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Essential normality for certain weighted composition operators on

the Hardy space H2

Mahsa Fatehi and Bahram Khani Robati

Abstract

We characterize the essentially normal weighted composition operators Cψ,ϕ on the Hardy space H2 ,

whenever ϕ is a linear-fractional transformation and ψ ∈ A(�) . Also we investigate the essential normality

problem for some other weighted composition operators on H2 .
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1. Introduction

Let D be the open unit disk in the complex plane C , and let ∂D denote the boundary of D . The algebra
A(D) consists of all continuous functions on the closure of D that are analytic on D .

For an analytic function f on the unit disk and 0 < r < 1, we define the dilate function fr by

fr(eiθ) = f(reiθ). It is easy to see that the functions fr are continuous on ∂D for each r , hence they are in

Lp(∂D, dθ/2π), where dθ/2π is the normalized arc length measure on the unit circle.

For 0 < p < ∞ , the Hardy space Hp(D) = Hp is the set of all analytic functions on the unit disk for
which

‖f‖p
p = sup

0<r<1

∫ 2π

0

|fr(eiθ)|p dθ

2π
< ∞.

Also we recall that H∞(D) = H∞ is the space of all bounded analytic functions defined on D , with supremum

norm ‖f‖∞ = supz∈D |f(z)| . We know that for p ≥ 1, Hp is a Banach space (see, e.g., [15, p. 37]).

It is well known that the supremum in the above definition of Hp spaces is actually a limit, that is,

‖f‖p
p = lim

r→1

∫ 2π

0

|fr(eiθ)|p dθ

2π
< ∞.

Also we know that if f is in Hp for some p > 0, then the radial limit

f∗(eiθ) = lim
r→1

f(reiθ),

AMS Mathematics Subject Classification: Primary 47B33; Secondary 47B38.

583



FATEHI, KHANI ROBATI

exists for almost all θ and the mapping f → f∗ is an isometry of Hp to a closed subspace of Lp(∂D, dθ/2π).
Therefore

‖f‖p
p =

∫ 2π

0

|f∗(eiθ)|p dθ

2π
< ∞.

We will also write f(eiθ) for f∗(eiθ). If p = 2 and f̂(n) is the nth coefficient of f in its Maclaurin series, then

we have another representation for the norm of f on H2 as follows:

‖f‖2
2 =

∞∑
n=0

|f̂(n)|2 < ∞.

The formula above defines a norm that turns H2 into a Hilbert space whose inner product is given by

〈f, g〉 =
∞∑

n=0

f̂(n)ĝ(n) =
∫ 2π

0

f(eiθ)g(eiθ)
dθ

2π

for each f, g ∈ H2 . For more information about the Hardy spaces see, for example, [12] and [15].

For each ψ ∈ L∞(∂D), we define the Toeplitz operator Tψ on H2 by Tψ(f) = P (ψf), where P denotes

the orthogonal projection of L2(∂D) onto H2 :

P

( ∞∑
−∞

f̂(n)einθ

)
=

∞∑
n=0

f̂(n)einθ.

Since an orthogonal projection has norm 1, clearly Tψ is bounded.

For any analytic self-map ϕ of D , the composition operator Cϕ on H2 is defined by the rule Cϕ(f) =

f ◦ ϕ . It is well known (see, e.g., [15, p. 29] or [28, Theorem 1]) that the composition operators are bounded

on each of the Hardy spaces Hp (0 < p < ∞). One of the first papers in this research area is [28], while

H. J. Schwartz in [30] begun the research on compact composition operators on Hp . J. H. Shapiro and P. D.

Taylor in [32] have studied the role of angular derivative for compactness of Cϕ in Hp . For some other classical

results see [12] and [31]. If ψ is a bounded analytic function on D and ϕ is an analytic map from D into

itself, the weighted composition operator Cψ,ϕ is defined by Cψ,ϕ(f)(z) = ψ(z)f(ϕ(z)). The map ϕ is called

the composition map and ψ is called the weight. If ψ is a bounded analytic function on D , then the weighted
composition operator can be rewritten as Cψ,ϕ = TψCϕ . In this case Cψ,ϕ is bounded, but in general every

weighted composition operator Cψ,ϕ on H2 is not bounded. If Cψ,ϕ is bounded, then Cψ,ϕ(1) = ψ belongs to

H2 . These operators come up naturally. In 1964, Forelli [16] showed that every isometry on Hp for 1 < p < ∞
and p 
= 2 is a weighted composition operator. A similar result holds for the isometries on the Bergman space
Lp

a ; see [19]. Recently there has been a great interest in studying weighted composition operators in the unit

disk, polydisk, or the unit ball; see, for example, [7, 17, 18, 22, 23, 24, 25, 34].

