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Abstract: In this work, we define the notion of ‘braiding’ for an internal groupoid in the category of whiskered groupoids
and we give a relation between this structure and simplicial groups by using higher order Peiffer elements in the Moore

complex of a simplicial group.
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1. Introduction

Brown and Gilbert [12] have defined a braiding map for a regular crossed module over groupoids. They have
proved that the category of braided regular crossed modules is equivalent to that of simplicial groups with
Moore complex of length 2. Braided monoidal categories were defined by Joyal and Street in [21]. They have
also defined crossed semi-modules for monoids with a bracket operation and given an equivalence between the
category of braided monoidal categories and the category of crossed semi-modules with bracket operations. For
further work about braided monoidal categories see also [8] and [22].

Categorical groups are monoidal groupoids in which every object is invertible, up to isomorphism, with
respect to the tensor product (cf. Breen [10] and Joyal-Street [21, 20]). These structures sometimes are equipped
with a braiding or a symmetry (cf. [9, 19, 21, 20]). Garzon and Miranda, [19], gave the relation between the
category of categorical groups equipped with a braiding and the category of reduced 2-crossed modules by using
Brown-Spencer theorem given in [14]. For these categorical notions see also [5, 6, 13].

In order to define the notion of commutativity for a groupoid and to discuss related questions, Brown in
[11] has introduced an extra structure called a ‘whiskering operation’. Groupoids with whiskering operations are
called ‘whiskered groupoids’. To put a braiding on an internal groupoid in the category of whiskered groupoids
over the same monoid of objects, we need the notions of left and right multiplications and commutators of
two morphisms in a groupoid together with a whiskering operation, similarly to the definition of braiding for a
categorical group (cf. [19] and [21]). Brown also in his work [11] has defined these notions for the morphisms
in a groupoid by using the whiskering operations.

Thus our aims in this paper are:

(1) to give a definition of ‘braiding’ for internal groupoids in the category of whiskered groupoids over

the same objects set by considering the ‘whiskering operations’, and
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(7i) to give a description of the passage from a simplicial group with Moore complex of length 2 to this

internal groupoid equipped with the braiding.

2. Preliminaries
In this section, we recall the basic properties of simplicial groups from [18, 23, 24] and the notion of ‘braiding’

for a monoidal category (cf. [20]).

2.1. Simplicial groups and Moore complexes
A simplicial group G consists of a family of groups G ,, together with face and degeneracy maps d} : G,, —
Gno1,0<i<n (n#0) and s} : G, = Gry1, 0 < i < n satisfying the usual simplicial identities given by
May [23]. In fact, it can be completely described as a functor G : A°? — Grp where A is the category of finite
ordinals. We will denote the category of simplicial groups by Gimp&rtp.

The Moore complex (NG,0) of a simplicial group G is a chain complex defined by

(NG), =kerdgNkerd; N---Nkerd,_1 C Gy.

The differential 9, is the restriction of the missing face operator d,, .

We say that the Moore complex NG of a simplicial group G is of length k if NG,, =1 forall n > k+1.
We denote the category of simplicial groups with Moore complex of length k by Gimp&tp.;. The Moore
complex of a simplicial group carries a lot of fine structure and this has been studied, e.g. by Carrasco-Cegarra
[15], Arvasi-Porter [2], Conduché [17], Mutlu-Porter [24] and Arvasi-Ulualan [3].

Mutlu and Porter in [24] defined functions F, g which are variants of Carrasco-Cegarra pairing operators
(cf. [15]) called Peiffer Pairings and they have investigated the image 0,(N,) for n = 2,3,4, where N,, is a
normal subgroup of G, generated by elements Fy, g(zq,yg), and 0, is the differential in the Moore complex.
They gave a construction of a free simplicial group by using these operators in [25]. For a general construction
of these structures over operads, see also [16]. When we construct the relations among simplicial groups and

internal groupoids within whiskered groupoids, we use the functions Fy, g.

