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Abstract: In this paper, the induced Ricci tensor and the extrinsic scalar curvature on lightlike submanifolds are
obtained. This scalar quantity extend the result given by C. Atindogbe in [1]. An example of extrinsic scalar curvature
on one class of 2-degenerate manifolds is provided. We investigate lightlike submanifolds which are locally symmetric,
semi-symmetric, Ricci semi-symmetric in indefinite spaces form. In the coisotropic case, we show that, under some

conditions, these lightlike submanifolds are totally geodesic.
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1. Introduction
The scalar curvature is one of the most important concepts in semi-Riemannian geometry and its connected
areas such as General Relativity. This scalar quantity, under the geometric point of view, is just the contraction

of the symmetric Ricci tensor Ric with a non-degenerate metric g, that is
S = g*P Ricap. (1.1)

In geometry of the lightlike submanifolds, two difficulties arise: since the induced connection is not a Levi-Civita
connection (unless M be totally geodesic) the induced Ricci tensor is not symmetric in general. Also, as the
induced metric is degenerate, its inverse does not exist and it is not possible to proceed in the usual way by
contracting the Ricci tensor to get a scalar quantity.

To overcome these difficulties in degenerate geometry, Duggal considered in [4] one class of globally null
manifolds M, warped product of a globally null manifold and a complete Riemannian manifold and shows
that its geometry essentially reduces to the Riemannian geometry of a leaf of its screen distribution which is
integrable. This information is then used in finding the Ricci tensor and the scalar curvature of M. In [5],
Duggal studied one class of lightlike hypersurfaces of genus zero in ambient Lorentzian signature. Any element

of this class admit canonical screen distribution that induces a canonical transversal vector bundle and induced
symmetric Ricci tensor. Atindogbé in [1] constructed the concept of extrinsic scalar curvature on all lightlike
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hypersurfaces, by introducing a symmetrized induced Ricci tensor and using the concept of pseudo-inversion
introduced in [2].

In this paper, we give expression of the induced Ricci tensor and extend the concept of extrinsic scalar
curvature on r-degenerate submanifolds. We first define the symmetrized induced Ricci tensor on lightlike
submanifolds and by using the concept of pseudo-inversion of r-degenerate metrics introduced in [3], summarized
in the preliminaries, we overcome the above quoted difficulties in contracting with respect to the r-degenerate
metric. We give an example of extrinsic scalar curvature on one class of 2-degenerate manifolds.

The class of semi-Riemannian manifolds satisfying the condition VR = 0 is a natural generalization
of the class of manifolds of constant curvature, where V is the Levi-Civita connection on semi-Riemannian
manifold and R is the corresponding curvature tensor. Such a manifold M is said to be locally symmetric.
Locally, at any point p, M admit an isometry o verifying o(p) = p and do(p) = —Id. A semi-Riemannian
manifold is called semi-symmetric if R(X,Y)-R =0, where R(X,Y) is the curvature operator corresponding to
the Riemann curvature R. The semi-symmetric manifolds have been classified, in Riemannian case, by Szabé
in [11] and [12]. A semi-Riemannian manifold is said to be Ricci semi-symmetric, if it verifies the condition
R(X,Y) - Ric =0, where Ric is the Ricci tensor.

In the sequel, in sections 5, 6 and 7, we have considered the lightlike submanifolds (M, g, S(TM), S(TM>))
of indefinite spaces form (M (c),g) with
Rank(RadT M) = r < min{m,n}, such that the distribution RadT'M is integrable and V! is a metric linear
connection on tr(TM). We study symmetry properties of these lightlike submanifolds.

In section 5, we investigate locally symmetric lightlike submanifolds of indefinite spaces form; we show
that under the condition Ay,&; € I'(S(T'M)), the coisotropic submanifolds of indefinite spaces form with inte-
grable radical distribution are totally geodesic (Theorem 5.2).

In section 6, we give characterization of semi-symmetric lightlike submanifolds of indefinite spaces form
(Theorem 6.1). We prove that under conditions h!(Ax&, X) = 0 and g(Ané, An:€) # 0, the coisotropic
submanifolds of indefinite spaces form with integrable radical distribution are totally geodesic (Theorem 6.2).
In section 7, we give characterization of Ricci semi-symmetric lightlike submanifolds of indefinite spaces form
(Theorem 7.1). We show that under condition Ric(§, An&) # 0, the coisotropic submanifolds of indefinite spaces
form with integrable radical distribution are totally geodesic (Theorem 7.2). Note that our characterization
results of semi-symmetry and Ricci semi-symmetry properties on r-degenerate submanifolds, in particular on
lightlike hypersurfaces, refind again the results given by Sahin [10] in the case of lightlike hypersurfaces of

semi-Euclidean spaces; see Corollaries 6.3 and 7.3.

2. Preliminaries

2.1. Lightlike submanifolds of semi-Riemannian manifolds

We follow ([6] and [7]) for the notations and formulas used in this paper. Let (M,g) be an (m + n)-

dimensional semi-Riemannian manifold of constant index v, 1 < v < m+n and M be a submanifold of M
of codimension n. We assume that both m and n are > 1. At a point u € M, we define the orthogonal

complement T, M~ of the tangent space T,,M by
TM* ={X, € T,M:3(X,,Y,) =0, VY, € T,M}.
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We put RadTyM = RadT, M+ = T,M NT,M~*. The submanifold M of M is said to be an r-lightlike

submanifold (one can suppose that the index of M is v > r), if the mapping
RadT'M : v € M — RadT, M

defines a smooth distribution on M of rank r > 0. We call RadT M the radical distribution on M. In the
sequel, an r-lightlike submanifold will simply be called a lightlike submanifold and ¢ is lightlike metric, unless

we need to specify 7.
Let S(TM) be a screen distribution which is a semi-Riemannian complementary distribution of Rad(TM) in
TM, that is,