A mapping of the form

ϕ(z) =
az + b

cz + d
(ad − bc 
= 0) (1)

is called a linear-fractional transformation. We denote the set of those linear-fractional transformations that
take the open unit disk D into itself by LFT(D).
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For bounded operators A and B on a Hilbert space, we use the notation

[A, B] := AB − BA

for the commutator of A and B . Recall that an operator A is called normal if [A, A∗] = 0 and essentially

normal if [A, A∗] is compact. In [35] Nina Zorboska characterized the essentially normal composition operators

on the Hardy space H2 induced by conformal automorphisms of the unit disk. In addition, Zorboska showed

that the composition operators on H2 induced by linear-fractional transformations fixing no point on the unit
circle are not nontrivially essentially normal. P. S. Bourdon, D. Levi, S. K. Narayan and J. H. Shapiro in [4]

showed that a composition operator induced on H2 by a linear-fractional self-map of the unit disk is nontrivially
essentially normal if and only if it is induced by a parabolic non-automorphism self-map of the unit disk. The
essentially normal composition operators on other spaces have been investigated by some authors (see, e.g., [5]

and [26]).

Suppose that ϕ is an analytic self-map of D and α is a complex number of modulus 1. Since Re
(

α+ϕ
α−ϕ

)
is a positive harmonic function on D , there exists a finite positive Borel measure μα on ∂D such that

1 − |ϕ(z)|2
|α− ϕ(z)|2 = Re

(
α + ϕ(z)
α − ϕ(z)

)
=

∫
∂D

Pzdμα

for each z ∈ D , where

Pz(eiθ) =
1 − |z|2
|eiθ − z|2

is the Poisson kernel at z . The measures μα are called the Clark measures of ϕ . Let μs
α be the singular parts

of μα with respect to Lebesgue measure. The singular part μs
α is carried by ϕ−1({α}), the set of those ζ in

∂D where ϕ(ζ) exists and equals α . We write E(ϕ) for the closure in ∂D of the union of the closed supports
of μs

α as α ranges over the unit circle. In particular, if ϕ is a linear-fractional non-automorphism such that

ϕ(ζ) = η for some ζ, η ∈ ∂D , then μs
α = 0 when α 
= η and μs

η = |ϕ′
(ζ)|−1δζ , where δζ is the unit point mass

measure at ζ . The measures μα were introduced as an operator-theoretic tool by D. N. Clark [6] and have

been further analyzed by A. B. Aleksandrov [1], A. G. Poltoratski [27] and D. E. Sarason [29].

In this paper, we use the results of Bourdon et al. [4] and T. L. Kriete, B. D. MacCluer and J. L.

Moorhouse [20] in order to investigate the essential normality problem for certain weighted composition operators
Cψ,ϕ , whenever ϕ is a linear-fractional transformation and ψ ∈ H∞ .

2. Linear-fractional non-automorphism

In this section, we investigate the essential normality problem for certain weighted composition operators

Cψ,ϕ on the Hardy space H2 , whenever ϕ is a linear-fractional non-automorphic self-map of D and ψ ∈ H∞ .

First, we state some useful results of [4, 6.3] and [33, Proposition 9.1.4] that we use frequently in this paper.

Remark 2.1 Suppose that ϕ is an analytic self-map of D and ψ ∈ H∞ . Let f and g be two bounded
measurable functions on ∂D and λ be a complex number. Then

585



FATEHI, KHANI ROBATI

(a) CϕTψ = Tψ◦ϕCϕ ,

(b) TgTψ = Tgψ ,

(c) Tf+λg = Tf + λTg , and

(d) T ∗
f = Tf̄ .

