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Abstract: In this study M (I'0 (3),x-3), M2 (0 (5),xs5) and M3 (I'o (7),x—7) have been examined and the formulas
for the Fourier Coefficients of theta series and the representation number of positive integers by some quadratic forms
37} + 37122 + 23, 5(27 + 2172 + 1173 + T1T4 + T3 + T2T3 + T2x4 + 5 + v374) + 223, and T(z] + T172 + T173 + T1T4 +
T1%5 + T3 + T2T3 + ToTa + T2Ts + 23 + T3%4 + 375 + 5 + 2axs + 22 + 7 (2126 + T2T6 + T3T6 + TaTe + T5T6) + 378, are

determined. This work is a correction to a paper of the same title by Ahmet Tekcan [5].
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1. Fourier Coefficients of Theta Series of Q3, Q5 and Q~

First of all, let’s mention the important Theorem about the dimension formulas.

Theorem 1.1 Let k be an integer and x a Dirichlet character modulo N with x(—1) = (=1)*. For each
prime p dividing N, let r, (respectively, s, ) denote the power of p dividing N (respectively, the conductor of
X ). Define
P+ T if 28, <7 = 20
A(Tp, Sp, D) 1= 2p) if 2s, <rp,=2r"+1
2p"r % if 25, > 1,

and
0 if k£ is odd 0if k=1 mod3
vg:=< —1/4ifk=2mod 4 , pr:=4¢ —1/3if k=2mod 3
1/4 if k =0 mod 4 1/3if k=0 mod 3
Then we have
. . k—1)N 1
dim My (0 (N) ) — dim o (0 (V)0 = EV T (143)
pIN

"’é 1|_1[v)\ (Tps Sps P) = v2—kat (X) = p2—kB (X) ,
p
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where
alx):= Y. x() and B(x):= > X ().
x mod N x mod N
2241=0 mod N 22+42+1=0 mod N
Proof See [1]. O
1.1. Case Qg3

For the quadratic form Q3 = 323 + 3x122 + 23 ( see [5, page 147, line 5])

2Q3 = 690% + 6x120 + 290% = (z1,z2) 633 (=1 ,
3 2 X9

the determinant and a cofactor are D = 3,A1; = 2. So § = gcd(%,Aij,forl <i<j<2) =1, the level

N = % = 3 and the discriminant is A = (—1)2/ 3 = —3. The character of Qs is the Kronecker symbol

X3 (d) = (‘73> for d € (Z/3Z)" .

The corresponding theta function O, (¢) is a modular form of weight 1 with character y_3 (d) = (52)
for d=1,2 ,1i.e.,0¢, (¢) € Mi (I'o(3),x—3). There is a nonzero Eisenstein series

G (Oa X—3) E
v ( ) 2 n=1 \d>0,d| e ( ) !

contained in Mj (I'g (3), x—3) and for k=1, N =3, x = x—3, p =3, we have

dim M, (To (3) , x—s) — dim S1 (To (3), x_3) = % (1 + %)

1 1 -
+5A(rs, 83,3) —vie () — B () = 52'31 L=0-a(0)-0-8(0) =1,
by Theorem [1.1]. On the other hand, we can prove the following theorem.

Theorem 1.2 There is no nonzero cusp form of level 3 with character x_3 of weight 1, i.e.,

dim Sl (FO (3) y X_g) =0.
Proof By [3, (12.76)], we know that

h—1
dim Sy (T'o (3), x—3) = —5 + 25 + 4a,
where h is the class number of Q (\/ —3) , § =the number of non-isomorphic quartic fields whose Galois closure
has Galois group S4 with discriminant —3, and a =the number of non-isomorphic quintic non-real fields whose

Galois closure has Galois group As with discriminant 9. It is well known that A = 1. Now let F'= Q(a) be a
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quartic field with primitive a. The discriminant of the minimal polynomial of « is the same as the discriminant
of its resolvent cubic polynomial g. Since the Galois group of F' is Sy, the polynomial g is irreducible. Moreover,
its signature is (1,1) since the discriminant —3 is negative. So if the roots of g are real r, and non-real complexes
c £ di, then

((r = (c+di)) (r — (¢ — di)) (c+ di — (c — di)))* =
2
~4d? ((r =) +d?) = <1+(T;20) )

Since it is always smaller than —3, it follows that s = 0. Now, let’s look at non-real quintic fields. Since the

discriminant 9 is positive, the signature of the quintic field should be (1,2). But in this case, the minimum
discriminant of such a field is 1609 by [2], so it follows that a = 0. 0

The theta series Og, (g) associated to ()3 is given by the scalar multiple of Eisenstein series

2 L (O,QX—?)) + Z Z Y_3 (d) dl—l qn

L (0, x-3) n=1 \d>0,dIn

Consequently, the representation number of n by Q3 can be given by the simple formula

2
rnQ)=———- _3(d form=1,2,....
(n; Q) L(0,x_3) d>%lnx 3 (d)

1.2. Case Q5
For the quadratic form
Qs = 5(x? + 2120 + 1123 + T124 + T3 + 2oz + Toxy + 22 + T374) + 227
The determinant of the matrix D = 125, § = 25, the level N = 125/25 = 5 and the discriminant is