TM = RadTM 1 S(TM). (2.1)

We consider a screen transversal vector bundle S(T'M+), which is a semi-Riemannian complementary vector
bundle of Rad(TM) in TM=. Since, for any local frame {¢;} of Rad(TM), there exists a local frame {N;}
of sections with values in the orthogonal complement of S(TM=) in S(TM)L such that g(&, N;) = &;; and
g(Ni, Nj) = 0, it follows that there exists a lightlike transversal vector bundle itr(TM) locally spanned by
{N;} (see [6], p144). Let tr(T'M) be complementary (but not orthogonal) vector bundle to T'M in TM .
Then
tr(TM) = ltr(TM) L S(TM™), (2.2)

TMy =TM @ tr(TM) = S(TM) L (RadTM & ltr(TM)) L S(TM™*). (2.3)
Although S(T'M) is not unique, it is canonically isomorphic to the factor vector bundle TM/RadTM ([9]).
Throughout this paper, we will discuss the dependence (or otherwise) of the results on induced objects and refer
to ([6] or [7]) for their transformation equations. We say that a submanifold (M, g, S(TM), S(TM=)) of M is
(1) proper lightlike if r < min{m,n};
(2) coisotropic if 7 =n < m, hence, S(TM+) = {0};
(3) isotropic if » =m < n, hence S(T'M) = {0};
(4) totally lightlike if 7 = m = n, hence S(T'M) = {0} = S(TM*).

The Gauss and Weingarten equations are
VxY =VxY +h(X,Y), VX,YeD(TM), (2.4)

VxV =-Ay X + VLV, VX eT(TM), V € T'(tr(TM)), (2.5)
where {VxY, Ay X} and {h(X,Y),V&V} belong to I'(T'M) and T'(tr(T'M)), respectively. V and V' are

linear connections on M and on the vector bundle tr(T M), respectively. Moreover, we have

VxY =VxY +h(X,Y) + 1 (X,Y), VX,Y € T(TM), (2.6)
VxN = -AyX + V5N + D*(X,N), VX € (TM), N € T(itr(TM)), (2.7)
VxW = —Aw X + VW + DYX, W), VX € (TM), W € T(S(TM™1)). (2.8)

Denote the projection of TM on S(T'M) by P. Then, by using (2.6)-(2.8) and taking into account that V is

a metric connection, we obtain

g(h*(X,Y), W) +g(Y, D' (X, W)) = g(Aw X, Y), (2.9)
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g(D*(X,N), W) =9(N, Aw X) (2.10)
From the decomposition (2.1) of the tangent bundle of lightlike submanifold, we have
VxPY =Vx PY+ 1 (X,PY), VX,Y €T (TM), (2.11)

Vxé=— A¢ X+ Vix &, VX € I(TM), € € T(RadTM). (2.12)

By using the above equations, we obtain

G(h' (X, PY),€) = g(A¢ X, PY), (2.13)
3(h (X, PY),N) = g(Ax X, PY), (2.14)

(A, N') +G(Anr, N) = 0 (2.15)
g(X,€),6) =0,  AcE=0. (2.16)

In general, the induced connection V on M and the transversal linear connection V! on tr(T'M) are not metric

connections. Since V is a metric connection, by using (2.5) and (2.6) we get
(Vxg)(Y, 2) = g(h'(X,Y), 2) +3(h'(X, 2),Y), VX,Y,Z € [(TM). (2.17)

and
V5DV, V') = —{g(Av X, V') + g(Av. X, V) }. (2.18)

However, it is important to note that V¥ is a metric connection on S(T'M).

We denote the Riemann curvature tensors of M and M by R and R respectively. The Gauss equation for M

is given by
E(X, Y)Z = R(X, Y)Z + Ahl(X,Z)Y — AhZ(yz)X + AhS(X,Z)Y
~Ape v X + (Vxh)(Y, Z) = (Vyi')(X, Z)
+D' (X, h5(Y, Z)) = D'(Y, h*(X, 2)) + (Vxh*)(Y, 2)
~(Vy ) (X, Z) + D* (X, W (Y, Z)) — D*(Y, h'(X, 2)). (2.19)
Therefore,

R(X,Y,Z,PU) = R(X,Y,Z PU)+g(h(Y,PU),h'(X, 2)) — G(h (X, PU),h"(Y, Z))
+g(h* (Y, PU), h*(X, Z)) —g(h*(X, PU), h*(Y, Z)) (2.20)

for any X,Y,Z € T(TM). Note that for the coisotropic, isotropic and totally lightlike submanifolds, in (2.19),
we have h* =0, h! =0 and h! = h® =0, respectively.
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2.2. Pseudo-inversion of r-degenerate metrics

In this section we indicate by case 1, case 2, case 3 and case 4 to mean the r-lightlike submanifolds with
0 < r < min{m,n} (proper lightlike submanifold), the coisotropic submanifolds, the isotropic submanifolds
and totally lightlike submanifolds, respectively. We recall from [3] the following result. Consider on M the
local frames {&} and {N;} of sections of RadTM and ltr(TM) satisfying g(N;,§;) = d;;. Consider on M
the 1-forms 7;,7i = 1,...,r defined by n;(-) = g(V;,-). Any vector field X on M is expressed on a coordinate
neighbourhood U as