In [11] Carl Cowen showed that if ϕ ∈ LFT(D) is given by Equation (1), then

C∗
ϕ = TgCσϕT ∗

h , (2)

where σϕ(z) := (āz − c̄)/(−b̄z + d̄) is a self-map of D , g(z) := (−b̄z + d̄)−1 , h(z) := cz + d and g, h ∈ H∞ . If

ϕ(ζ) = η for ζ, η ∈ ∂D , then σϕ(η) = ζ ; see [11]. The map σϕ is called the Krein adjoint of ϕ ; we will write

σ for σϕ except when confusion could arise. For further details see, for example, [4]. From now on, unless

otherwise stated, we assume that σ , h and g are given as above.
Now let ψ ∈ H∞ . Then by Equation (2) and Remark 2.1, we have

C∗
ψ,ϕ = (TψCϕ)∗ = C∗

ϕT ∗
ψ = TgCσT ∗

hψ .

Hence
Cψ,ϕC∗

ψ,ϕ = TψCϕTgCσT ∗
hψ = Tg◦ϕCψ,ϕCσT ∗

hψ ; (3)

and on the other hand, we have
C∗

ψ,ϕCψ,ϕ = TgCσT ∗
hψCψ,ϕ. (4)

The set of all bounded operators and the set of all compact operators from H2 into itself are denoted

by B(H2) and B0(H2), respectively. Also we will use the notation A ≡ B (mod B0(H2)) to indicate that

the difference of two bounded operators A and B belongs to B0(H2). In [20] Kriete et al. showed that if

ϕ ∈ LFT(D) is not an automorphism which satisfies ϕ(ζ) = η for some ζ, η ∈ ∂D , then

C∗
ϕ ≡ |ϕ′

(ζ)|−1Cσ (mod B0(H2)). (5)

Also we will use the following result frequently, which is proved in [20].

Theorem 2.2 [20] Let ϕ be an analytic self-map of D such that |ϕ(eiθ)| < 1 a.e. with respect to Lebesgue
measure on ∂D , and suppose that γ is a bounded measurable function on ∂D which is continuous at each point

of E(ϕ) . Then TγCϕ : H2 → H2 is compact if and only if γ ≡ 0 on E(ϕ) .

Proposition 2.3 Suppose that ϕ ∈ LFT(D) is not an automorphism and that ϕ(ζ) = η for some ζ, η ∈ ∂D .

Let ψ ∈ A(D) . Then [C∗
ψ,ϕ, Cψ,ϕ] ≡ |ψ(ζ)|2|ϕ′

(ζ)|−1[Cσ, Cϕ] (mod B0(H2)) .

Proof. It is easy to see that E(σ ◦ ϕ) = {ζ} , so by Theorem 2.2, [14, Proposition 7.22], Remark 2.1 and

Equation (5), we have

C∗
ψ,ϕCψ,ϕ − Cψ,ϕC∗

ψ,ϕ ≡ |ϕ′
(ζ)|−1(CσT ∗

ψTψCϕ − TψCϕCσT ∗
ψ) (mod B0(H2))

≡ |ϕ′
(ζ)|−1(CσTψT ∗

ψCϕ − TψCσ◦ϕT ∗
ψ) (mod B0(H2))

≡ |ϕ′
(ζ)|−1(ψ(ζ)CσTψCϕ − TψCσ◦ϕT ∗

ψ) (mod B0(H2))

≡ |ϕ′
(ζ)|−1(|ψ(ζ)|2Cϕ◦σ − ψ(ζ)Cσ◦ϕT ∗

ψ) (mod B0(H2)).
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Using ∼ for the Krein adjoint, by [13, Lemma 12], we see that σ̃ ◦ ϕ = ϕ̃ ◦ σ̃ = σ ◦ ϕ . Then by Equation (5),
we have

TψC∗
σ◦ϕ ≡ s1TψCσ̃◦ϕ (mod B0(H2))

≡ s1TψCσ◦ϕ (mod B0(H2))

≡ s1ψ(ζ)Cσ◦ϕ (mod B0(H2)),

where s1 = |(σ◦ϕ)
′
(ζ)|−1 . Hence by [20, Proposition 3.6], s1 = 1. Therefore Cσ◦ϕT ∗

ψ ≡ ψ(ζ)C∗
σ◦ϕ (mod B0(H2)),

so by this fact and Equation (5), we have

Cσ◦ϕT ∗
ψ ≡ ψ(ζ)Cσ̃◦ϕ (mod B0(H2))

≡ ψ(ζ)Cσ◦ϕ (mod B0(H2)).

