a generalization of harmonic maps

3].
If o: (M,g) — (N,h) is a smooth map between Riemannian manifolds, then the tension field of ¢ is

defined as
T(p) = trace,Vdep.

It is said ¢ is harmonic if the tension field vanishes. The equivalent definition is that ¢ is a critical point of

the energy functional

Be) = [ el

where e(p) = %traceg (¢*h) is called energy density of .
If M is not compact then the energy E(¢) may be defined on its compact subsets.

Definition 1 A map ¢ : (M, g) — (N, h) between Riemannian manifolds is called biharmonic if it is a critical

point of the bienergy functional :
1
Bxe) =5 [ 1n()P,
M

(or over any compact subset K C M ).
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The Euler-Lagrange equation attached to bienergy is given by the vanishing of the bitension field

a(p) = —J(7(9)) = — (A%7(p) + tracegRY (1(i), dip)dyp), (1)
where J,, is the Jacobi operator defined by
Jo :T(@ (TN) — T(¢ '(TN) (2)
V o APV +trace, RN (V,dp)de.

(One can refer to [6] for more details.)

2. Some results on horizontal and vertical lifts

Let (M,g) be an n-dimensional Riemannian manifold and (T'M,w, M) be its tangent bundle. A local
chart (U,2")i=1..n on M induces a local chart (7~ *(U),a",y")i=1..n. on TM. Denote by I'}; the Christoffel
symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on T'M, the vertical distribution V and the horizontal
distribution H, defined by :

Vaw = Ker(dmgu)
.0 )
= {G/za—yzl(m7u)7 a' € ]R}

0

H(;E,u) = { 8 Z|(:Eu)_a/ujrzja k|(mu)7 GZER},
where (z,u) € TM, such that T, ,/TM = Hzu) © V(m ) -
Let X = XZ
o
XV = X' = 3
i 3)
) .0 0
X" = X'—=X' AN 4
St {6 z_] 6 k} ( )
For consequences, we have (aii)H = 57 and (azw)v = ayw , then (62“ 63 )i=1..n is a local adapted frame in
TTM .
Remark 1 _‘% € T(z,u)T'M , then its horizontal and vertical parts are defined by

wt =

k

. . 0
w :{wk—i-w ujl"u}a 7 € Viaw)-
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2. If
UV = ’U,i (;ZZ
- 9]
H _ 1 k
u = u {BJJZ - yj ij 6 k}

Proposition 1 (See [10]) Let F € T)(M) be a tensor of type (1,p) (respectively, G € TO(M) a tensor of type
(0,p)), then there exist a tensor ~(F) € T, (TM) (respectively, v(G) € T)_(TM)), locally defined by

)
YF) =Ff o y™ aF ®dz" @ ...® dz"r (5)

YG) = Ghl.,hpyhl dz" ® ... @ dx"r, (©)

where F = F! iy 7 ®de" ®..®ds" and G = Gy, ;,dz" @ ... ® dz'r.

Proposition 2 (See [10]). For any X,Y € T(TM) and f € C*°(M) we have the following relations
(X +Y)" = (X)"+ ()"
(FX)” = ()X
(fX)" = (f)rx"
XU =(Xf)
XHfe = (Xf)* —yldf o VX)
(X0 Y = [X, Y] = (VxY)"
(X" V"] = [X,Y]" = yR(X,Y),
where f¥ = fon, f¢=~(Vdf) and R is the curvature tensor of V .
Definition 2 The Sasaki metric g° on the tangent bundle TM of M is given by
1. ¢*(XH YH) =g(X,Y)o
2. ¢*(XH YV)=0
3. ¢ ( XV, YV)Y=g(X,Y)or
for all vector fields X, Y e I'(TM).

In the more general case, Sasaki metrics and their applications were considered in [2], [9].
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Proposition 3 (/10],/4]) Let (M,g) be a Riemannian manifold and ¥V be the Levi-Civita connection of the

tangent bundle (T'M, g°) equipped with the Sasaki metric. Then

1

(VarY oy = (VxY){hu — 5(RBe(X,Y)u)"
@Yoy = (V) + 5 (Bal, V) X)"
@V )y = 5(Rale, V)"

(VxvY ) = 0,

for all vector fields X, Y € I(TM) and (z,u) € TM

Proposition 4 ([10],(4]) Let (M, g) be a Riemannian manifold and R be the Riemann curvature tensor of the

tangent bundle (T'M, g°) equipped with the Sasaki metric. Then the following formulae hold.