2.2. Braided categorical groups and crossed modules

Joyal and Street in [21] have defined the notion of braiding for a categorical group. Let A and O be groups

s,t
_

and A —— O an internal category in the category of groups. A braiding for this structure (cf. [21], [9],

€

[19]) is a map 744 : O x O — A which satisfies the conditions
(1) sTap =ab, tT,p = ba,
(i) z:a—a',and y:b— b in A, T4 p 02y = Yz 0 Tap,
(444) Tape = (IpTa,e) © (Taple),
() Tabe = (Ta,elb) © (LaTo.c),
(V) Tia = Ta1 =e(a),
for a,b,c€ O and z,y € A.

Crossed modules were introduced by Whitehead [27] as models for connected 2-types. A crossed module

is a group homomorphism 0 : M — P together with an action of P on M, written Pm for p € P and m € M,
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satisfying the conditions 9(Pm) = pd(m)p~—! and ™dm’ = mm/m~1 for all m,m’ € M,p € P. Braided regular
crossed modules on groupoids were defined by Brown and Gilbert in [12] as models for homotopy connected
3-types. In [1], the relationship between braided crossed modules and reduced simplicial groups was reproved by
use of the functions F, 5. Also in [4], this construction was extended to the ‘regularity’. That is, ‘a description
of the passage from a simplicial group to a braided regular crossed module by use of the functions Fi g’.
From the results of the cited works, the category of braided internal categories in the category of groups
is equivalent to that of braided crossed modules and the monoid version of this equivalence was given in [20]
as we mentioned above. Furthermore, since the category of braided crossed modules is equivalent to that of
reduced simplicial groups with Moore complex of length 2, we can say that the category of braided internal
categories within groups is also equivalent to that of reduced simplicial groups with Moore complex of length
2 (cf. [26]). We can consider the groupoid cases of these structures. The groupoid case of a braided crossed
module is clearly a braided regular crossed module of groupoids and the category of these objects is equivalent
to that of simplicial groups with Moore complex of length 2 (cf. [12]). So, we can ask what is the groupoid case
of a braided categorical groups, or how can the notion of braiding for an internal groupoid in the category of
groupoids be defined? To define this structure and to give a relationship between this structure and simplicial

groups, we need the notion of whiskered groupoid introduced by Brown in [11].

3. Braiding for internal categories in the category of whiskered groupoids

3.1. Whiskered categories

Let € be a small category with set of objects written Cy. The set of arrows of € is written C7. The set of

morphisms ¢ — y from x to y is written Cq(z,y), and =,y are the source and target of such a morphism. The

source and target maps are written s,t : C7 — Cy. We will write the compositionof f:z — y and g:y — 2

as gf :x — z, or go f. Then we have s(go f) = s(f) and t(go f) =t(g). We write C1(z,z) as Ci(z).
Brown has defined the notion of ‘whiskering’ for a category € and gave the notions of left and right

multiplications on a whiskered category €. The following definition is due to Brown [11].

Definition 3.1 A whiskering on a category € (whose set of objects is Co and set of morphisms is Cy ) consists
of operations

mi7j:Ci><Cj—>Ci+j, 1,7=0,1, 14+5<1

satisfying the following azioms:
Whisk 1. mg,o gives a monoid structure on Cy;

Whisk 2. mg1 : Co x C1 — C is a left action of the monoid Cy on the category € in the sense that,

if t € Cy and a:u— v in Cq, then
mo1(z,a) : mo oz, u) — moolx,v)

in €, so that:

mo,1(1, a) = a, mo,1(mo,o(,y),a) =mo1(x,mo,1(y,a))

mo1(x,a0b) =mg,1(x,a) omg,1(x,b), moi(z,1y) = 1gy.

