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On injective and subdirectly irreducible S -acts over left zero
semigroups

Gholamreza Moghaddasi

Abstract

The aim of this paper is to characterize subdirectly irreducible S -acts over left zero semigroups. Also we

compute the number of such acts and specify cogenerators acts over left zero semigroups. To do these we

first take another look at the description of injective hulls of the separated S -acts over left zero semigroups.
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1. Preliminaries

Recall that, for a semigroup S , a (right) S -act (or S -system) is a set A together with a function

α : A × S → A , called the action of S (or the S -action) on A , such that for a ∈ A and s, t ∈ S (denoting

α(a, s) by as), a(st) = (as)t , and if S is a monoid, with 1 as its identity, a1 = a .

An S -act A is called separated if for a �= b in A there exists an s ∈ S \ {1} with as �= bs .

A homomorphism f : A → B between S -acts is a function such that for each a ∈ X , s ∈ S ,
f(as) = f(a)s .

We denote the category of all (right) S -acts and homomorphisms between them by Act-S.

An element a of an S -act A is called a fixed or zero element if as = a for all s ∈ S . We denote the set
of all fixed elements of an S -act A by FixA , which is in fact a subact of A . We will see that the set FixA

plays an important role for acts over left zero semigroups.

Notice that for a given S -act A , the set (FixA)S of all functions from S to FixA is an S -act. In fact,

using the notation (as)s∈S for a given element of (FixA)S , (as)s∈S · t is defined to be the constant family

(at)s∈S , for t ∈ S .

Recall that a semigroup S all whose elements is a left zero of S is called a left zero semigroup. This class
of semigroups is important and useful since: 1) Every non empty set S can be turned into a left zero semigroup

by defining st = s for all s, t ∈ S . 2) The definition of rectangular semigroups and groups are based on the left

zero semigroups. 3) This semigroup is applied in automata theory, theory of computation, Boolean algebra.

The following lemma is easily proved.
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Lemma 1.1 Let S be a semigroup. Then the following are equivalent:

(i) S is left zero semigroup.

(ii) Considering S as a right S -system, every element of S is a zero.

(iii) For every S -system A , AS ⊆ FixA , where AS = {as : a ∈ A, s ∈ S} .

So, we see that every nonempty act over a left zero semigroup has at least one fixed element. Also it is
easy to see that for a left zero semigroup S there exist no separated S -act with at least two elements and only
one fixed element.

Definition 1.2 An S -act B containing (an isomorphic copy of) an S -act A as a subact is called an extension

of A . The S -act A is said to be a retract of B if there exists a homomorphism f : B → A such that f |A= idA ,
in which case f is said to be a retraction. The S -act A is called absolute retract if it is a retract of each of its
extensions.

An S -act A is said to be injective if for every monomorphism (one-one homomorphism) h : B → C and
every homomorphism f : B → A there exists a homomorphism g : C → A such that g ◦ h = f .

A monomorphism h : A → B is called essential if any homomorphism f : B → C is a monomorphism
whenever fh is a monomorphism.

An extension B of an S -act A is called an injective hull of A if it is an essential extension of A which
is also injective.

2. Injective hulls

It is known (see [2]) that the injective hull of an act over an arbitrary semigroup S exists. In [4] we
characterize injective S -acts over left zero semigroups and construct their injective hulls. In this section we
take another look at the description of injective hulls of the separated S -acts over left zero semigroups.

We have the following result from [5].

Lemma 2.1 For any semigroup S , in the category of S -acts, pushouts preserve monomorphisms.

One can now use the above lemma and the results of Banaschewki (see [1]) to get the following:

Theorem 2.2 Let S be an arbitrary semigroup. For an act A over S , we have:

(1) A is injective if and only if A is absolute retract, if and only if A has no proper essential extensions.

(2) B is an injective hull of A if and only if B is a maximal essential extension of A , if and only if B

is a minimal injective extension of A .

Now, considering the S -act (FixA)S , we give a characterization theorem of injective S -acts over left zero
semigroups.

Theorem 2.3 Let S be a left zero semigroup. Then an S -act A is injective if and only if the homomorphism

ϕ : A → (FixA)S with ϕ(a) = (as)s∈S is onto.