1. Rew(XY,YV)ZV
2. Repu(XV,YV)ZH
3. Rew(X™,YV)2ZV
4. Re.y(XH yVyzH

5. Repw(X™,yM 2z

6. Ry (X", yH)ZH

for all vectors u, X, Y, Z € T, M .

0

[R(X,Y)Z + %R(u, X)(R(u,Y)Z) — %R(u, Y)(R(u, X)Z)| 2
_[%
1

[GR(R(u,Y)Z, X)u + %R(X, )Y + %[(VXR)(u, Y)Z)2

RY, 2)X + (R Y) (R, 2) X))}

[R(X,Y)Z + %R(R(u, Z)Y, X)u — %R(R(u, 2)X, Y)Y

+%[(VXR)(u, Z)Y — (VyR)(u, 2)X]
SIVZR)(X, Y )ulY
+[R(X,Y)Z + ER(“’ R(Z,Y)u)X

—i—iR(u, R(X, Z)u)Y + %R(u, R(X,Y)u)Z)H,

Definition 3 Let (M, g) be a Riemannian manifold and F € T1(M) be a tensor field of type (1,1). Then we
define a vertical and horizontal vector fields VE, HF on TM by

466
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Locally we have

.0 - 0
VF = y'F — =y (F(==))" 7
VF g = () (7
PR | . 0 - 9]
_ (N nl) — gk plps — H

Proposition 5 Let (M,g) be a Riemannian manifold and V be the Levi-Civita connection of the tangent

bundle (TM, g°) equipped with the Sasaki metric. If F € T1(M) is a tensor field of type (1,1), then

(Vv VF) o = (FX)w

(v HF) Gy = (PO + 5 (Ralu, X)F()”
(OxnVF) sy = VITF)(w0) + 5(Ralu, () Xa)"
(FxiHF) oy = HVXF)0) = 5(RalXe, Fe(w))"

where (z,u) € TM and X e I'(TM).

Proof. Locally, using formulas (3) and (4), and the Propositions 2 and 3, we have

0

Vo' = Vxvg (F)) = XV () (F (o)

0

= X'

) = (F(X))”

~ ~ i 0
(VXVHF)(I7U) = (Vxvy (F(%))H)(%u)

and

~ ~ 0
(VXHHF)(;E7U) = (VXHyk(F(W))H)(%U)
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Let U = u? 6‘; be a constant vector field, then:

=~ 1
(VxuHF)gu = —F(xU)G o+ (VxFO){E ., - 5 (Be(Xa, Fy(u))u)¥

= (VXY O~ 5 (Rl o))

(H(VxF)(,w) — 3 (Re(Xe, Euu))u)”

Similarly, we have

~ 0 - 0
(VxnVF)awy = (XMW EG)” + 9V xn P

k

= V(VXF)(x,u)—i—%(Rm(u,Fm(u))Xw)H.

3. Harmonicity of a vector field X : (M, g) — (TM, g°)

Lemma 1 Let (M, g) be a Riemannian manifold and (T M, g°) be the tangent bundle equipped with the Sasaki
metric. If X,Y € I(TM) are a vector fields and (x,u) € TM such that X, = u, then we have

Proof. Let (U,z") be alocal chart on M in z € M and (7~ }(U),z%,4’) be the induced chart on TM, if
X, = X{(2) 22|, and Y, = Y(2)5%|., then

.8 N GO
de X (Ye) =Y'(@) 55 @.x,) + Y (@) 575 @) 55| 2.x0)
ox ox oy

thus the horizontal part is given by

(GXO)" = V@) gkl — Y @X @)
= Yix
and the vertical part is given by
XD = (@ @)+ Y @R @) g
= (VYX)&,Xm)-

Using the Lemma 1 and Proposition 3, we obtain the following proposition.
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Proposition 6 Let (M,g) be a Riemannian manifold and (T'M, g°) be the tangent bundle equipped with the
Sasaki metric, if X : M — TM is a smooth vector field then its tension field is given by

7(X) = (try R(X, V. X)) + (tr,V2X)V.

Note that if X is parallel (i.e., VX =0 ) then X is harmonic. Conversely we have the following theorem
proved by Ishihara [5], [7].

Theorem 1 Let (M, g) be a compact Riemannian manifold and X € T'(T'M), then X is harmonic with respect
to Sasaki metric on TM if and only if X is parallel.