Whisk 3. my: C1 x Co — Cy s a right action of the monoid Cy on Cy with analogous rules.
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Whisk 4.

m071(x’ mLO(a’ y)) = m170(m071(l‘, a)a y)a

for all x,y,u,v € Cy, a,be Cy.
A category € together with a whiskering is called a whiskered category. O

Recall that a groupoid is a small category in which every arrow is an isomorphism. That is, for any
morphism a there exists a (necessarily unique) morphism a~! such that aoca™! = €t(q) and aloa= €s(a) s
where e : Cyp — Cy gives the identity morphism at an object. We write a groupoid as (Cy,Cp), where Cy is
the set of objects and C; is the set of morphisms. For any groupoid C', if Ci(z,y) is empty whenever z,y
are distinct (that is, if s = t), then C is called totally disconnected. A groupoid (Ci,Cy) together with the
whiskering operations m; ; : C; x C; — Ciy; for i +j < 1 satisfying the conditions (Whisk 1... Whisk 4) is
called a whiskered groupoid. We denote a whiskered groupoid by (Ci,Co, m; ;).

Let 0 : M — P be a crossed module. By using the action of P on M, we can consider the semi-direct
product group M x P. Then, by taking Cy = P and C; = M x P we can create a whiskered groupoid as follows:
The source and target maps from C; to Cy are given by s(m,p) = p and t(m,p) = d(m)p for all (m,p) € C;.
The groupoid composition is given by (m/,p’) o (m,p) = (m'm,p) if p’ = d(m)p. Finally, the whiskering
operations mg 1 and mq ¢ are given, respectively, mo1(p, (m,p’)) = (Pm,pp’) and mq o((m,p’),p) = (m,p'p)

for all m € M,p,p’ € P.

Proposition 3.2 In a whiskered groupoid (Ci,Co,m;;), if the monoid of objects Cy is a group with the
multiplication mg o, then

(i) the set K = {a € C1 : t(a) = 1¢,} is a group with the group operation given for any a,b € K by
ab =bomjg(a,s(b)),

(ii) the source map s from K to Cy is a homomorphism of groups,

(iii) Co acts on K by Pa = mg1(p,m1,0(a,p~t)) or Pa =mq o(mo1(p,a),p~")) for a€ K,p € Cy, and
Cy acting on itself by conjugation,

(iv) the homomorphism s is Cy-equivariant relative to the left action of Cy on K given above.
Proof (Sketch)

(i) We leave it to the reader.

(#7) For a,b € K, we have s(ab) = s(bomi(a,s(b))) = s(mi1,0(a,s(d))). From axiom Whisk 3.), we

have

mo(a, s(b)) : mo,o(s(a), s(b)) — mo,o(t(a), (b)),

and then we obtain s(m; o(a, s(b))) = mo.o(s(a), s(b)) = s(a)s(b).
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(#4i) For p1,pe € Cp and a € K, we have

PL(P2a) =P (mo 1 (p2, mao(a,py "))

mo,1(p1,m1,0(mo 1 (p2, m10(a,p3 ")), p1 "))

mo,1(p1, mo 1 (P2, m1o(mioa,pyt),prt)))  (due to Whisk 4.)

(
(
(
(

mo.1(p1, mo.1(p2,mio(a, py'prt)))  (due to Whisk 2.)
=mo1(p1p2, mio(a,py 'p7t))  (due to Whisk 2.)
_pip2
and
(o) = mg 1 (1,m1 0(a, 1))
=mio(a,1) (due to Whisk 2.)
=a. (due to Whisk 3.)

For a,b € K and p € Cy, we have
(Pa)("b) = [mo,1(p,ma,0(a,p™"))] [mo,1(p,m1,0(b,p™1))]
=mo,1(p,m1,0(b,p~")) om0 (mo1(p,miola,p~ ")), ps(b)p™")
= mg,1(p, mLO(b,p_l)) °0mo.1 (p, m1 o(m10(a, s(b)),p_l)) (due to Whisk 4.)

mo,1 (p,m1,0(bomyo(a,s(b),p~"))  (due to Whisk 2.)