Proof. Let A be injective and suppose that ϕ is not onto. Then there exists an element (as)s∈S of (FixA)S

such that for all a ∈ A there exists t ∈ S with at �= at . Consider the extension A∪ {(as)s∈S} of A , and define
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(as)s∈S · t = at , for t ∈ S . Since A is injective, there exists a homomorphism f : A∪ {(as)s∈S} → A such that

f |A is the identity map. Then taking f((as)s∈S) = a we have

at = f((as)s∈S .t) = f(at) = at,

which is a contradiction.
Conversely, let ϕ be onto. Then, using Theorem 2.2, we show that A is absolute retract. Let B be an

extension of A and a0 be a fixed element of A . Define a retraction g : B → A by g |A= idA and for b ∈ B−A ,

g(b) =

⎧⎨
⎩

a0 if bS ⊆ B − A,
a1 if bS ⊆ A,
a2 otherwise,

where a1 is a preimage of the element (bs)s∈S of (FixA)S , for a given b ∈ B with bS ⊆ A , and, a2 ∈ A is a

preimage of (as)s∈S for a given b ∈ B with bS ∩ A �= ∅ and bS ∩ (B − A) �= ∅ , where as = bs for all s ∈ S

with bs ∈ A , and as = a0 for all s ∈ S with bs �∈ A .

Now, g is homomorphism. This is because, for b ∈ B , if bS ⊆ B − A , then for all s ∈ S , bsS ⊆ B − A

and so g(bs) = a0 = a0s = g(b)s . Also, if bS ⊆ A , then bsS ⊆ A and so g(bs) = bs = a1s = g(b)s . Finally, if

bS ∩ A �= ∅ , bS ∩ (B − A) �= ∅ then for s ∈ S with bs ∈ A we have g(bs) = bs = a2s = g(b)s and for s ∈ S

with bs ∈ B − A we have g(bs) = a0 = a2s = g(b)s . �

Corollary 2.4 Let S be a left zero semigroup. If an S -act A has only one fixed element then it is injective.

Corollary 2.5 Let S be a left zero semigroup. For every S -act A , (FixA)S is an injective S -act.

Proof. We have

Fix(FixA)S = {(as)s∈S : as ∈ FixA, (as)s∈S · t = (as)s∈S∀t ∈ S}
= {(as)s∈S : as ∈ FixA, at = as∀s, t ∈ S}
= {(a0)s∈S : a0 ∈ FixA}

So, the elements of (Fix(FixA)S)S are of the form ((a0)s∈S)t∈S , for a fixed element a0 of A , which has clearly

the preimage (a0)s∈S in (FixA)S under φ : FixA)S → (Fix(FixA)S)S . �

The injective S -acts obtained in the above corollary, in fact, characterize all injective separated S -acts
over left zero semigroups.

Theorem 2.6 Let S be a left zero semigroup. A separated S -act A is injective if and only if it is a retract of

(FixA)S .

Proof. The “only if” part is clear by the above corollary and the fact that the retracts of injective acts are

injective. To prove the “if part”, notice that the homomorphism ϕ : A → (FixA)S , given by ϕ(a) = (as)s∈S ,

is one-one if (and only if) A is separated. So, if A is an injective separated S -act, the monomorphism ϕ has

to have a left inverse which means that A is a retract of (FixA)S . �

Now, applying the above theorem, we get the following result on injective hulls of separated S -acts over
left zero semigroups.
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Theorem 2.7 Let S be a left zero semigroup. If A is a separated S -act then (FixA)S is the injective hull of
A .

Proof. By Corollary 2.5, (FixA)S is injective. Also, as we mentioned in the proof of the above theorem,

ϕ : A → (FixA)S is a monomorphism. So, it is enough to prove that ϕ is an essential monomorphism. Let B be

an S -act, and f : (FixA)S → B be a homomorphism such that f◦ϕ be one-one. Let (as)s∈S , (a′
s)s∈S ∈ (FixA)S

be such that f((as)s∈S) = f((a′
s)s∈S). Then for every t ∈ S , f((as)s∈S · t) = f((a′

s)s∈S · t), that is

f(at)s∈S = f(a′
t)s∈S . This means f ◦ ϕ(at) = f ◦ ϕ(a′

t), for all t ∈ S . But f ◦ ϕ is one-one, so at = a′
t ,

for all t ∈ S . Hence (as)s∈S = (a′
s)s∈S . �

Corollary 2.8 Let S be a left zero semigroup. Every S -act A with |A| > |(FixA)S | is not separated.

Proof. If A is separated, since (FixA)S is its injective hull, A ⊆ (FixA)S and therefore |A| ≤ |(FixA)S |
which is a contradiction. �

Remark: For a left zero semigroup S , let n be any finite number and Fn be the class of all S -acts with
n fixed elements. In any class Fn there exists only one separated injective S -act, up to isomorphism. Since

for A ∈ Fn , (FixA)S , the injective hull of A , has n fixed elements, by the proof of Corollary 2.5. So, if there

exists a separated injective S -act B with n fixed elements then B � (FixB)S . But (FixA)S � (FixB)S , by

the isomorphism (as)s∈S → (bs)s∈S , where bs = ψ(as) and ψ is an isomorphism Fix(A) → Fix(B). Therefore

B � (FixA)S ; that is (FixA)S is the unique (up to isomorphism) separated injective S -act in Fn .