A = (—1)4/2 125 = 125. The character of Q)5 is the unique Dirichlet character x such that x (d) = (%5)

for d € (Z/5Z) , where (122) is the Kronecker symbol. Obviously, x (d) = x5 (d) = (3) for d € (Z/5Z)" .
The corresponding theta function ©¢, (¢) is a modular form of weight 2 with character x5 (d) = (%) for

d € (Z/5Z)* . Since k=2,N =5, we have

dim M (T (5), xs) — dim So (To (5) , x5) = % (1 + é)

=+ )\(7‘5, S5, 5) — Vo (X) - MOB (X)

(CROEIE SRS

1 1 1
=4 _-9.571_ =
2+2 4
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by Theorem [1.1]. Since dim Sy (T'o (N),x) =0 for k <0, the result
dim M2 (FO (5) N X5) =2
follows. By Corollary 2.7 in [1], this space is generated by two linearly independent Eisenstein series

L (1 — 2, X5) 21
G = A% d)d "
25 (0) DY d;o,d:mXS( ) | g

_ L(_la XS)

5 +q+O(q2),

Hos(@=Y | > xsm/d)d® '] q"=q+0(c).

n=1 \d>0,d|n

Therefore, the theta series ©¢, (¢) associated to @5 is given as a linear combination of Eisenstein series

2 2
i@t (1100~ gy e

since @5 = 1 doesn’t have any integer solutions. Consequently, the representation number can be given by the
simple formula

Q) = T

L(-1,x5) Z (x5 (d) — x5 (n/d))d | forn=1,2,....

d>0,d|n

1.3. Case Q7

For the quadratic form
Q7 = 7(96% + 122 + T123 + 124 + 125 + x% + Tox3 + Taxy + T2X5
—i—x% + @324 + T35 + T2 4+ T4x5 + x%) + 7 (z126 + T2T6 + T3T6 + TaTe + T5T6) + 390%.
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The determinant of the matrix D = 16807, § = 2401, the level N = 16807/240125 = 7 and the discriminant
is A = (—1)6/2 16807 = —16807. The character of Q)7 is the unique Dirichlet character x such that x (d) =
(=2889T) for d € (Z/TZ)™ , where (=1289T) is the Kronecker symbol. Obviously,

X (d) = x_7(d) = (%) for d € (Z/7Z)* .

The corresponding theta function Og, (¢) is a modular form of weight 3 with character (_77) for
d € (Z)7Z)* . Here k=3, N =7 and we have

dim Mj (To (7) , x—7) — dim S_1 (To (7), x_7) = % (1 + ;)

+%)\ (T7a 57, 7) — U1k (X) - M_lﬁ (X)

o (3)+(3) -Fodornos

by Theorem [1.1]. Since dim Sy (T'o (V),x) = 0 for k < 0, the result dim M5 (T (7),x-7) = 3 follows. By

Corollary 2.7 in [1], this space is generated by two linearly independent Eisenstein series:

L(l - 3,X_7) 31 L( 2;X—7) 2
G = A7V 4 _~(d)d = 4t g+0 R
3,7 (Q) = D) nzl d>OZdI X-7 ( ) q D) q (q )

Hsz(g)=> | > x7(n/d)d* | ¢"=q+0 ().

n=1 \d>0,d|n
On the other hand, Kachakhidze constructed a basis of cusp forms of
Sk (Lo (7),x-7),3<k <5
in [4, page 66]. Taking k = 3, we see that there is only one element in the basis, i.e.,
OF o (q), where F| (z1,22) = 22 4 x1m0 + 290%, o (x1,x2) = (w% — 290%) .

Obviously,

Ore (@)=Y (z (o2 —zx@) -

n=1 \Fi=n

Now after the calculation of
Fy =$%+$1$2+2?L‘§ =n

forn=1,2,---,19, we get

Or, ., (9) = q¢—4¢* + 10¢* — 14¢" — 6¢° +18¢" — 12¢"" + 42¢"* — 22¢"6 — 54¢"% + - - - .
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The theta series O, (¢) associated to (7 is given as linear combination of two Eisenstein series and

cusp forms as

2
mGSJ +coH3 7+ c30F, 4.
Now,
2
— X_7(d)d*+cat+cs = 0
L(=2,x-7) d>0;7l|1
2

—_— _7(d)d? _7(2/d) d* —de3 = 0
(=27 Sooxa@d+ | D xr(2/d)d® | ca —des ;

d>0,d|2 d>0,d|2
since @7 =1 and Q7 = 2 doesn’t have any integer solutions. We immediately obtain that

2
——— = _andes=0.
N (R

Hence, the theta series ©¢, (¢) associated to @7 is a linear combination of two Eisenstein series as

Oq, (9) = I & (Gs7— Hsz7) =

_25 X—7)

2 L (—22, X-7) + Z Z (x—7 (d) — x_7 (n/d)) d? | "

L(-2,x-7) n=1 \d>0,dn

So, the representation number r(Q7,n) is given by the following simple formula

> (7 (d) — x-1 (n/d)) d*.

2
A T e

_25 X—7)

The values

1 1
L(—l, X5) = _§B27X5 = —2/5, L(—Q, X_7) = —533%77 = —16/7

1
L (Oa X—3) = ga

follow from direct calculations.
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