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Simultaneous proximinality of vector valued function spaces
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Abstract

A characterization of best simultaneous approximation of Kothe spaces of vector-valued functions is

given. This characterization is a generalization of some analogous theorems for Orlicz Bochner spaces.
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1. Introduction

Through this paper, let (T, , ) be a finite complete measure space and L° = L°(T) denote the
space of all (equivalence classes) of Y-measurable real valued functions. For f,g € L, f < g means that

f(t) <g(t) p-almost every where t € T. A Banach space (E,|-||z) is said to be a Kothe space if
(1) for f,g € L°, |f| <|g| and g € E imply f € E and ||fllp < |lgll:

(2) for each A € X, if u(A) is finite then x4 € E. See [7, p. 28].

A Kothe space E has absolutely continuous norm if for each f € E and each decreasing sequence (A,,)
converges to 0, then |xa,f ||z — 0. A Koéthe space E is said to be strictly monotone if 2 > y > 0 and
||z = |lyll p imply  =y. Let E be a Kothe space on the measure space (T, u) and (X, -] x) be a real
Banach space then E (X) is the space (of all equivalence classes) of strongly measurable functions f: 7 — X

such that || f (-)||y € E equipped with the norm

WA =L Ollx g -

The space (E(X),|||-|/|g) is a Banach space called the Kéthe Bochner function space [7]. For a function
F={(f1,f2..., fn) € (E(X))", we define the norm of F' by

IIEI = ‘

D oIf Ollx
i=1
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The most important classes of Kéthe Bochner function spaces are the Lebesgue Bochner spaces LP (X),
(1 < p< o) and their generalization the Orlicz-Bochner spaces L® (X). These spaces have been studied by
many authors, cf. [2], [4], [5], [6], [8], [10].

Let Y be a closed subspace of X . For a set of elements x1,s,...,z, € X, define
n
dist (x1,22,...,2n,Y) = Zlg}f/ {; |l; — z||} .
We say that yo € Y is a best simultaneous approximation to the set of elements x1, zo, ..., 2, € X if, for every

z €Y, we have
n n
Sl — goll < 3 lles = =11
i=1 i=1

If every set of elements x1,x2,...,x, € X admits a best simultaneous approximation in Y, then Y is said to

be simultaneously proximinal in X . In case when n = 1, we get the usual proximinality.

In this paper, for a given closed subspace Y of X and F = (f1, f2,..., fn) € (E(X))", we are interested

in the existence of n-tuples Gy = (go, 9o, - - -, 90) € (E (Y))" such that
F—Gol|l|l= inf ||F—-(g,g9,..., .
1P =Golll = _inf 1P = (5.9....0)]

If such a function go exists, it is called a best simultaneous approximation of F' = (fi, fa,..., fn). The
problem of best simultaneous approximation can be viewed as a special case of vector valued approximation.
Recent results in this area are due to Pinkus [9]. Results on best simultaneous approximation in general Banach
spaces can also be found in [1], [11], [12].

It is the aim of this work to write and prove a formula for the distance distg (f1, fo,. .., fn, E(Y)), where

fis fay ooy fn € E(X), similar to that of best approximation. This allows us to generalize some recent results
in [3].

2. Distance formula

Through this section, X is a real Banach space and E (X) is a Kéthe Bochner function space. For
fluf?u .- '7fn € E(X)7 we define dlStE (flu .. 7fn7E(Y)) by

diStE (fluf?u"'7fn7E(Y)) inf |H(f17f27"'7fn) - (gvgu"'7g)|||

geE(Y)

,dnf ; I1fi () =g ()lx )

We also define B (f1, fo, ..., fu, E(Y)) by the set

n

IO =90k

i=1

{ge E(Y): = distg (f1, f2, .-, fn, E(Y))}.