X=PX+ im(X)fi (case 1 or 2) (2.21)
i=1
X = im(X)fi (case 3 or 4) (2.22)
i=1

Now, we define b, as

X — X'
such that for all Y € I'(T'M)
X°0(Y) = g(X,Y)+ > ni(X)m(Y)  (case 1 or 2), (2.23)
i=1
X’(Y) = Zm(X)m(Y) (case 3 or 4). (2.24)
i=1

The map b, is an isomorphism of I'(T'M) onto I'(T'* M), its inverse is denoted f,. For X € I'(TM) (resp.,
weT(T*M)), X’ (resp. wh) is called the dual 1-form of X (resp. the dual vector field of w) with respect

to the degenerate metric g.
We define a (0,2)-tensor § by, for any X,Y € I'(T'M),

JX,Y)=X(Y)=g(X,Y) + Zm(X)m(Y) (case 1 or 2), (2.25)
and
(X, Y)=X"(Y) = Zm(xm(y) (case 3 or 4). (2.26)

Clearly, g defines a non-degenerate metric on M. Also, observe that g coincides with ¢ if the latter is non-

1

degenerate. The (0,2)-tensor g~ ', inverse of § is called the pseudo-inverse of g. Let us consider the local

quasi-orthogonal fields of frames {&1, ..., &, Xpq1, ..., X} and {&1, ..., &} on lightlike submanifold M with re-
spect to the decompositions TM = S(T'M) L RadTM (case 1 or 2 ) and TM = RadT M (case 3 or 4). Using
relations (2.25) and (2.26), we have

§(&, &) =045, 1 <4, <r and §(X;, X;) =gi5, r+1<i,5<m, (Casel or 2).

9(&,&) =0i5, 1<i,7<m, (Case3d or4).
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3. The Ricci tensor of a lightlike submanifold
In this section we study the Ricci tensor Ric of r-degenerate submanifold of a semi-Riemannian manifold

(M,g). We have the following proposition.

Proposition 3.1 Let (M, g, S(TM),S(TM>)) be a lightlike submanifold of a semi-Riemannian manifold

(M, ), such that the radical distribution RadT M is integrable and V' is a metric linear connection on tr(TM).
Then the Ricci tensor of M denoted by Ric is given by, for any X, Y € T'(TM),

Rie(X,Y) = Rie(X,Y)+ > WX, Y)trAy, — > g(An, X, Ag, Y)
j=1 j=1

n n

+ > hX Y)trAw, — > g(Aw, X, Aw,Y)
a=r+1 a=r+1

T n

_ZT]J 6]’ ) Z E(WaaXaKWa)a (31)

a=r+1

where Ric is the Ricci tensor of M and trAy, (resp., trAw, ) is the trace of the operator Ay, (resp., Aw, ).

Proof Suppose that M is an m-dimensional lightlike submanifold of an (m+n)-dimensional semi-Riemannian
manifold M with Rank(RadTM) = r and r < min{m,n}. Let R be an induced Riemann curvature tensor
on M with respect to {S(T'M),S(TM~*)}. Consider a local quasi-orthonormal frame {&;, N;, E,, W,} on M,
where {&1,...,&r, Fri1, ..., Em} is alocal frame field on M with respect to the decomposition (2.1). By definition
Ric(X,Y) =trace(Z — R(Z,X)Y), so we have, for any X,Y € I'(TM)

Rie(X,Y) = Z R(& X)Y.6) + Y §§(R(Ea, X)Y, Ea)
a=r+1
= Zg & XY, Ni)+ Y eag(R(Ea, X)Y, Ea), (3.2)
a=r+1

where ¢, is the causal character of the vector field E, of the orthonormal frame field {E, 11, ..., En,} of S(T'M).

Then, using relation (2.20), we have

J(R(Ba, X)Y, B) = G(R(Ea, X)Y, Ea) +3(h (B, Ea), (X, Y))

(?1 (X, Eo), W(Ea, Y)) + G(h* (B, Ea), *(X,Y))
g(h® (X, Ea),hs(Ea,Y)).

So,
9(R(Ea, X)Y,E,) = G(R(Eq,X)Y,Eq)+ Y h5(X,Y)g(An, Eq, Eo)
j=1

=Y 9(Ae, Y, Ea)g(An, X, Ba) + > hi(X,Y)g(Aw, Ea, Ea)
Jj=1 a=r+1
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- Z (Aw.Y, E.)g(Aw, X, Ey). (3.3)
a=r+1

Also, using relation (2.19), and since h!(X,¢) = 0 and Ay are T'(S(TM))-valued linear operators, we have
GR(&, X)Y,N;) = G(R(&, X)Y,Ni) + > h5(X,Y)G(AN, &, Ni) — G(Ane e, v) X, Ni)
j=1

+ Z he (X, Y)G(Aw, &, Ni) — G(Aps (e, v) X, Ny)
a=r+1

= G(R(&, X)Y,N)) + > h(X,Y)g(An, &, Ni)

j=1
+ Z he (X, Y)g(Aw, &, Ny). (3.4)
a=r+1
Thus, by substituting (3.3) and (3.4) in (3.2), we obtain the result. O

For the cases of coisotropic submanifolds and totally lightlike submanifolds, since S(TM+) = {0}, using
relations (2.15) and (2.18), we obtain that V! is a metric linear connection on tr(TM). Thus, we have the

following corollary.

