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Hilbert functions and Betti numbers of reverse lexicographic ideals
in the exterior algebra

Marilena Crupi, Carmela Ferrd

Abstract

Let K be a field, V a K-vector space with basis e1,...,e, and let E be the exterior algebra of V.
We study the class of reverse lexicographic ideals in £. We analyze the behaviour of their Hilbert functions

and Betti numbers.

Key Words: Graded ring, exterior algebra, monomial ideal, minimal resolution

1. Introduction

Let K be a field, V a K-vector space with basis e1,...,e, and let E be the exterior algebra of V.
In [1, Theorem 4.4] Aramova, Herzog and Hibi proved that in the exterior algebra the lexicographic ideals
give the maximal Betti numbers among all graded ideals with a given Hilbert function. The result holds in
any characteristic. Such a result is the analogue of a result proved for graded ideals in a polynomial ring by
Bigatti [3] and Hulett [6] in characteristic zero, and by Pardue [7] in any characteristic. Afterwards, Deery [5]
has proved an analogue of Bigatti, Hulett and Pardue’s result about minimal Betti numbers. He showed that
revlex segment ideals give the lowest Betti numbers among all stable ideals with the same Hilbert function in
a polynomial ring. Our aim is to prove a similar result for graded ideals in the exterior algebra. We introduce
the reverse lexicographic ideals in the exterior algebra FE, study their Hilbert functions and prove that the
reverse lexicographic ideals have minimal Betti numbers for given Hilbert functions. In this context the stable
ideals (see [1] and [2]) play an important role. In [1], Aramova, Herzog and Hibi gave an explicit minimal free
resolution for this class of monomial ideals and obtained a formula for their Betti numbers (Theorem 2.2). This
formula will be a fundamental tool in the article.

The paper is organized as follows.

Section 2 contains preliminary notions and results.

In Section 3 we introduce the reverse lexicographic segment and analyze its shadow (Definition 3.5). As
in the polynomial case the shadow of a reverse lexicographic segment is not necessarily a reverse lexicographic
segment. Therefore we determine the conditions under which this property holds (Theorem 3.6 and Corollary

3.8). We characterize sets of monomials of E that generates a reverse lexicographic ideal.
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Section 4 is devoted to the study of the behaviour of the Hilbert functions of reverse lexicographic ideals
(Propositions 4.2 and 4.3). In Section 5 we study the graded Betti numbers of reverse lexicographic ideals in

the exterior algebra E. The main statement is the following:

Theorem 1.1 Let I & E be a strongly stable ideal and J & E a reverse lexicographic ideal. Suppose that
Hpgy(d) = Hg)1(d), for all d. Then (3;;(E/I) > 3 ;(E/J), for all i and j.

The key result is Theorem 5.3, which is obtained by a certain decomposition of a subset of monomials of

the same degree in the exterior algebra.

2. Preliminaries and notation

Let K be a field. We denote by E = K (e, ...,e,) the exterior algebra of a K -vector space V with
basis ej,...,e,. For any subset o = {i1,...,iq} of {1,...,n} with 1 <4 < iy < ... <ig < n we write
es =ei; N...Ne;, and call e, a monomial of degree d. The set of monomials in E forms a K-basis of E of
cardinality 2”.

In order to simplify the notation we put fg = f A g for any two elements f and ¢ in E. An element

f € E is called homogeneous of degree j if f € E;, where E; = /\jV. An ideal I is called graded if I is
generated by homogeneous elements. If I is graded, then I = @®;>0l;, where I; is the K-vector space of all
homogeneous elements f € I of degree j.

Let e, = ¢€;,€;, - - -€;, be a monomial of degree d. We define

supp(e,) = {i1,42,...,iq} = {7 : e; divides e, },

and we write
m(e,) = max{i: i € supp(e,)}.
If I ¢ E is a monomial ideal, we denote by G(I) the unique minimal set of monomial generators of I.
The function Hg/;(j) = dimg(E/I);, j = 0,1,... is called the Hilbert function of E/I and the
polynomial Hg/r =3+, Hp/1(j)t" is called the Hilbert series of E/I.
The possible Hilbert functions of graded algebras of the form FE/I are described by the Kruskal-Katona

Theorem [1, Theorem 4.1], which is the precise analogue to Macaulay’s theorem (see, e.g., [4]).