Hence

[C∗
ψ,ϕ, Cψ,ϕ] ≡ |ψ(ζ)|2|ϕ′

(ζ)|−1[Cσ, Cϕ] (mod B0(H2)).

�

A map ϕ ∈ LFT(D) whose fixed point set, relative to the Riemann sphere, consists of a single point ζ

in ∂D is termed parabolic. The linear-fractional transformation τ (z) := (1 + ζz)/(1 − ζz) takes the unit disk

onto the right half-plane Π and takes ζ to ∞ . Set φ := τ ◦ϕ ◦ τ−1 . Therefore φ is a linear-fractional self-map
of Π which fixes only ∞ , so it must have the form φ(z) = z + t for some complex number t , where Ret ≥ 0.
Let us call t the translation number of either ϕ or φ . When Ret = 0 we have a parabolic automorphism;
otherwise the map is not automorphism. Also in [31, p. 3] J. H. Shapiro showed that among the linear-fractional

transformations fixing ζ ∈ ∂D , the parabolic ones are characterized by ϕ
′
(ζ) = 1. For further details see [4]

and [31].

Theorem 2.4 Let ϕ ∈ LFT(D) be a parabolic non-automorphism and ψ ∈ A(D) . Then Cψ,ϕ is essentially

normal.

Proof. Suppose that the map ϕ fixes ζ ∈ ∂D , so ϕ
′
(ζ) = 1. Therefore by Proposition 2.3, Cψ,ϕ be essen-

tially normal if and only if |ψ(ζ)|2(Cϕ◦σ −Cσ◦ϕ) ∈ B0(H2). By the proof of Theorem 4.1 in [4], σ ◦ ϕ = ϕ ◦ σ .

So the result follows. �

Theorem 2.5 Let ϕ ∈ LFT(D) be a non-automorphism such that ϕ(ζ) = η for some ζ, η ∈ ∂D and ψ ∈ A(D) .
Also suppose that ϕ is not a parabolic non-automorphism. Then Cψ,ϕ is essentially normal if and only if

ψ(ζ) = 0 .

Proof. If ψ(ζ) = 0, then by Theorem 2.2, Cψ,ϕ is essentially normal. Conversely, let Cψ,ϕ be essentially

normal and ψ(ζ) 
= 0. Then by Proposition 2.3, we have

[C∗
ψ,ϕ, Cψ,ϕ] ≡ |ψ(ζ)|2|ϕ′

(ζ)|−1(Cϕ◦σ − Cσ◦ϕ) (mod B0(H2)).
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Therefore Cϕ◦σ −Cσ◦ϕ ∈ B0(H2). Since a difference of non-compact linear-fractional composition operators is

compact only if it is zero (see [3] and [21]), we have ϕ ◦ σ = σ ◦ ϕ .

Now if ζ = η , then by [20, p. 139], ϕ is a parabolic non-automorphism which is a contradiction, and if

ζ 
= η , then ϕ ◦ σ has two fixed points ζ, η ∈ ∂D . Thus by [20, Proposition 3.4], it is a contradiction. �

A map ϕ ∈ LFT(D) is called hyperbolic if it has a fixed point in D and a fixed point outside D . Also ϕ

is an automorphism of D if and only if these two fixed points lie on ∂D . The case in which ϕ is a hyperbolic
non-automorphism with a fixed point ζ on ∂D and ψ ∈ A(D) is an example of Theorem 2.5.

We know that if ϕ(D) ⊆ D , then Cϕ is compact (see, e.g., [31]) and so Cψ,ϕ is compact too. Since every

compact operator is essentially normal, Cψ,ϕ is essentially normal. We investigated the essential normality

problem for weighed composition operators Cψ,ϕ , whenever ϕ is a parabolic or hyperbolic non-automorphism.

In the rest of this section, we assume that ϕ is a linear-fractional self-map of D satisfying the following:

(i) ϕ is not an automorphism.

(ii) ϕ(ζ) = η for some ζ 
= η ∈ ∂D .

Conditions (i) and (ii) imply that ‖ϕ ◦ ϕ‖∞ < 1, therefore C2
ϕ is compact. By Remark 2.1,

Cψ,ϕCψ,ϕ = TψCϕTψCϕ = TψTψ◦ϕC2
ϕ,

hence C2
ψ,ϕ ∈ B0(H2).