=mo1(p,m10(ab,p "))
=P (ab).

(v) For p € Cp and a € K, we have
s(Pa) = s(mo,1(p, m1,0(a,p™")))
=ps(mio(a,p~ ")) (due to Whisk 2.)
=ps(a)p~t. (due to Whisk 3.)

O

Let WGp be the category of whiskered groupoids. Define a subcategory of WGp whose objects are
whiskered groupoids over the same monoid of objects Cp. We will denote this subcategory by WGp/c, -
In what follows, Cat-WGp/c, will denote the category of internal categories in the category of whiskered
groupoids over the same monoid of objects Cy. An object of Cat-WGp/ ¢, will be represented by the diagram

CL——3D,
Il
e st e st
Co ————C0
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s,t s,t
_— _— . .
where (C; ——— CO,O,mgj) and (D1 —— (9, 0,m;;) are whiskered groupoids,

e’ e

£0,E1

_—

( Cl - Dl > *)
I

gives a small category, and the maps eg, € are identities on Cp. A 2-morphism z in the category (Ci, D;)
between the 1-morphisms a,a’ : w — v € Dy (u,v) is represented by x : a = a’, where €y(z) = a and € (z) = o,
and for 2-morphisms z,y € (C1, D1), €y(z xy) = €o(y) and e1(z *xy) = e1(z) when ep(x) = €1(y).

To define the notion of braiding on an object in the category Cat-WGp/c, , the notions of left and right

multiplications on the whiskered groupoid (D1 —— Cp,m;;) must be defined.
We can take from [11] the left and right multiplications on a whiskered category

st
¢ (D —= Cy,myy)

for any a,b € Dy, by
l(a,b) = mp 1(t(a),b) omio(a,s(b))

and
r(a,b) = my,0(a,t(b)) omo.1(s(a),b),

where s,t: Dy — Cy are the source and target maps.
If

st
¢ (D —= Cy,myy)

is a whiskered groupoid, the commutators are defined by
[a,b] = 7(a,b)ol(a,b)~"

for a,b € D;.

Definition 3.3 Let C be an internal category in the category WGp/ ¢, represented by a diagram

Clv\w/ Dl
e fus’,t’ ! s,t u‘l e

\ /

Co——0Co.

as given above. The morphisms €g,e; and I are identity morphisms on the objects set Cy and they preserve

the whiskering structure on the groupoids C;7 and D; .
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Braiding on this internal category is a map

Tap : (D1,Co) x (D1, Co) — (C1, Co)

(@, b) — Tap

satisfying the following conditions.
BW1. For a,b € D1, €7ap =r(a,b), and €174, = l(a,b). Thus we have

Tap @ T(a,b) — l(a,b),
and from this axiom we can give the commutator of two morphisms a, b in the groupoid D; by
[a,] = (eoTap) © (€17ap) ™!

BW2. For a € Dy and p € Co, Te(p),a = Mo 1(p, [(a)), and 74 cpy = mi o(I(a),p).
BW3. For a,b,c € Dy, with #(c) = s(b) the following diagram is commutative:

my, 1<t(a), b) o mgl(t( ), o m10 a, S )

y \Ktac
mo1(t(a) beoc) omyg(a,s(c)) moa( o [my(a,t(c))e moi(s(a),c)]
Taboc t(c)=s(b)
mao(a,t(b)) o mo1(s(a) boc) moq( o [my(a,s(b))e moi(s(a),c)]

m /K

[m10(a,t(b)) o mo,1(s(a),b)] o mo,(s

or equivalently,
Ta,boc = [ma,l(t(a)7 I(b)) o Ta,e] * [Tap © m671(s(a), I(c))].