E
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Lemma 1 Let f1, fo,..., fn € E(X), Y a closed subspace of X and g:T — Y be a strongly measurable func-

tion with g(t) € B(fi(t), fo(t),..., fn(t),Y) foralmostallt € T. Then g€ E(Y)NB (f1, fo, ..., fn, E(Y)).
Proof. Since g(t) € B(fi(t),fo(t),..., fn(t),Y), for almost all t € T', we have

2 n
lglll < = > Il
i=1

which shows that g € E(Y). Also, for any h € E(Y'), we have

lefz Ollx lefz Ollx
E

thus g € B(f1, fo,..., fa, E(Y)). -

)

E

We can now state and prove the main result.

Theorem 2 Let Y be a closed subspace of the real Banach space X and E (X) be a Kéthe Bochner function
space with absolutely continuous norm. If fi1, fo,..., fn € E(X), then the distance function dist(f1 (-), fo(:),...,
fn (+)) belongs to E and

||d28t (fl () ) f2 () 3. '7fn () ’ Y)HE = dlStE (flu f?u .. '7fn7 E(Y)) .
Proof. Let fi, f2,..., fn € E(X), then there exist sequences (fy,;), 1 <14 <n, of simple functions in E (X)

such that
lfn: ()= fi®)] =0, ¢=1,2,...,n, for almost all ¢ in T.

The continuity of the distance function implies that

|di5t(fn,1 (t)vfn,2 (t) ). "7fn,n (t),Y) - diSt(fl (t)7f2 (t) )" "7fn (t),Y)| — 0.

Set
H, (t) =dist (fn1 (), fn2@),...s fan(t),Y),

then H,, is a measurable function. Therefore the dist (f1(-),..., fn(-),Y) is measurable and

dlSt(fl(t)ufZ(t)u7fn ) Z'fz ZHX’ for all z e Y.

As a consequence we can write

dist (f1 (1), f2(8), ..., fu (1), Znﬁ — gy, forallge E(Y),

and we obtain, for all g € E(Y),

||d28t(f1()7f2()77fn : HE—

Znﬁ lx

E
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Thus, dist (fi(-), f2(:),...,fn(:),Y) € E and
||dl‘9t(f1 (')7f2 ()77f7l ()7Y)||E < distp (f17f27"'7f7l7E(Y))' (1)

Fix € > 0. Since E(X) is a Kéthe Bochner function space with absolutely continuous norm, the simple
functions are dense in F(X), [7]. That is, there exist simple functions f in E (X) such that

£ .
Wfi—fill <=, for i=1,...,n
n

Assume that

t) =D ai xa.(t)
k=1

m
where the Aj’s are pairwise disjoint measurable sets of T with |J Ay = T, xa,’s are the characteristic
k=1

functions related to the Ax’s and x}c € X, for k=1,2,....,mand i =1,...,n. Since u(T) is finite, we can

put a = |||xr|l|. For each k=1,2,...,m,let y; € Y satisfy

n
Z ||x7€ —kaX < dist (w,lc,xi, oy T Y) 4 2_
i=1

m
By setting g(t) = Z Yk XA (1), we obtain the inequalities

lef* Ollx

Z X ( [Z [ — yk||X]

E
< [dzst xk,xk,...,xz,Y)—i—i]
@ E
< st (f5 (), f5 () £ (). V)l + ZXA,C -
< st (7 () f5 () £ )V llg + = [lxerl

Idist (fy (-), /2 ()ss 2 (), V)l +e
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This also gives the following inequalities:

distg (fi, ..., fa, E(YV)) < distg (ff,.. .. f, EY)+Y_Ifi = £
=1
< Ol +e
E
< Hdist(ff(-),.-.7fn*(-),Y)IIE+26
< dist (Fr () s oons £ ) Vg + D F = £7I] + 22
=1
< HdiSt(fl(')7"'7fn(')7y)||E+35'