Similar to the notations introduced by Kriete et al. in [20], let x , x∗ and e be the cosets of Cψ,ϕ , C∗
ψ,ϕ

and I in the Calkin algebra B(H2)/B0(H2), respectively, so (xx∗)(x∗x) = (x∗x)(xx∗) = 0 and therefore the
C∗ -algebra generated by xx∗ , x∗x and e is abelian. In the proof of Proposition 2.6 and Theorem 2.7, we apply
these results. Also let A be an abelian Banach algebra. We denote the collection of all nonzero homomorphisms
of A → C by Σ; for further information see, for example, [9].

In [10] C. C. Cowen described the spectrum of a composition operator whose symbol is a parabolic

non-automorphism. In [20] Kriete et al. showed that σ ◦ ϕ is a parabolic non-automorphism and obtained

σ(Cσ◦ϕ) = σe(Cσ◦ϕ) = [0, 1] . We know that if a and b are two elements of a Banach algebra with identity,

then σ(ab) ∪ {0} = σ(ba) ∪ {0} ; see [9, p. 199]. We use this fact in the following proposition.

Proposition 2.6 Suppose that ψ ∈ H∞ and ψ is continuous at ζ . Then σe(Cψ,ϕC∗
ψ,ϕ) = σe(C∗

ψ,ϕCψ,ϕ) =

[0, |ψ(ζ)|2|ϕ′
(ζ)|−1] .

Proof. By Equation (3), we have

σe(Cψ,ϕC∗
ψ,ϕ) = σe(Tg◦ϕCψ,ϕCσT ∗

hψ).

Since E(σ ◦ ϕ) = {ζ} , by Remark 2.1, Theorem 2.2 and [20, Proposition 3.5], we have

σe(Tg◦ϕCψ,ϕCσT ∗
hψ) ∪ {0} = σe(ThψTg◦ϕCψ,ϕCσ) ∪ {0}

= σe(T|ψ|2hg◦ϕCσ◦ϕ) ∪ {0}

= |ψ(ζ)|2h(ζ)g ◦ ϕ(ζ)σe(Cσ◦ϕ) ∪ {0}

= |ψ(ζ)|2h(ζ)g(η)[0, 1].
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We see after some computation that h(ζ)g(η) is equal to the number s as in [20, Theorem 3.1], so by [20,

Proposition 3.6],

σe(Cψ,ϕC∗
ψ,ϕ) ∪ {0} = [0, |ψ(ζ)|2|ϕ′

(ζ)|−1].

On the other hand, by Remark 2.1, Theorem 2.2 and Equation (5), we have

σe(C∗
ψ,ϕCψ,ϕ) ∪ {0} = σe(|ϕ

′
(ζ)|−1CσT ∗

ψCψ,ϕ) ∪ {0}

= |ϕ′
(ζ)|−1σe(CσT|ψ|2Cϕ) ∪ {0}

= |ϕ′
(ζ)|−1σe(T|ψ|2Cσ◦ϕ) ∪ {0}

= |ψ(ζ)|2|ϕ′
(ζ)|−1σe(Cσ◦ϕ) ∪ {0}.

Again applying [20, Proposition 3.5], we have

σe(C∗
ψ,ϕCψ,ϕ) ∪ {0} = [0, |ψ(ζ)|2|ϕ′

(ζ)|−1].

Since σe(C∗
ψ,ϕCψ,ϕ) and σe(Cψ,ϕC∗

ψ,ϕ) are compact subsets of C , the result follows. �

Now we apply Proposition 2.6 to obtain a necessary and sufficient condition for Cψ,ϕ to be an essentially

normal weighted composition operator. In the following theorem, we use the techniques used in [20, Proposition

4.2].

Theorem 2.7 Suppose that ψ ∈ H∞ and ψ is continuous at ζ . Then Cψ,ϕ is essentially normal if and only

if ψ(ζ) = 0 .