For later use we recall the next definitions, which are quoted from [1], [2].

Definition 2.1 Let I & E be a monomial ideal. I is called stable if for each monomial e, € I and each
J <m(es) one has ejeq\fm(e,)} € 1.
I is called strongly stable if for each monomial e, € I and each j € o one has that ejes\ ;3 € I for all

i<
Now let I be a graded ideal of E. Consider the minimal graded free resolution of E/I over FE
Fi..oFK %R % F—E/I-0.
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Each of the modules F; is of the form @;F(—j)% (E/D) and the maps d; are described by matrices with
homogeneous coefficients in E. Moreover, the resolution of F/I is always infinite, unless I = (0). Indeed
kerd; # 0 for all ¢ since the kernel of d; contains the submodule (ejes---e,)F;. Viewing K as a left E-

module via the canonical epimorphism, we have that
Bi;(E/I) = dimg Tor](E/I, K);.

The numbers 3; ;(E/I) are called the graded Betti numbers.
In [1], Aramova, Herzog and Hibi studied the minimal graded free resolution of E/I when I is a stable

ideal of E and proved a formula for computing the graded Betti numbers of E/I. More precisely [1, Corollary
3.3]:

Theorem 2.2 Let I & E be a stable ideal. Then

— 2
Bij+i(E/T) = Z (m(u)—H 1 >, forall i>1.
weG(I) 41
3. Revlex ideals in the exterior algebra

In this section we introduce the reverse lexicographic ideals in the exterior algebra F = K (eq, ..., e,,) and
study some of their properties.

Let M, denote the set of all monomials of degree d > 1 in F.

We write >yeviex for the reverse lexicographic order (revlex for short) on the finite set My, i.e., if
U = e ¢, --e, and v = ej ej, - --e;, are monomials belonging to My with 1 <4 <ip < ... <ig <n and

1< <je<...<jqa<n, then
U >reviex U if ©g = Jdyld—1 = Jd—1, - - -, %s+1 = Js4+1 and ig < js for some 1 < s < d.
From now on, in order to simplify the notation, we will write > instead of > eviex -

Definition 3.1 A nonempty set M C My is called a reverse lexicographic segment of degree d (revlex segment
of degree d, for short) if for all v € M and all w € My such that u > v, we have that u € M.

Example 3.2 Let E = K (e, ea,e3,¢e4,e5). The subset of Mo
W = {6162, €1€3, €2€3, 6164}
is a revlex segment of degree 2, whereas the subset of My
WI = {61626364, €1€2€4€5, 61636465}
is not a revlexr segment, because ejesezes > ejeseqes and ejeseses ¢ W'

Definition 3.3 Let I = @®;>0l; be a monomial ideal of E. We say that I is a reverse lezicographic ideal of E

if, for every j, I is spanned by a revlex segment (as K -vector space).
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Example 3.4 Let E = K (e1,ez2,e3,e4). The ideal T = (eres, esezeq) & E is not a revlex ideal since I3 =
(e1eges, e1€0ey, €ae3e4) 18 not spanned as K -vector space by a revlex segment. In fact, ejezes > esezey and
€1€3€4 ¢ Ig.
The ideal I = (e1ea,e1e3e4) G E is a revlex ideal. In fact
Iy = (e1e2)
is spanned as K -vector space by a reviex segment of degree 2;
I3 = (e1ezes, e1ezeq, e1e304)

is spanned as K -vector space by a reviex segment of degree 3; and

Iy = (e1esesey)
is spanned as K -vector space by a revlex segment of degree 4.

It is clear that reverse lexicographic = strongly stable = stable.
From now on, for the sake of simplicity, given a monomial ideal I = @;>0l; of E we will say that I; is a
reverse lexicographic segment of degree j if I; is spanned as K -vector space by a reverse lexicographic segment

of degree j.
Definition 3.5 Let M be a subset of monomials of E. Set e; = {ei,...,e;}. We define the set
eM={ue;: ueM, jé¢supp(u), j=1,...,i}.

Note that e;M = § if, for every monomial u € M and for every j =1,...,i, one has j € supp(u).
If M is a set of monomial of degree d < n, e,M is called the shadow of M and is denoted by Shad(M):

Shad(M) = {ue; : ue M, j ¢supp(u), j=1,...,n}.