Thus, we have
diStE (fl, fg, ey fn R E(Y)) < ||d’LSt (fl () R f2 () N fn () s Y)HE + 3e.
Since € > 0 is arbitrary, it holds that

distp (fi, f2, s fn, E(Y)) < |ldist (fr (), f2()svos fn () V)5 - (2)

Using inequalities (1) and (2) we get the required results. O

A direct consequence of the previous is the following result

Corollary 3 Let Y be a closed subspace of the real Banach space X and E(X) be a Kéthe Bochner
function space with absolutely continuous and strictly monotone norm. For fi,....f, € E(X) and g €
B (fi,..., fn, E(Y)) it is necessary and sufficient that g (t) € B(f1 (t),..., fn (t),Y) for almost all t € T'.

Next, we give the simultaneous proximinality of E(Y') in E(X):

Theorem 4 If Y is simultaneously proziminal in the real Banach space X , then B (f1, fa,.. ., fu, E(Y)) £ 0,
for every set of simple functions fi, fo,..., fn in E(X).

Proof. Let f; (1 <i<n) be simple functions in F (X). Then f; (1 <i<mn) can be written as

m
E uk xa,(t), i=1,...,n,
k=1

m
where Aj’s are pairwise disjoint measurable sets of T with |J Ay = T. Also, we may take p(Ag) > 0, for
k=1

each k = 1,2,...,m. By assumption we know that for each & = 1,2,...,m, there exists a best simultaneous

approximation wy in Y of the n-tuples (u,lc,ui, ,u}g) € X" such that
n
dist (x,lc,xi, YY) = Z ||u}C - wk”x .
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Set
g(t) = Zwk XA, (1)
k=1

then for any o> 0 and h € E(Y'), we obtain that

lefz Ollx

E

S ) [Znuk wan]

Y%

= lefz Ollx

E
By taking infimum over all h € E(Y'), it results that
diStE(f17f27"'7f7l7 ‘ ||X
E
This implies that the set of simple functions fi, fo,..., f, in E(X) admits a best simultaneous approximation.

a

Theorem 5 Let Y be a closed subspace of the real Banach space X and E (X) be a Kéthe Bochner function
space with absolutely continuous and strictly monotone norm. If E(Y) is simultaneous proziminal in E (X),

then Y 1is simultaneous proximinal in X .

Proof. Let z1,29,...,2, € X. Set f;(t) =z; (1 <i<n) foralmostall t €T. Since

Al = Ollxlle = Hlzixr Ollixllg

= zillx lixell, for 1 <i<mn,

which is finite, then f; € E(X), (1 <14 <n). By assumption there exists g € E (Y') such that

Z I1fi () =9 Ollx Z 1 () =R ()llx

, forallhe E(Y)
E

E

Because F (X) is a Kéthe Bochner function space with a strictly monotone norm, for almost ¢ € T', we thus

have
ST —g®lx Z £ (8) = R ()] -
=1 1=1

Fix to € T and y = g (to), then y € Y and
ZHxi—yHX Zsz_h My, forallhe E(Y).
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Since Y is embedded isometrically into F (Y'), we obtain

n n
ZIIwi—yIIX SZHwi—zHX,for all z €Y.
i=1 i=1

Theorem 6 Let Y be a closed separable subspace of the real Banach space X and E (X)be a Kithe Bochner
function space with absolutely continuous and strictly monotone norm. Then E (YY) is simultaneous proziminal

in E(X) if and only if Y is simultaneous proximinal in X .

Proof. The necessity is included in Theorem 5. Now for sufficiency suppose that Y is simultaneous proximinal
in X andlet f1,f2 ,..., fn be aset of functions in E(X), then Theorem 3.4 in [1] guarantees that there exists
a measurable function g : T — X such that g(t) € B(fi (t),fo(t),..., fn(t),Y) for almost all t € T'. We

conclude that E (V) is simultaneous proximinal in £ (X) on account of Lemma 1. Thus
g€ B(fi,fay.oy fn, E(Y)), for almost all t € T,

thereby completing the proof of the theorem. O
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