Corollary 3.2 Let (M,g,S(TM)) be a coisotropic submanifold of a semi-Riemannian manifold (M,g), such
that the radical distribution RadTM is integrable. Then the Ricci tensor of is given by, for any X, Y € T(TM),

Rie(X,Y) = Rie(X,Y)+ Y WX, Y)trAy, — > g(An, X, Ag, Y)
j=1 j=1
—Zm (&,Y)X). (3.5)

For the cases of isotropic submanifolds and totally lightlike submanifolds, since h! vanishes identically

on M, we have the following

Corollary 3.3 Let (M, g,S(TM)) be an isotropic submanifold of a semi-Riemannian manifold (M,g), such
that V* is a metric linear connection on tr(T'M). Then the Ricci tensor of M is given by, for any X,Y €
I(TM)

Ric(X,Y) = Rie(X,Y)+ > h (X, V)trdw, — > g(Aw. X, Aw,Y)
a=m+1 a=m+1
_Zn.] E 5]’ ) Z E(WaaXaKWa) (36)
a=m+1
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Corollary 3.4 Let (M, g, S(TM)) be a totally lightlike submanifold of a semi-Riemannian manifold (M,g).
Then the Ricci tensor of M is given by, for any X,Y € I'(T'M)

Ric(X,Y) = Rice(X,Y) i R(&,Y)X). (3.7)

4. Extrinsic scalar curvature

In this section we extend the concept of extrinsic scalar curvature on (M, g), an m-dimensional lightlike sub-
manifold of an (m+n)-dimensional semi-Riemannian manifold (M,q) with Rank(RadTM) = r < min{m,n},
we suppose that the distribution RadT'M is integrable and V! is a metric linear connection on tr(TM). The

following range for various induces is used in this section:
ab,..e{l,..,m}i,j,...€ {1,....r};a,b,...€ {r+1,...m};a,B3,...€ {r+1,...,n}.

We consider the local field of frames {1, ...,&, Oa, N1, .., Ny, Oa } = {00, N1, ..,
Ny, 0o} of TM along M, where {0u}1<ar<m,s {Oa}rii<asm and {Oa}ri1<a<n are local field of frames of
TM, S(TM) and S(TM+), respectively.

Recall that the induced Ricci tensor given in (3.1) is not symmetric in general. Then (see [1]) the

symmetrized induced Ricci tensor on M is defined as the (0,2)-tensor Ric’¥™ on M such that, for any
X, Y eI(TM)

Ric®¥™(X,Y) —{RZC(X Y) + Ric(Y, X)} (4.1)

In index notation, we have

1
RZ'CZZ,/IT = g{RiCa’b’ + Ricbrar}. (4.2)

By using the pseudo-inverse §—' of r-degenerate metric g and contract the relation (4.2), we obtain the scalar

quantity
S = g Rictvm. (4.3)

We define S to be the extrinsic scalar curvature of the lightlike submanifold (M, g). Note that this definition
is independent of the choice of pair {S(T M), S(TM=)}.
Now, we give the expressions of the symmetrized Ricci tensor Ric®¥™ and the extrinsic scalar curvature

S. Indeed, from relation (3.1), we obtain

RicV™(X,Y) = Ric(X,Y)+ > (X, YV)trAn, + > hi(X,Y)trAw,
j=1 a=r+1

_ Z (Aw, X, Aw.Y) — Z R(W,, X, Y, W,,)
a=r+1 a=r+1

__{277] (&Y +Z77J (&, X)Y)
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+9(AN, X, Ag, Y) + 3 g(An, Y, Ag, X)) (4.4)

j=1 j=1

Using the symmetry of ;15 with respect to g, we obtain locally,

Rics¥m = cha,b,-i-Zh (Oar, O )tr An, + Z 5 (Oar, Oy Jtr Ay,
=1 a=r+1

n

—~ Z (Aw, 00, Aw, 0p) = > R(Wa, Our, O, Wa)

a=r+1 a=r+1

——{Zm (&5, 0)0 +Zm (&7, 00)0y)
+ Z 9(Ae, AN, 0, O) + Z 9(Ae, An,dy,0u)}- (4.5)
j=1 j=1

In the sequel, we define by
~a b’ ~a b’
0» (9(1/ (91,/ and 0 (9(1/ (91,/ 4.6)
== f ,,Z ) - f ,,Z ) (
the lightlike mean curvature function and the screen mean curvature function of M and
Z Ric(N;, &) + Z TPRic(D, 03), (4.7)
a,B=r+1

represent the transverse energy in transversal direction tr(TM).

Now, using relation (4.3) by contracting (4.5) with respect to ga’b’ we get in Einstein notation, the

following expression of the extrinsic scalar curvature on the lightlike submanifold (M, S(TM), S(TM*)) given
by,

S = S§- 9+Zm\/_otrAN + Z mv205tr Aw, —Ztr Ae, An,)

a=r+1
— > " 9(Aw, 0w, Aw,0) = D G R(Wa, 0ar, O, Wa)
a=r+1 a=r+1
I, —
5 228" {13 (R(&, 00)0ur) + 13 (R(E, Bur)Our) (4.8)

=1

where S is the scalar curvature on the ambient manifold M. For the case of coisotropic submanifold, since
S(TM+) = {0}, the extrinsic scalar curvature on (M, g, S(T'M)) is given by

S = 50+ mVaotrAy, = tr(Ag, Ax,)
j=1

j=1
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Z V{0 (R(&, 0)0u) + i (R(E7, ar)O) }. (4.9)

l\DI»—l

For the ambient manifold M with constant sectional curvature ¢, we obtain the following result.