Note that, if M is a revlex segment of degree d, then Shad(M) needs not be a revlex segment of degree
d+1.
For example, if E = K (e1, ea,e3,¢e4,e5) and M = {ejez,e1e3}, then

Shad(M) = {ereses, e1e2e4, e1€3€4, €1€2€5, €1€3€5 }

is not a revlex segment of degree 3. Infact eseseq > ejeses but esezey ¢ Shad(M).

Theorem 3.6 Let M be a reviex segment of degree d of E and let i be an integer such that n > i > d+ 1.
Suppose e; .1 M # (. The following conditions are equivalent:

(1) eir1M is a revlex segment of degree d+ 1.

(2) ei—qei—(g—1)---€i—2ei—1 € M.
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Proof. Set M'=e; .1 M.
(1)=(2). Suppose that e;_ge;_(g—1)---ei—2e;—1 ¢ M.

Let u be the smallest monomial that belongs to M. Then v > e;_qe;_(q—1) - - €;—2¢;—1 and m(u) <i—1.
Let w be the greatest monomial of degree d such that uw > w. It follows that w > €i—d€i—(d—1) """ €i—26i—1
and m(w) < i — 1. Therefore i ¢ supp(w) and so we; # 0.

Clearly, we; > ue;1+1. Hence, since ue;r; € M’ and since M’ is a revlex segment by assumption, we
have that we; € M’. Therefore there exist v > u and j € {1,...,i+ 1}, j ¢ supp(v), such that

we; = ve;. (1)

Since v > u, it follows that m(v) < ¢ — 1 and consequently ¢ ¢ supp(v). Hence, from (1) we have ¢ = j and
w =v. Then w = v > u, which contradicts the choice of w.

Thus e;—qe;_(q—1) - -€i—26;—1 € M.

(2)=(1). Let u be the smallest monomial that belongs to M’. We will show that every monomial w of
degree d + 1 such that w > u is an element of M.

We have that u = e;, ---e;,€;11, with e;, ---e;; € M. Let w = e, ---ej,,, with w > u. Then
m(w) = jay1 <m(u) =i+ 1.

(Case 1). Suppose m(w) = jg+1 =i+ 1. We have

W= €5, "+ "€5,€i41 > U= €5 " €,€i4] = €, ** €5, > €, ** " €j,.

Since M is a revlex segment, it follows that e;, ---e;, € M. Hence w = e, - - -e;,e5,., € M’ and M’ is a revlex
segment of degree d+ 1.

(Case 2). Suppose m(w) = jg+1 < ¢+ 1.

In this case ej, - -€j, > €i—q€;_(4—1) - €i—26;—1. In fact jg < ja+1 < i. Therefore, since M is a revlex

segment, e;, ---e;, € M and we M'. o

Remark 3.7 In Theorem 3.6 we may assume ¢ > d + 1, since otherwise the problem is trivial.

As consequences of Theorem 3.6 we obtain the following corollaries.

Corollary 3.8 Let M be a revlex segment of degree d of E such that d < n—2. The following conditions are

equivalent:
(1) Shad(M) is a revlex segment of degree d + 1.

(2) €n—(d+1) """ €n—3€n-2 M.

Corollary 3.9 Let M = {ey,,...,€5,} be a set of monomials of E and let dy = min{deg(e,,) : i =1,...,t}
and do = max{deg(e,,) : i =1,...,t}, with do <n—2. Then I = (M) is a reviex ideal if and only if

(1) I; is a reviex segment for dq < j < da;

(2) €n—(da+1) """ €n—3€n—2 M.
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4. Hilbert functions of revlex ideals

In this section we put our attention on the behaviour of the Hilbert functions of revlex ideals in the
exterior algebra E = K (e1,e2,...,€p).
For a finite subset S of E, we denote by M(S) the set of all monomials in S and we denote by |S| its

cardinality.

Proposition 4.1 Let M be a revlex segment of degree d < n—2 of E. Then Shad(M) is a revlex segment if
-2
and only if |M| > (nd >

Proof. From Corollary 3.8, Shad(M) is a revlex segment if and only if the monomial e, _(441) - -€n—3€5_2
belongs to M. Set u = €,_(q41) '+ €n—3€n—2. It follows that v € M if and only if all the monomials e;, e;, - - - €,
with 1 <1 <9< ... <ig<n—2 arein M.