Finally we count the number of separated S -acts with two fixed elements that yield the number of all
subdirectly irreducible S -acts in the next section.

Theorem 2.9 Let S be a left zero semigroup with |S| = n . The number of all non isomorphic separated S -acts

with two fixed elements is 22n−2 .

Proof. For a separated S -act A with FixA = 2 = {a0, b0} , by Theorem 2.7, 2S is its injective hull, and

by the proof of Corollary 2.5, Fix(2S) = {(a0)s∈S , (b0)s∈S} . Therefore 2S has 2n − 2 non fixed elements.

Therefore the cardinality of 2S −Fix(2S) is 2n − 2, and the cardinality of E = P(2S −Fix(2S)) is 22n−2 . But
there is clearly a one-one correspondence between E and

D = {D|D = C ∪ {(a0)s∈S , (b0)s∈S}, C ⊆ 2S − {(a0)s∈S , (b0)s∈S}}.

Also, it is easy to see that there is a one-one correspondence between D and the set B of all (non isomorphic)

separated S -acts with two fixed elements. This yields that |B| = 22n−2 . �

3. Subdirectly irreducible

An equivalence relation ρ on an S -act A is called a congruence on A , if aρa′ implies (as)ρ(a′s) for

a, a′ ∈ A , s ∈ S . We denote by Con(A) the set of all congruence on A . For a, b ∈ A , ρa,b denote the smallest
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congruence on A containing (a, b). It is in fact, the equivalence relation generated by {(as, bs) : s ∈ S ∪ {1}} .

Its elements are as follows: xρy ⇔ ∃s1, s2, ..., sn ∈ S ∪ {1} , p1, p2, ..., pn, q1, q2, ..., qn ∈ A such that
x = p1s1 q2s2 = q3s3 ......qnsn = y

q1s1 = p2s2 q3s3 = p4s4 ....

where (pi, qi) = (as, bs) or (qi, pi) = (as, bs) for some s ∈ S ∪ {1} .

Recall that a right S -act A is subdirectly irreducible if
⋂

i∈I ρi �= Δ for every family of congruences ρi

on A with ρi �= Δ (see [7]). Also recall that a right S -act A is simple if Δ and � are the only congruences

of A (see [3]).

Notice that for each semigroup S and every S -act A with |A| = 2 there exist only two congruences Δ
and � on A . Therefore these S -acts are subdirectly irreducible and are also simple.

Lemma 3.1 (1) For any semigroup S , every S -act with at least three fixed elements (in particular every S -act

with trivial action and at least three elements) is Subdirectly reducible.

(2) For a left zero semigroup S , every S -act A with |A| > 2 and |FixA| = 1 is subdirectly reducible.

Proof. (1) Let a, b, c be three different fixed elements of an S -act A . Then ρa,b∩ρa,c = (Δ∪{(a, b), (b, a)})∩
(Δ ∪ {(a, c), (c, a)}) = Δ; that is, A is subdirectly reducible.

(2) Let a0 be the only fixed element and b, c be two different and non fixed elements of A . We have

ρa0,b ∩ ρb,c = (Δ ∪ {(a0, b), (b, a0)}) ∩ (Δ ∪ {(b, c), (c, b)}) = Δ; that is, A is subdirectly reducible. �

Now we characterize the subdirectly irreducible S -acts over left zero semigroups.

Theorem 3.2 Let S be a left zero semigroup. An S -act A with |A| > 2 is subdirectly irreducible if and only

if A is separated and |FixA| = 2 .

Proof. Let A be subdirectly irreducible. By the above lemma we have |FixA| = 2, say FixA = {a0, b0} .
To prove separatedness, on the contrary, let x �= y ∈ A be such that xs = ys , for every s ∈ S . Then
ρa0,b0 ∩ ρx,y = Δ which is a contradiction. Conversely let A be separated, FixA = {a0, b0} , and θ be a

nontrivial congruence on A . Then there exist x �= y ∈ A such that (x, y) ∈ θ . Thus for every s ∈ S , we have

(xs, ys) ∈ θ and xs, ys ∈ FixA = {a0, b0} , also since A is separated, there exists s ∈ S such that xs �= ys . This

means (a0, b0), (b0, a0) ∈ θ . Therefore
⋂

Δ�=θ θ ⊇ Δ∪{(a0, b0), (b0, a0)} , and hence A is subdirectly irreducible.
�

Now by above theorem and Theorem 2.7, we get the characterization of the injective hulls of subdirectly
irreducible S -acts over a left zero semigroup S .