Theorem 4.1 Let (M, g, S(TM),S(TM~1)) be a m-dimensional lightlike submanifold of a (m+n) -dimensional

indefinite space form (M(c),q), such that the radical distribution RadT M is integrable and V' is a metric linear
connection on tr(T'M). Then

S = (m—1)(m —rc—i—Zm\/_otrAN + Z mv20?° strAw,
a=r+1

n

_Ztr(;lﬁj An;) = Z 3" 9(Aw, Oar, Aw, D) (4.10)

Jj=1 a=r+1
Proof In the ambient manifold M(c), we have Ric = (m +n —1)cg,
nj(R(&, X)Y) =cg(X,Y) and R(W,,X,Y,W,) = cg(X,Y), then from (4.5),

we obtain
Ric*¥ = (m —1)cga/b,+Zh (Oar, O )trAn, + Z * (Bar, Oy )tr Ay,
=1 a=r+1
_ Z AWaaa/ AWaab/ — —Z{g Ag] AN]&Z, ab/)—i—g(Ag] AN]ab’ 0. /)}
a=r+1 7j=1
Thus,

S=(m-1)(m-—r c—i—Zm\/_otrAN]—i— Z mv20° strAw,

a=r+1

n

= tr(Ae, Any) = > 57 9(Aw, 0ar, Aw, D)

j=1 a=r+1

For the case of coisotropic submanifold, we have the following result.

Corollary 4.2 Let (M,g,S(TM)) be a m-dimensional coisotropic submanifold of a (m + n)-dimensional
indefinite space form (M(c),g), such that the radical distribution RadTM is integrable. Then

S = (m-— 1)(m—n)c+Zm\/§0§trANj —Ztr(;lgj AN;) (4.11)
j=1 j=1

Basic example

Let (z,y) = (0, -+, Tp, Yo, ---, Yp) be the usual coordinates on R?*+2. Let f = f(x1,...,xp) and h = h(z1, ..., 1)
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be the smooth functions on an open subset O C RP. We define with respect to the natural field of frames

{a_z[)a ---»a%p, 620 ’By } a 2-degenerate metric 9(s,n) on M =R x O x RPFL by
= i( afdx dr; + ahdgc-d )
g(f,h) - P 61'1' oL g 61'1' 1Yo

of of | oh oh
+ Z{ Pu: o2, + 0w, 02,

= )dzidxj + bijdridy;}. (4.12)

3,J7=1

The 2-degenerate manifold (M, g(s,n)) arise as a lightlike submanifold in a (2p +4)-dimensional semi-Euclidean
space M. Let {uo, ceey Up, V0, -y Up, W1, Wo} be a basis for a space M. Define an semi-Euclidean metric § of

signature (p+2,p+2) on M by setting
g(ui,uj) = 0=7g(vi,vj), Gluo,v;) =0 =79(us,v0), 0<4,j<p.
g(uo,w1) =1 g(uo,we) =0, F(ui,wr) =0=7g(u;,w2), 1<i<p.
g(vo,w1) =0 g(vo,w2) =1, g(vij,w1) =0=7g(vi,ws2), 1<i<p.
g(ui,v5) = 0ij,  glwi, w;) = by, 1<4,5<p.
Consider the application
F(z,y)=x0 uo+ ... +2p Up + Yo vo+ ... +Yp vp+ f w1 +h wo. (4.13)

F(x,y) defines an embedding of M in M and 9(s,n) 1s the induced metric on the embedded submanifold M .

FACT 1. By direct calculation using (4.13), the tangent space TM is defined by

TM = Span{ag =wug, 0 =u1 + 07 f w1 +07h wo, ...,
O =up+ 05 f wi +05h wa, 0 = vo, & =v1,...,0Y =vp}, (4.14)

where 0F = 7 and 0 = ay
k3 k3

The radical distribution Radl M of rank 2 is given by

p
RadTM = Span{¢&; = 05 — ZaZf L& =08 - orh oy}, (4.15)

i=1

M is a coisotropic submanifold of a semi-Euclidean space M . The lightlike transversal vector bundle ltr(T M)

of M is given by

1 1
lfT(TM) == Span{N1 = w1 — 551 s N2 = W2 — 552} (416)
The corresponding screen distribution S(T'M) for the above ltr(TM) is given by
S(TM) ={Uy,...,Up, V1, ..., Vp}, (4.17)
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where

Ui=0"—0°f 0F —0°h 9¢ and V; =0V

FACT 2. Let’s consider on M alocal field of frames {£1, &2, Us, Vi, N1, Na}i<icp such that {&1, &, Us, Vibigicy is
a local field of frames on M with respect to the decomposition (2.1). Using the metric g, the only non-vanishing

components of the Levi-Civita connection V are, for any i, 1 <i < p,

o 1 p o 1 p

VuNi=5> (07051 Vis  VuNa=5> (0705h) V
j=1 j=1

o p o p

Vi ==Y (0707f) Vi, and V& =—)Y (9707h) V. (4.18)
j=1 j=1

Thus, since hl(X,Y) = —g(Vx&;,Y), we obtain that the non-vanishing components of h' are
W (UL Uj) = 0707 f, (Ui, Uy) = 0707 h, 1<d, j <p. (4.19)

Also, by straightforward calculation, using the Gauss equation, we obtain that the only non-vanishing compo-

nents of induced connection V on M are

p
V.U = —(26faff) & - (26faf ) &= > (0707 f Opf + 0707 h Ogh) Vi,
k=1
p p
V==Y (707 f) Vj, Vubo=—> (0705h) Vj, 1<i,j<p. (4.20)
j=1 j=1

FACT 3. Using relations (4.18) and (4.20), we obtain that the non vanishing values of operators Ay, and ;1&.
are

p p

1 ¥ 1 L )T
AN, U; = —52(65@ NV,  AnU = —52(@. ah) v,
j=1 j=1
Ae, U; = Z 0707 f) and  Ag, U; = Z dTTh 1<i<P. (4.21)
Thus, we infer that
1 = 1 =
AN1 = _5 A& and AN2 = _5 A€2 (422)

FACT 4. Note the local field of frames on M by {04 hi<ar<op+2 = {&1,&2, Ui, Viti<icp- By direct calculation,
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using relations (4.21) we have
2p+2

tr(Ae, Any) = Z g((lf,f)};)g(f,h)(Agl AN, O, Obr)

a’,b’'=1

P
= D 9w UL Upgm (Ae An, Ui, Uj)

4,J=1

= Z G U Up) (07 05 Pgp.m (Aey Vi, Uy)

i,3,k=1
= 0.
Likewise, we have tr(;lgg An,) =0
Also,
2p+2
trAn, = Y Gt (AN, Oar, O)
a’,b'=1

= Z g(fh) (Ui, Uj)g(s.n) (AN, Ui, Uj)

3,J7=1

= Z 9y Ui U)(0F 0 £)g1.m) (Vie, Uj)
4,5,k=1

~—1 T QT
= Zg(m (U;, U)o 02 .