Hence Shad(M) is a revlex segment if and only if |M| > (";2). O

Proposition 4.2 Let I & E be a graded ideal. Let d be a positive integer such that d < n — 2. Suppose

(1) 14 is a revlex segment,

@ ten< ()~ ("77):

-2
Proof. Since Hg/r(d) = dimg Eq — dimg Iy = (Z) — dimg Iy, we have dimg Iy > (nd > by the

assumption. It follows that Shad(ly) is a revlex segment (Proposition 4.1) and e, (q41) - €n—3en—2 € M(Ig).
Let w = e;,---€;,, 1 < i1 < ... < ig < n, be the smallest monomial in M(I;). Then u <
€n—(d+1) " - €n—3en—2 and therefore m(u) € {n —2,n —1,n}.
(Case 1). Suppose m(u) € {n—2,n—1}. Then ue,, is the smallest monomial in M (I44+1) and all larger
monomials are in M (Ig41).

Set
A'={we My1 1w < uep}

and
A={veMy:v<u}.

Note that |A| = Hg/;(d).

If w= e, <uey,, then n € supp(w) and consequently e,\(,} < u. Therefore there is an injection from
A" to Aie. |A'| <|A]. It follows that Hg,;(d+1) < |A'| < Hg/;(d).

(Case 2). Suppose m(u) =n. Then Ij1 = (May1), Hg/r(d+ 1) =0 and the claim is trivially true. O

For a graded ideal I = @;>¢l; in E, the initial degree of I, denoted by indeg(I), is the minimum s
such that I, #0.
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Proposition 4.3 Let I G E be a revlex ideal with initial degree d' <n —2. Then

Hp/(d+1) < Hp)(d), forall d>d'.
Proof. If d > d’, then the claim follows from Proposition 4.1 and Proposition 4.2. So suppose d = d'.
If Hg/r(d) < (Z) - (";2), then Hg/r(d +1) < Hg,(d) by Proposition 4.2. So assume Hpg,;(d) >
(2) — (";2). It follows that u = e,_(441) - -€n—3en—2 & M(Ig). Let v = e;, ---e;, be the smallest monomial
in G(I) of degree d, then v > u implies m(v) < m(u) and therefore m(v) ¢ {n—1,n}.

Consider w > ve,,. Since Izy1 is a revlex segment then w € M (I41). Set
A ={u € My 1 v <we,}.

We have that Hg,;(d +1) < |A’| and if v’ € A, then m(u’) = n. Set v’ = v'e,. From v’ = v'e, < ve, it
follows that v" < v and v' € Mg\ M(I;). This shows that there is an injection from A’ to A = Mg\ M(1y).
Hence Hp/r(d+1) < |A'| <|Al = Hg/((d). 0

5. Graded Betti numbers

In this section we study the graded Betti numbers of revlex ideals in the exterior algebra E = K (e, ..., ep,) .
Let I ¢ E be a monomial ideal and 1 <i < n. We define the following sets:

G(I;i)={ue GU): m(u) =i}, m;(I)=|G(I;7)], mgi(I)=ij(I).

J<i

With every subset of monomials of E we can associate a decomposition as follows.

Let M be a set of monomials of degree d of E. We have
M = MoU Mqe,,

where M is the set of all monomials v € M such that m(u) < n —1 and M;j is the set of all monomials
w € E of degree d — 1 with m(w) < n — 1 such that we, € M. Such a decomposition will be called the
en— decomposition of M, and will be denoted by { My, M1}.

Example 5.1 Let E = K (e1,€e2,e3,e4,e5). Let M = {e1eaes, e1eaeq, e1€3€4, €2€3€4, €1€2€5, €1€3€5, E2€3€5 }.
Then the es-decomposition of M is
M= Mo @] M165

where Mo = {e1ezes, e1eseq, e1€3€4, €234} and My = {ejea, e1e3, e2e3}.
Remark 5.2 Let M be a set of monomials of degree d of E and {Mgy, M1} be the e, -decomposition of M.
We can observe that if i < n, then m<;(M) = m<;(Mo). In particular, m<,_1(M) = |[Moy|. Moreover,

m<n(M) = |M|. We also have m<q(M) € {0,1}, since the only monomial u of degree d such that m(u) = d

is u=-ey---eq. Moreover m<;(M) =0, fori<d.
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Theorem 5.3 Let J & E be a revlex ideal generated in degree d and let I & E be a strongly stable ideal
generated in the same degree, such that dimg Jg > dimg I;. Then

m<i(J) > m<;(I), for 1<i<nmn.