Proof. If ψ(ζ) = 0, then Theorem 2.2 implies that Cψ,ϕ is compact. Therefore Cψ,ϕ is essentially

normal. Conversely, let Cψ,ϕ be essentially normal. Since (xx∗)(x∗x) = (x∗x)(xx∗) = 0, m(x∗x) = 0

or m(xx∗) = 0 for each m ∈ Σ. Therefore by [9, Theorem 8.6, p. 219 ] and Proposition 2.6, we have

σe(C∗
ψ,ϕCψ,ϕ − Cψ,ϕC∗

ψ,ϕ) = [−|ψ(ζ)|2|ϕ′
(ζ)|−1, |ψ(ζ)|2|ϕ′

(ζ)|−1] . Hence the proof is complete. �

Since the conditions on ψ in Theorem 2.7 are weaker than the condition on ψ in Theorem 2.5, there
are some examples of ψ such that they satisfy the hypotheses of Theorem 2.7, but they do not satisfy the
hypothesis of Theorem 2.5.

Theorem 2.8 Let ϕ(z) = i
2
(1 − z) .

(a) Suppose that ψ(z) = e
1

z−1 . It is easy to see that ψ ∈ H∞ and ψ is continuous at −1 . Then by
Theorem 2.7, Cψ,ϕ is not essentially normal.

(b) Suppose that ψ(z) = (1 + z)e
1

z−1 . Then again by Theorem 2.7, Cψ,ϕ is essentially normal.
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3. Automorphism

It is well known that the automorphisms of the unit disk, that is, the one-to-one analytic maps of the
disk onto itself, are just the functions

ϕ(z) = λ
a − z

1 − āz
, (6)

where |λ| = 1 and |a| < 1 (see, e.g., [8]). We denote the class of automorphisms of D by Aut(D). Also we

know that ϕ is an automorphism if and only if σ is in this case σ = ϕ−1 ; see [4]. In this section, we investigate

the essential normality problem for weighted composition operators Cψ,ϕ on the Hardy space H2 , whenever

ϕ ∈ Aut(D) and ψ ∈ A(D). Also we assume that ϕ is given by Equation (6) and w(z) = (1 − āz)ψ(z), where

ψ ∈ A(D).

Proposition 3.1 Suppose that ϕ ∈ Aut(D) and ψ ∈ A(D) . Then Cψ,ϕ is essentially normal if and only if

[T|w|2 , Cϕ] ∈ B0(H2) .

Proof. Since σ = ϕ−1 , Equations (3) and (4) imply that

[C∗
ψ,ϕ, Cψ,ϕ] = TgCϕ−1T ∗

hψTψCϕ − Tg◦ϕTψT ∗
hψ .

Thus by [14, Proposition 7.22 ] and Remark 2.1, we have

[C∗
ψ,ϕ, Cψ,ϕ] ≡ Cϕ−1Th|ψ|2g◦ϕCϕ − Th|ψ|2g◦ϕ (mod B0(H2)).

Since CϕCϕ−1 = I , we see that [C∗
ψ,ϕ, Cψ,ϕ] ∈ B0(H2) if and only if [Th̄|ψ|2g◦ϕ, Cϕ] ∈ B0(H2). Also after some

computation, we conclude that

h̄(z)g ◦ ϕ(z) =
|1 − āz|2
1 − |a|2 ,

which completes the proof. �

Example 3.2 Let ϕ ∈ Aut(D) and for some n ∈ N∪{0} , ψ(z) = zn/(1 − āz) . Then w(z) = zn and T|w|2 = I ,

so Proposition 3.1 implies that Cψ,ϕ is essentially normal.

Theorem 3.3 Let ϕ ∈ Aut(D) and ψ ∈ A(D) . Then Cψ,ϕ is essentially normal if and only if |w| = |w ◦ ϕ|
on ∂D .

590



FATEHI, KHANI ROBATI

Proof. By [14, Proposition 7.22], Equation (2) and Remark 2.1, we have

(T|w|2Cϕ − CϕT|w|2)C−1
ϕ ≡ T|w|2 − CϕTwTw̄Cϕ−1 (mod B0(H2))

≡ T|w|2 − Tw◦ϕCϕTw̄Cϕ−1 (mod B0(H2))

≡ T|w|2 − Tw◦ϕCϕTw̄T 1
g
C∗

ϕT ∗
1
h

(mod B0(H2))

≡ T|w|2 − Tw◦ϕCϕT 1
g
Tw̄C∗

ϕT ∗
1
h

(mod B0(H2))

≡ T|w|2 − Tw◦ϕ
g◦ϕ

CϕTw̄C∗
ϕT ∗

1
h

(mod B0(H2))

≡ T|w|2 − Tw◦ϕ
g◦ϕ

CϕC∗
ϕT ∗

w◦ϕT ∗
1
h

(mod B0(H2))

≡ T|w|2 − Tw◦ϕ
g◦ϕ

Tg◦ϕT ∗
hT ∗

w◦ϕ
h

(mod B0(H2))

≡ T|w|2 − T|w◦ϕ|2 (mod B0(H2)).