4,J=1
Likewise, we have
trdy, = Z 3 (Ui, Up)0F o5 h
3,J=1
By using (4.6) and (4.19), we have
l ~—1 l ~—1 T T
o Gy (Ui, Uj)hy (U, Uj) = G Ui, Uy)07 05 f
1= 2p+2\/—”21 (fh) 2p+2\/—”21 (fh)
and of = g (Ui, Uj)OFOT .
2= 2p+2 Hzlgwn J
Thus, by using (4.11), we obtain finally
P
(> ot h)azaz Z 31 0707 D) ), (4.23)
i,j=1 4,J=1

where g&m = g(_f}h)(Ui, Uj).
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5. Locally symmetric lightlike submanifolds
In this section we study the lightlike submanifolds verifying local symmetry property. We establish that, under

certain conditions, the locally symmetric coisotropic submanifolds of indefinite spaces form are totally geodesic.

A lightlike submanifold (M, g, S(TM), S(TM*)) of a semi-Riemannian manifold (M,g) is said to be
locally symmetric, if and only if for any X,Y, Z,T,V; € I'(TM) and N € T'(itr(T'M)) the following hold (see
[8])

(Vv R)(X,Y)Z,PT)=0 and g((V\,R)(X,Y)Z,N)=0. (5.1)
This condition is equivalent to (Vy, R)(X,Y)Z = 0.

Let’s consider the lightlike submanifold (M, g, S(T M), S(TM+*)) of a semi-Riemannian manifold (M (c), g)
with a constant sectional curvature ¢. The induced Riemann curvature tensor on M is given by, for any
XY, Zel'(TM),

R(X.Y)Z = cfg(Y,Z2)X —g(X,Z)V}
+Ap v, X — Apx,2)Y + Ans (v, 2) X — Ans(x,2)Y- (5.2)

By straightforward calculation, using (5.2) and (2.17), we have, for any V4, X,Y,Z € T(TM),
(VvR)(X.Y)Z = cg(h'(Vi,Y), 2)X +cg(h'(V1,2),Y)X = g(h' (1, X), 2)Y
—cg(h'(V1, Z), X)Y + (Vv A v,2)X + (Vv A)pe v, 0 X
—(VviA)px.2)Y — (VviA)ns(x,2)Y + Aivy, nyv,2)X
+A©y, ) (v, 2)X — Ay, nyx,2)Y — Ay, by x,2)Y. (5.3)

In the following, we investigate the effect of local symmetry condition on geometry of lightlike submanifolds of
indefinite spaces form.

Theorem 5.1 Let (M, g, S(TM),S(TM™)) be a locally symmetric lightlike submanifold of an indefinite space
form (M(c),q), such that the radical distribution RadTM is integrable and V' is a metric linear connection on
tr(TM). Suppose that RadTM = Span{&;}, ltr(TM) = Span{N;} and the following conditions are verified

An,& €T(S(TM)) and h*(X,€) =0, Vée (RadTM), X € T(TM).

Then the lightlike second fundamental form h' vanishes identically on M .
Proof By taking Y = Z = ¢; into (5.3) and using assumptions, we obtain that

(Vv R)(X, &), N;) = —cg(h'(Vi, X), &) + 9(An (x,9v, )65 Ny)
= _Cy(hl(‘/laX)aé]) _E(AN]é]ahl(Xa VV1§J))
= —cg(h'(V1,X),&). (5.4)
If M is locally symmetric, we infer from (5.4) that h!(Vi, X) =0, VV;,X € T(TM). O

For the coisotropic manifolds, we have the following theorem.

Theorem 5.2 Let (M, g, S(TM)) be a coisotropic submanifold of an indefinite space form (M (c),q), such that
the radical distribution RadTM = TM> is integrable. Suppose that TM+ = Span{&;}, ltr(TM) = Span{N;}
and Vj=1,...,n, An,& € T(S(TM)). Then M is locally symmetric if and only if it is totally geodesic.

108



ATINDOGBE et al./Turk J Math

Proof If M is totally geodesic, since R = EIT M, we obtain that
(Vi,R)(X,Y)Z = (V\,R)(X,Y)Z = 0,

for any V1, X,Y,Z € I'(TM). The converse is obtained by virtue of Theorem 5.1. O

Corollary 5.3 Let (M,g,S(TM)) be a lightlike hypersurface of an indefinite space form (M(c),g). Then M

is locally symmetric if and only if it is totally geodesic.

6. Semi-symmetric lightlike submanifolds

In this section we deal with semi-symmetric submanifolds in semi-Riemannian manifolds of constant sectional

curvature. We consider curvature operator on a smooth manifold defined by
R(X, Y)=VxVy —-VyVx —V[X7y]. (6.1)

A lightlike submanifold (M, g, S(TM),S(TM=)) of a semi-Riemannian manifold (M,3) is said to be semi-

symmetric if the following condition is satisfied (see [10])

(R(V1, Vo) - R)(X,Y,ZW)=0 YVi,V5, XY, Z W eT'(TM) (6.2)
where R is the induced Riemann curvature on M. This is equivalent to

—R(R(V1,Vo) XY, Z, W) —...— R(X,Y, Z, R(V1, Vo)W) = 0.