Proof. The proof will proceed by induction on n.

Suppose n > 3 and assume that the assertion is true for n — 1. We have
mgn(J) = dimK Jd Z dimK Id = mgn(I)

So suppose i = n—1 and let { Mg, M1} be the e, —decomposition of G(.J) and {Ny, N1} the e, —decomposition
of G(I).
If My =0, then we have
IMo| = dimg Jy > dimg Iy > |No|

and so m<p_1(J) = |[Mo| > [No| = m<pn_1(I).

If My # 0, since J is a revlex ideal generated in degree d, then Mg contains all monomials w of degree
d such that m(w) <n —1. Hence |My| > [No| and so m<,—1(J) = |[Mo| > |No| = m<pn_1(I).

Suppose ¢ < n — 1. From the n — 1 case we have |[Mg| > |Np|. Since M is a revlex segment and Ny

is strongly stable, by the induction hypothesis
mgi(/\/lo) > mgi(./vo), for1 <i<n-—1,

and therefore m<;(J) = m<;(Mg) > m<;(No) = m<;(I). 0

Example 5.4 Let E = K (e1,e2,e3,¢e4,€5) .
Let J = (e1e2e3, e1€2€4, €1€3€4, €2€3€4, €1€2€5, €1€3€5, €2€3€5) be a reviex ideal of degree 3, and
I = (e1e2e3, e1€2¢e4, e1€3€4, €1€2€5, €1e3¢5) a strongly stable ideal generated in degree 3.
We have m<;(J) =m<;(I) =0, for i =1,2; m<3(J) =1 =m<3(I); m<a(J) =4 > m<4(l) =3 and
m<s(J) =7>m<5(I) =5.

Lemma 5.5 Let I & E be a strongly stable ideal generated in degree d and let Iiqy1y be the ideal generated by

the elements of 1441 . Then
mi(I<d+1>) = mgi_l(I), fO’l“ all 1.

Proof. See [1, Theorem 4.3]. O

Hence we can state the following theorem.

Theorem 5.6 Let I & E be a strongly stable ideal and J & E a revlex ideal. Suppose that Hg);(d) = Hg/1(d),
for all d. Then

Bii(EJI) > Bii(E/JT), for all i and 7.
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Proof. The proof is similar to that of [1, Theorem 4.4].
Set G(I)g = {u € G(I) : degu = d}. From Theorem 2.2, we have

Bijvi(E/I) = Z (m(u)+i;2>, for all ¢ > 1.

w€G(I)j41

Since G(I)j41 = G(Ij41y) — G(Ijy){er,...,en} we may write the above sum as a difference ; ;j4:(E/I) =

C — D, with

and

from Lemma 5.5.

c= > (")

ueG(Ij11))

=S | (737 =imt<f<j+1>>(tjf]2>

t=1

- Z(mgt(ﬂg‘ﬂ)) —mei1(Ij1))) (t —;1; 2>

t=1

n+1t—2
= msn(IO—H))( S >+

S et [(TT7) - (0]

t=1

=m<n(lj41)) (n +i; 2> - S(mgt@ﬂl))) (t +i_ 2>

t=1

p= y (")

UEG(I<]> ){61,...7671}

=2 (m<i1(lij4))) (t Jtriz 2> ,

The number of generators of I(;41y and Jy11y are equal for all j, then m<,(I(j41)) =

m<n(J(j41y), and it follows from Theorem 5.3 that m<;(Jj41y) > m<i(I(j41)) for all 4. Therefore if we

compare the above expressions we have:
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n—1 t

Big4i(B/1) = men(Ijm) (" o 2) S matti) (t o 2) i

t=1

_ nz::l(mgt—l (Lg41))) (t Jﬁri; 2>

Y%

msn(Ji+) (n o 2> - S(mSt(Jml))) (t +i_ 2>+

n—1 P
— t4i—2
- Z(m§t—1(=7<j+1>))< f > = Bij+i(E/J).
t=2
The required inequality follows. O
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