Now the conclusion follows from Proposition 3.1 and [33, Proposition 9.1.3]. �

In 1969, H. J. Schwartz [30] showed that a composition operator on H2 is normal if and only if it is

induced by a dilation z → az , where |a| ≤ 1. In the following corollary, we assume that Cϕ is normal and we

obtain a necessary and sufficient condition for Cψ,ϕ to is essentially normal.

Corollary 3.4 Let ϕ ∈ Aut(D) , ψ ∈ A(D) and suppose that Cϕ is normal. Then Cψ,ϕ is essentially normal

if and only if |ψ(ϕ(z))| = |ψ(z)| for each z ∈ ∂D .

Corollary 3.5 Let ϕ ∈ Aut(D) , ψ ∈ A(D) and for each z ∈ D̄ , ψ(z) 
= 0 . Then Cψ,ϕ is essentially normal if

and only if w is an eigenvector for the operator Cϕ and the modulus of the corresponding Cϕ -eigenvalue for
w is 1 .

Proof. Suppose that Cψ,ϕ is essentially normal. Since | (1−āz)ψ
(1−āϕ)ψ◦ϕ | and | (1−āϕ)ψ◦ϕ

(1−āz)ψ | are subharmonic on D ,

by [2, Corollary A.1.4] and Theorem 3.3, | (1−āz)ψ
(1−āϕ)ψ◦ϕ | is constant on D . Therefore | (1−āz)ψ

(1−āϕ)ψ◦ϕ | = 1 on D̄ . Hence

by the Maximum Modulus Theorem, there is a β ∈ C such that |β| = 1 and

((1 − āz)ψ) ◦ ϕ = β(1 − āz)ψ.

Hence (1 − āz)ψ is an eigenvector for Cϕ . The other direction follows from Theorem 3.3. �

Example 3.6 Let ϕa(z) = (a − z)/(1 − az) , where a 
= 0 . Suppose that ψ(z) = (ϕa(z) + z + b)/(1 − az) ,

where |b| > 2 . We see that w(z) = ϕa(z)+z+b and Cϕa(w) = w . Hence by Corollary 3.5, Cψ,ϕa is essentially

normal.

In the rest of this section, we investigate the essential normality problem for weighted composition
operators Cψ,ϕ , whenever |ψ| = t almost everywhere on ∂D for a positive constant t .

Lemma 3.7 Let ϕ ∈ Aut(D) and ψ ∈ H∞ . Also |ψ| = t almost everywhere on ∂D , where t is a positive

constant. Then {ψ
t zn : n ∈ N ∪ {0}} is an orthonormal set in H2 .
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Proof. We have ∥∥∥∥ψ

t
zn

∥∥∥∥2

2

=
∫ 2π

0

∣∣∣∣ψ(eiθ)
t

∣∣∣∣2 |einθ|2 dθ

2π
= 1.

Also, we have

〈ψ
t
zn,

ψ

t
zm〉 =

1
t2
〈ψzn, ψzm〉

=
1
t2

∫ 2π

0

|ψ(eiθ)|2einθe−imθ dθ

2π

= 0,

where n 
= m ∈ N , so the result follows. �

The idea behind Proposition 3.8 is similar to one found in [26, Proposition 2].

Proposition 3.8 Suppose that ϕ is given by Equation (6) such that a 
= 0 . Then ‖C∗
ϕzn‖2 = ‖C∗

ϕzm‖2 > 1

for each n, m ∈ N .

Proof. Let ϕa(z) = (a − z)/(1 − āz). Then there is a constant λ of modulus 1 such that Cϕ = CϕaCλz .

Since Cλz is a surjective isometry, we have

C∗
ϕ = C∗

λzC
∗
ϕa

= C−1
λz C∗

ϕa
= C 1

λ zC
∗
ϕa

.