In general the condition (6.2) is not equivalent to (R(V1,V2) - R)(X,Y)Z =0 as in the non-degenerate setting.
Indeed, by direct calculation we have for any V1, V2, X, Y, Z, W € I'(T M),

(R(V1,Va) - R)(X,Y, Z,W) =
g((R(V1,Va) - R)(X,Y)Z, W) + (R(V4, Va).9)(R(X,Y) Z,W). (6.3)

Now, let’s consider (M, g, S(TM), S(TM+), an m-dimensional lightlike submanifold of an (m+n)-dimensional
indefinite space form (M(c),g) with Rank(RadTM) = r < min{m,n} and suppose that the distribution
RadT M is integrable and V! is a metric linear connection on tr(TM). Since the Ricci tensor on M(c) is given

by Ric(X,Y) = (m+n—1)cg(X,Y), from relation (3.1), we obtain that, for any X,Y € I'(TM),

Rie(X,Y) = (m—1)eg(X,Y)+ > R(X,Y)trAy, =3 g(An, X, Ag, Y)
j=1 j=1
+ Y (X YV)trAw, — Y g(Aw, X, Aw,Y). (6.4)
a=r+1 a=r+1

In the following, we investigate the effect of semi-symmetry condition on geometry of lightlike submanifolds of
indefinite spaces form.
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Theorem 6.1 Let (M, g, S(TM),S(TM>)) be a semi-symmetric lightlike submanifold of an indefinite space
form (M(c),g), such that the radical distribution RadTM is integrable and V' is a metric linear connection
on tr(T'M). Suppose that the following conditions are verified:

(1) h*(X,€) =0 and hl(AvE, X) =0, V€ € T(RadTM), X € T(TM), V € I'(tr(TM)),

(2) g(AnE, AN:E) #£0, VE € T(RadT M) — {0}, N,N' e T'(itr(TM)) — {0}.

Then the lightlike second fundamental form h' vanishes identically on M .

Proof Let’s suppose that M is an m-dimensional lightlike submanifold of an (m+n)-dimensional space form

M (c) with Rank(RadTM) = r < min{m,n}. By straightforward calculation, using (5.2), we have, for any
X,Y,Z,T € D(TM), € € T(RadT M),

(R X)-R)(&,Y,Z2,T) = —Zh (Apxé 2)9(AN; € T) — Z (An(x,v)€: Z2)9(An, €, PT)
j=1 =

a=1

—Zh (Aps(x 16 2)9(AN, 6 T) = Y 13 (Ans(x.v)€, Z)g(An, &, PT)
=1

n

—Zh (Y, Ap(x,2)8)9(An, 6. T) — Z (Y, Ap(x.2)€)9(An, €, PT)

j=1 a=1

—Zh (Y, Ape(x,2)6)9(An, €, T) — Z (Y, Aps (x.2)€)9(An, &, PT)

j=1 =
—9(An (v, 2)€, At x,1)€) — 9(Ans (v,.2)€, PApi(x,1)§)
—9(PAp (v, 2)&, Ans (x,1)§) — 9(Ans (v, 2)8s Ans (x,1)€) (6.5)

In virtue of assumption, using (2.9) and since h = h! + h*, we obtain

(R(&X)-R)(& Y, 2,T) = = hi(Anxv)€ 2)g(An, 6, T)

Jj=1

- Z WY, Anx,2)§)9(AN €, T) — 9(Ant (v, 206 A (x1)€)

j=1
= —9(An .28 Anx,mé)- (6.6)
Thus, if M is semi-symmetric, by taking X = Z and Y =T into (6.6), we obtain
(A (x,v)§ An(x,v)§) = 0, that is P(X,Y)=0, VX,Y € [(TM). O

For the coisotropic submanifolds, we have the following result.

Theorem 6.2 Let (M, g, S(TM)) be a coisotropic submanifold of an indefinite space form (M(c),g), such that
the radical distribution RadTM = TM> is integrable. Suppose that the following conditions are verified

(1) R ANE X) =0, VE € T(TMY), X e T(TM), N € T(itr(TM));

(2) g(Ané, Ani€) £ 0, ¥ € T(TMY) — {0}, N, N' € T(1tr(T M) — {0}.

Then M is semi-symmetric if and only if it is totally geodesic.

Proof If M is totally geodesic, since R = EITM’ we obtain, for any V1, Ve, X|Y, Z, T e T(TM), (R(V1, Va)-
R)(X,Y,Z,T) = (R(V1,Vs) - R)(X,Y, Z,T) = 0. The converse is obtained in virtue of Theorem 6.1. O
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For the lightlike hypersurfaces, since hé»(ANf,X) = B(AnE, X) = —Ric(§, X), where B is the local second

fundamental form of M. So, we obtain the following result.

Corollary 6.3 Let (M,g,S(TM)) be a lightlike hypersurface of an indefinite space form (M(c),g), such that
the following conditions are verified:

(1) Ric(¢,X) =0, V€ e T(TM*), X e T(TM);

(2) AnE is a non-null vector field.

Then M is semi-symmetric if and only if it is totally geodesic.

7. Ricci semi-symmetric lightlike submanifolds

In this section, we study Ricci semi-symmetric lightlike submanifolds of semi-Riemannian manifolds of
constant sectional curvature. We prove that Ricci semi-symmetric coisotropic submanifolds are totally geodesic
under some condition.