Corollary 3.3 Let S be a left zero semigroup. Then 2S is the injective hull of each subdirectly irreducible
S -act A with |A| > 2 .

Note: Let S be a left zero semigroup. Notice that

(1) Every S -act A with |A| = 2 and the trivial actions is separated, so by Theorem 2.7, (FixA)S = 2S

is its injective hull.

(2) Every S -act A with one or two elements and |FixA| = 1 is injective, by Corollary 2.4, and hence its
injective hulls is itself.
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Corollary 3.4 Let S be a left zero semigroup. An S -act A with |A| > 2 is subdirectly irreducible if and only

if A is isomorphic to a subact of 2S .

Proof. Let A be subdirectly irreducible, by Corollary 3.3, 2S is the injective hull of A , and hence A is a

subact of 2S . Conversely, let A be a subact of 2S . Then, since |A| > 2 and 2S is separated, A is separated
and has two fixed elements. Therefore, by Theorem 3.2, A is subdirectly irreducible. �

Now using Birkhoff’s Subdirect Representation Theorem for S -acts, we get the following result.

Theorem 3.5 Let S be a left zero semigroup. Every S -act A can be embedded into a product of 2S .

In the next theorem we compute the number of subdirectly irreducible S -acts over a finite left zero
semigroup S .

Theorem 3.6 Let S be a left zero semigroup with |S| = n . Then there are 22n−2 + 2 subdirectly irreducible
S -acts.
Proof. We know that the two fixed element act 2 is just separated S -act which has two elements. This
together with Theorem 3.2 and Theorem 2.9 imply that the number of subdirectly irreducible S -acts A with

|A| > 2 is 22n−2 − 1. Also, computing the subdirectly irreducible S -acts A with |A| ≤ 2 we get that there

are (up to isomorphism) only three such acts: the singleton S -act {a} , the two fixed element act 2 , and

the two element act {a, b} with one fixed element. In all, the number of subdirectly irreducible S -acts is

(22n−2 − 1) + 3 = 22n−2 + 2. �

Recall that an S -act A is called θ -simple if it contain no subact other than A and the one element
subact (see [7]).

Corollary 3.7 Let S be a left zero semigroup. The only subdirectly irreducible θ -simple S -act is 2 = {0, 1}
with trivial actions.

Theorem 3.8 Let S be a left zero semigroup. An S -act C is cogenerator if and only if it contains 2S .

Proof. By Theorem III.7.3 of [7], an S -act C is a cogenerator if and only if C contains the injective hull of
every subdirectly irreducible θ -simple S -act. Now, applying Corollaries 3.7 and 3.3, we get the result. �

Corollary 3.9 Let S be a left zero semigroup. Every cogenerator S -act has at least two fixed elements.

There is another proof for the above corollary for an arbitrary semigroup S (see Proposition II.4.17 of

[7]).

Theorem 3.10 Let S be a finite left zero semigroup with at least two elements. Then the only subdirectly

irreducible cogenerator S -act is 2S .

Proof. If K is a subdirectly irreducible cogenerator then, by Theorem 3.8, it contains 2S . Also, by Theorem

3.2, K is separated and has only two fixed elements. Therefore, by Corollary 2.8, |K| ≤ |2S| . So, by finiteness

of S , and hence 2S , K = 2S . �
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We close the paper by characterizing simple S -acts. Recall that an S -act A is called simple if ConA =
{�,∇} . It is easy to check that every S -act A with |A| ≤ 2 is simple but no S -act A with trivial action and

|A| > 2 is simple.

Theorem 3.11 For a left zero semigroup S , there exists no simple S -act A with |A| > 2 .

Proof. Let a �= b be elements of A . Then in the case where a, b ∈ FixA we have ρa,b �= ∇ , since |A| > 2,

hence there exists (a, b �=)x ∈ A and (a, x) /∈ ρa,b . Therefore ρa,b is a non trivial congruence on A . Also in the

case where one of a, b is not fixed, taking a /∈ FixA , then ρa,b �= ∇ . Since otherwise if ρa,b = ∇ then for each

x �= y ∈ A , we have (x, y) ∈ ρa,b . Therefore there exist s, t ∈ S such that as = x, bt = y . Thus x, y ∈ FixA ,

by Lemma 1.1. Thus (a, x) /∈ ρx,y , and so ρx,y is a non trivial congruence on A . �
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