4. Biharmonicity of a vector field X : (M, g) — (T'M, g°)

For a vector field X € I'(T'M) we denote

™MX) = tryR(X,V.X)x (9)
(X)) = tryV?X. (10)

Theorem 2 Let (M,g) be a compact Riemannian manifold and X € T'(TM), then X is biharmonic with
respect to Sasaki metric on TM if and only if X is harmonic.

Proof. Let X; be a compactly supported variation of X defined by X; = (14 ¢)X . From the formulas (9)
and (10) we have

™X) = 1+0)*(X)
(X)) = (146 (X)
Bax) = ;5 [IrX0Eu,
= 5 I+ 5 [,
4 2
= B2 [ireoe, + S5 [,
then
%Ez(Xt”t:O = %/|Th(X)|;2;Ug+%/|TU(X)|§U9
1
= 5 [Tk,
Hence
L Ba(X)limo =0 7(X) =0

469



DJAA, ELHENDI, OUAKKAS

As a consequence of Theorems 1 and 2, we get the following corollary.

Corollary 1 Let (M,g) be a compact Riemannian manifold and X € I'(TM), then X is biharmonic with
respect to Sasaki metric on TM if and only if X is parallel.

Remark 2 If X € I'(T'M) is a compactly supported vector field then X is biharmonic with respect to Sasaki

metric on TM if and only if X is harmonic.

Lemma 2 Let (M, g) be a Riemannian manifold and (TM, g°) be the tangent bundle equipped with the Sasaki
metric. If X : M — TM is a smooth vector field then the Jacobi tensor Jx(7°(X)V) is given by

v

I X) Yy = V2 XD} {trg (R, V(X)) +

(z,u)
1 H

+ R(T”(X),V*X)*+§R(u,TU(X))R(u,V*X)*)}( .

for all (x,u) e TM.

Proof. Let (z,u) € TM and {e;}!™, be a local orthonormal frame on M such that (V,e;), = 0, denote

by F; = 1R(x,7°(X))e;), we have:
Vo N @w = ﬁef’-i-(veix)VTv(X)ka,u)
v 1 .
= (Ve ()Y @) + 5 (B(u, 7 (X))e)™

= (Ve,r' (X)) |z + HFi(z, ).

Then

NE

try VA (X)) = D {VEVEE0)) (@ u)

1

.
Il

I
NgE

1 {Varvwnor (Ver @) +HR) )

.
Il

|
.MS

{ﬁefl (VeiTU(X))V + ﬁeﬁHFi + ﬁ(veiX)V HFZ-}( )
1 z,u

K2

Using Proposition (5), we obtain

P O = Y (VaVer (X — TRalen Ralu, 7 (Xei)u}

+ Z {E(Rm(u, Ve, 7°(X))ei + %(VeiRm(u, V(X))es) + %RI(T”(X), V)

H
Ra(u, Ve, X) Ry (u, 7(X))es + %Rw(veix, T(X)ei}
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From Proposition 2 and lemma 1, we have

SR efel + R (X)) (Ve X)V)el!
i=1

trg(R(r*(X)V,dX)dX)

=)

£ R )T X)Y R XY (Ve X)) (e, )Y )
By calculating at (x,u), we obtain

1 . 1 v v
{ — (R, 7°(X))es, ei)u + S Rlei )7 (X)}

NgE

try(R(r"(X)Y,dX)dX) () =

1 x

.
Il

"
NE

{R(X), Ve, X)ei + %R(u, (X)) R(u, Ve, X)e;
1

.
Il

R(u, Ve, X)R(u, 7°(X))e; + %R(TU(X), Ve, X)e;

H

[ I R N

R(u, 7°(X))R(u, Ve, X)e; — %(VeiR)(u,T”(X))ei}

Considering the formula (2), we deduce

%

Tx( ()Y ey = {%W(T”(X”}(m,u)

1 v
+ {5R@ Ve (X))e
H

+ %VeiR(u,T”(X))ei + R(u, 7°(X))R(u, Ve, X)e; — (VeiR)(u,T”(X))ei}

x

From the following equality
Ve, R(u, 7°(X))e; = (Ve,R)(u, 7°(X))e; + R(Ve,u, 7°(X))e; + R(u, Ve, 77(X))e;.