A lightlike submanifold M of a semi-Riemannian manifold M is said to be Ricci semi-symmetric if the following
is satisfied

(R(V1, Vo) - Ric)(X,Y) =0, VW, Vo, XY eI'(TM), (7.1)
where R and Ric are induced Riemann curvature and Ricci tensor on M , respectively. The latter condition is
equivalent to

—Ric(R(V1,V2)X,Y) — Ric(X, R(V1,V2)Y) =0
Now, let’s consider M, an m-dimensional lightlike submanifold of an (m + n)-dimensional indefinite space
form M(c) with Rank(RadTM) = r < min{m,n} and suppose that the distribution RadT M is integrable
and V! is a metric linear connection on tr(TM). Since h!(X,&) = 0, V¢ € T'(RadTM) and for any

W e T(S(TM1Y)), Aw is S(TM)-valued, by straightforward calculation, using (5.2) and (6.4), we obtain
that, for any £ € I'(RadTM), X, Y e T'(TM),

R’LC(R(f, X)f, Y) = (m - 1)Cg(AhS(X,£)§a Y) + Z h_lj(AhS(X,ﬁ)ga Y)tTANg
j=1
=Y 9(AN Aps(x.0& Ag, Y) 4 Y Wi (Ans(x.0)6 Y)tr Aw,
7j=1 a=r+1
— > 9(Aw, Aps(x.0& Aw,Y) = (m — Deg(Aps .0 X, Y)
a=r+1
=D M Ane o X, Y)tr Ay, + D g(AN; Ape e, X Ag; V)
j=1 j=1
— Z hg(Ahs(&g)X, Y)t?‘AWa + Z g(AWa Ahs(&g)X, AWaY). (7.2)

a=r+1 a=r+1
Also,

n

Ric(§, R(¢, X)Y) = cg(X,Y){ Y ho(&trAdw, — Y g(Aw.& Aw, &)}

a=r+1 a=r+1
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—ZQ(ANj§»A£j Apxy)é) + Z he (€5 A x ) €)trAw,
a=r+1

j=1
- Z Q(Awa&AWaAhl(x,y)@—ZQ(ANj&Agj Aps (x,7)6)
a=r+1 7j=1
+ > BE A xnOtrAw, — Y g(Aw, & Aw, Ape(x.)€)
a=r+1 a=r+1
+ Y 9(ANE Agy Apoen)X) = D (& Apoe ) X)tr A,
=1 a=r+1
+ Y (A& Aw, Ape e 1) X)- (7.3)
a=r+1

In the following theorem, we give result which shows the effect of Ricci semi-symmetric condition on the geometry

of lightlike submanifolds of indefinite spaces form.

Theorem 7.1 Let (M, g, S(TM),S(TM>)) be a Ricci semi-symmetric lightlike submanifold of an indefinite
space form (M(c),g), such that the radical distribution RadTM is integrable and V' is a metric linear

connection on tr(TM).
If h°(X,6) =0, V¢ e I'(RadTM), X e I'(TM), then at least one of the following holds:

(i) h! wvanishes identically on M,
(ii) Ric(§, ANE) =0, for any £ € T(RadTM), N € T'(itr(TM)),
where Ric is the induced Ricci tensor on M .

Proof Let’s suppose that M is an m-dimensional Ricci semi-symmetric lightlike submanifold of an (m +n)-
dimensional space form M(c) with Rank(RadTM) = r < min{m,n}. Since h*(X, &) = 0, by using relations
(2.9), (7.2) and (7.3), we have, for any X,Y € I‘(TM),

(R(&, X) - Ric)(§,Y) = —Ric(R(§, X)E,Y) — Ric(§, R(§, X)Y)

Z (Aw, & Aw, &) +Zg AN,E, Ae, A xv)f)

=1

- Z 2 (& A x ) Otr Aw, + Z (Aw, & Aw, Ap (x.v)€)
a=r+1 a=r+1

n

+Zg(Agj ANE Aps(xv)€) — Z hi (&, Aps (x H)€)tr Aw,
=1 a=r+1

n

+ Z 9(Aw, &, Aw, Ans (x,v)§)
a=r+1

T

= ZQ(ANJE»A@ Apix,v)§)- (7.4)
j=1

From (7.4), using relations (2.13) and (6.4), we obtain,
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T

0= hi(ANE Apxy)€) = D > h(An, & AN ERLX,Y)

j=1 i=1j=1

== Ric(&, AN OR(X,Y) = —g(h'(X,Y), Y _ Ric(&, An,£)&).-
=1

=1 =

Since g is non-degenerate, we infer that h! = 0 or Ric(¢, Ax€) =0. O
For the coisotropic submanifold, we have the following result.

Theorem 7.2 Let (M,g,S(TM)) be a coisotropic submanifold of an indefinite space form (M(c),g), such
that the radical distribution RadTM = TM~ is integrable and Ric(¢, AnE) # 0, for any & € T(TM?),
N e I'(ltr(TM)). Then M is Ricci semi-symmetric if and only if it is totally geodesic.

Proof If M is totally geodesic, since R = Rjppr, we obtain (R(V1, Va)- Ric)(X,Y) = (R(V1, V2)- Ric)(X,Y) =
0, for any V4, Vs, X, Y € I'(T'M). The converse is obtained by virtue of Theorem 7.1. O
For the lightlike hypersurface, we have the following.

Corollary 7.3 Let (M,g,S(TM)) be a lightlike hypersurface of an indefinite space form (M(c),g), such that
Ric(&, ANE) # 0, for any € € T(TM*), N € T(ltr(TM)). Then M is Ricci semi-symmetric if and only if it
is totally geodesic.
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