Therefore it is enough to prove the result for ϕa . We know that C∗
ϕa

= TgCσϕa
T ∗

h , where σϕa = ϕa ,

g(z) = (1 − az)−1 and h(z) = 1 − az . Hence by Equation (2), we obtain

C∗
ϕa

(zn) = TgCσϕa
T ∗

h (zn)

= TgCϕaT1−az̄(zn)

= TgCϕa(zn − azn−1)

= (ϕa − a)gϕn−1
a .

Then

‖C∗
ϕa

(zn)‖2
2 =

∫ 2π

0

|g(eiθ)|2|ϕn−1
a (eiθ)|2|ϕa(eiθ) − a|2 dθ

2π

=
∫ 2π

0

|g(eiθ)|2|ϕa(eiθ) − a|2 dθ

2π

= ‖(ϕa − a)g‖2
2.

By some computation, we obtain

(ϕa − a)g =
(|a|2 − 1)z

1 − āz
· 1
1 − āz

= (|a|2 − 1)
∞∑

n=0

(n + 1)(ā)nzn+1.
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Therefore

‖(ϕa − a)g‖2
2 = (1 − |a|2)2

∥∥∥∥∥
∞∑

n=0

(n + 1)(ā)nzn+1

∥∥∥∥∥
2

2

= (1 − |a|2)2
∞∑

n=0

(n + 1)2|a|2n

> (1 − |a|2)2
∞∑

n=0

(n + 1)|a|2n

= 1,

so the proof is complete. �

The idea of the proof of the following theorem is similar to the proof of Theorem 6.2 in [4].

Theorem 3.9 Let ϕ ∈ Aut(D) and ψ ∈ H∞ . Also assume that |ψ| = t almost everywhere on ∂D , where t is
a positive constant. If Cψ,ϕ is essentially normal, then Cϕ is normal.

Proof. Suppose that Cψ,ϕ is essentially normal and Cϕ is not normal, so ϕ is not a rotation. By some

computation, we see that

〈[Cψ,ϕ, C∗
ψ,ϕ]

(
ψ

t
zn

)
,

(
ψ

t
zn

)
〉 =

∥∥∥∥C∗
ψ,ϕ

(
ψ

t
zn

)∥∥∥∥2

2

−
∥∥∥∥Cψ,ϕ

(
ψ

t
zn

)∥∥∥∥2

2

=
∥∥∥∥C∗

ϕT ∗
ψ

(
ψ

t
zn

)∥∥∥∥2

2

−
∫ 2π

0

|ψ(eiθ)|2 |ψ(ϕ(eiθ))|2
t2

|ϕn(eiθ)|2 dθ

2π

= t2‖C∗
ϕ(zn)‖2

2 − t2

= t2(‖C∗
ϕ(zn)‖2

2 − 1).

Since {ψ
t zn} converges weakly to 0 as n → ∞ , we conclude that t2(‖C∗

ϕ(zn)‖2
2 − 1) → 0 as n → ∞ . Thus, by

Proposition 3.8, it is a contradiction. �

Remark 3.10 If ϕ and ψ satisfy the hypotheses of Theorem 3.9 and also 1/ψ ∈ H∞ , then the converse of

the proceeding theorem is true. Let ϕ(z) = λz , where |λ| = 1 . Then by Equations (3) and (4), we have

C∗
ψ,ϕCψ,ϕ = Cλ̄zT

∗
ψTψCλz = t2Cλ̄zCλz = t2I = T ∗

ψTψ

and
Cψ,ϕC∗

ψ,ϕ = TψCλzCλ̄zT
∗
ψ = TψIT ∗

ψ = TψT ∗
ψ.

Therefore [C∗
ψ,ϕ, Cψ,ϕ] = T ∗

ψTψ − TψT ∗
ψ . Since 1/ψ ∈ H∞ , we have

T 1
ψ
[C∗

ψ,ϕ, Cψ,ϕ] = Tt2 1
ψ
− T ∗

ψ = T t2
ψ −ψ̄

.

Thus, by [33, Proposition 9.1.3], Cψ,ϕ is essentially normal.
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[22] Li, S. and Stević, S.: Weighted composition operators from H∞ to the Bloch space on the polydisc. Abstr. Appl.

Anal. vol. 2007, Article ID 48478, 13 pages (2007).

[23] Li, S. and Stević, S.: Weighted composition operators from Bergman-type spaces into Bloch spaces. Proc. Indian

Acad. Sci. Math. Sci. 117, 371–385 (2007).
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