The proof of Lemma 2 is completed. O

Lemma 3 Let (M, g) be a Riemannian manifold and (TM, g°) be the tangent bundle equipped with the Sasaki
metric, if X : M — TM s a smooth vector field then the Jacobi tensor Jx(7"(X)H) is given by

Tx (X)) oy = trg (2R (X), 0 VX — R, Vor(X))u + %R(R(u, V., Th(X))u}V

()
1
+ trg{V*V*Th(X) + R(u, V. X)V.r"(X) + S R(u, V.V.X)r" (X)
H
+ R(u, R(FM(X), 0)u) % +R(7"(X), %) % +(V.on () R) (1, V. X) # }( ) (11)
for all (z,u) e TM.

Proof. Let (z,u) € TM and {e;}!™, be a local orthonormal frame on M such that (V.,e;), = 0, if we
denote by



and
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In the first, using Proposition 3, we calculate

9, H . U e X H
trgVA(T" (X)) (zu)y = Z{V Ve (r(X) }(w)

From Proposition 5, we have

trg V2 (r"(X)) () =

i=1

<.

- i{v Hi(V,, X)V ((VeiTh(X))H _VFiJrHGi)}

i=1 (@,u)

1

{(Vever O+ (5

5 Ru, Ve, X)Ve, "X - V(V.,F).

L

i=1

(5R(ei, Ve, 7"(X))u)" — %(R(ua Fy(w))e)" — (Fi(Ve, X))V + H(Ve,Gi)

l\DI}—l Il

5 (R(ew G + (Gi(Ve, XD + 5 (R, T X)Gu(w) | (14)

On substituting (12) and (13) in (14), we arrive at

trg V(" (X)) Gy =

472

- 1
> {veive;h(X) + R(u, Ve, X)Ve, 7 (X) + S R(u, Ve, Ve, X) 7" (X)
i=1

(Ve R)(u, Ve, X)7"(X) + ER(% Ve, X)(R(u, Ve, X)m"(X))

H

(zu)

Bl = N

R(u, Res, 7" (X)u)e |

{%R(ei, TM(X))Ve, X + Rle;, Ve, 7" (X))u + %(V&R)(ei, ™(X))u

NE

1

.
Il

Roes, R(u, VeiX)Th(X))u}z;u). (15)

N
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On the other hand we have

t?“g{(f%(T"(X ), dX)dX} =

(zu)

-

Il
-

{RE" (), ei)e + ZR(u, R(r"(X), e)u)e;

K2

1
+ (VT”(X)R)(uu VEi'X)ei - g(vewR)(U” VGiX)Th(X)
H

R(u, V., X)R(u, VeiX)Th(X)}( )

N

+
NgE

{%(V&R)(T"(X), ei)u + %R(R(u, Ve, X)ei, ™ (X))u
1

.
Il

R(TM(X), e:)Ve, X — %R(R(u, Ve, X)r(X), ei)u}v . (16)

(zu)

N W

_l’_
By summing (15) and (16), we obtain the formula (11). O
From Lemma 2 and Lemma 3, we deduce the next theorem.

Theorem 3 Let (M, g) be a Riemannian manifold and (T'M, g°) be the tangent bundle equipped with the Sasaki
metric, if X : M — TM is a smooth vector field then the bitension field of X is given by

(X)) = trg{v%v(X)) F2R(TM(X), ) VL X — R(%, Vor"(X))u

1 |4
+ RR( V.)x (X))

(zu)

+ trg{R(u, V.7Y(X)) % +R(7V(X), V. X) * +%R(u, TY(X))R(u, V. X) *
+ V.V.m"(X) + R(u, V.X)V,.7"(X) + %R(u, V. V. X)"(X)
H

+ R(u, R(TM(X), #)u) * +R(7"(X), %) % +(Vo ) R) (u, V. X) % }

()’
for all (z,u) e TM.

By Theorem 3 we have the following theorem.

Theorem 4 Let (M, g) be a Riemannian manifold and (T'M, g°) its tangent bundle equipped with the Sasaki
metric. A vector field X : M — TM is biharmonic if and only if the following conditions are verified

0 = trg{v%v(X)) + 2R(T"(X), )V X — R(*, Vor"(X))u + %R(R(u, V), Th(X))u}

x
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and
0 = trg{R(u, V.m%(X)) * +R(7V(X), V. X) * —i—%R(u, (X))R(u, V. X) % + V. V. 7" (X)
+ R(u, V.X)V.m"(X) + %R(u, V. V. X)7"(X) 4+ R(u, R(T"(X), %)u) x +R(7" (X)), %) *

+ (VT}L(X)R)(U, V. X) * }

x

for all (z,u) e TM.
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