BW4. For a,b,c € Dy with t(b) = s(a), the following diagram is commutative

mo1(t(a),c) e [myo(a,s(c))e myo(b,s(

whisk W

'

mo,1(t(a),c) e myg(ae b,s(c)) [mio(a,t(c)) e moi(s(a),c)] e myo(b,s(c))
Tacbe t(b)=s(a)
myo(ae b,t(c))e mo1(s(b),c) mio(a,t(c)) e [mo1(t(b),c)e myo(b,s(c))]

4

whisk?2: (a) t(c))eTp,c
ml,o(a, t(C)) ° [ml)o(b, t(C)) my, 1

or equivalently

Tach,e = [Ta,e © M4 o(1(b), 5(c))] * [m] o(I(a), t(c)) o 7.c]-
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BWS5. For the 2-morphisms z:a=a' and y:b=1¥ € (C1, D),

Ei(l(wa y) * Ta,b) = 6i(Ta’,b’ * T(‘Ta y))

for i =0, 1.
An internal category C together with a braiding is called a braided internal category within whiskered

groupoids. O

Example 3.4 Let

do,d1
C———=n,
e '/ u s\t ! s,tu \) e
by /
Co —————Cy

be a braided internal category in the category of whiskered groupoids over the same monoid of objects Cy together
with the braiding 7 : D1 X D1 — Cy. If the monoid of objects Cy is a trivial monoid, then the left and right
actions of Cy on Cy, D1 determined by the whiskering operations m; ; are trivial actions, and Cq,D; are
groups. Then we have r(a,b) = ab, l(a,b) = ba for a,b € Dy, and [a,b] = r(a,b)l(a,b)™" = aba=b~1. Thus
the braiding axioms above reduce the following conditions:
i) €0(Tap) = ab and €1(7q,p) = ba, that is, T, : ab — ba,

i) x:a—d, and y:b—0b, 7oy 0TY = YT 0 Tap,

iU) Tab,c = (Ta,CIb) o (IaTb,c);
’U) 717(1:7'@71:[(@),
for a,b,c € Dy and x,y € Cy.

(
(
(ii1) Tape = (IoTae) © (Taple),
(
(

This is the reduced case of braided internal groupoids within whiskered groupoids and gives a braided

categorical group as given in [9, 19, 21, 20].

4. Simplicial groups and braided internal categories within whiskered groupoids

In this section we will give a description of the passage from a simplicial group to a braided internal category
in the category of whiskered groupoids. First, we recall the semi-direct product groupoids (cf. [12]).

Let C and H be groupoids over the same object set Cy and H totally disconnected. Suppose that the
groupoid C has a left action on the groupoid H. Then, we can define the semi-direct product as follows: Let
h € Hi(y) and ¢ € Ci(x,y), then, for z,y € Cy

(H x C)(x,y) = H(y) x C(z,y)
is a groupoid and composition is defined by
(hye)o (B, c) = (ho®h',cod).

Now, we can give a description of the passage from simplicial groups to braided internal categories in the

category of whiskered groupoids.

152



ULUALAN and PAK/Turk J Math

Let G be a simplicial group with Moore complex (NG, d). From this Moore complex, we will construct

a braided internal category within whiskered groupoids over the same monoid of objects Cy denoting it by the

diagram
do,d1
Ci———=D,
!
VI /
Chy——0Cb.

Let Co = NGy = Go. Using the action of Gy via sp, we define the semi-direct product D; =
NG1 x soNGy. Notice that sy is a section of dy and NG is the kernel of dy the group G, is the semi-
direct product Gy = D; = NGy x Gy. For (g,p) € Dy, we define the source, target and identity maps by
s(g,p) = p, t(g,p) = di(g)p and e(p) = (1,p), respectively, and where d; = d} = 9; the differential of the
Moore complex restricted to NGp. Thus we have

(9:p)

is a morphism in D;. The groupoid composition on D; can be given by
(¢'.9") o (9,p) = (99, p)

when s(¢',p’) = p' = t(g,p) = (O1g)p. Then we have s((¢',p’) o (9,p)) = s((¢'g,p)) = p = s(g,p) and
t((g',p") o (g,p)) = t((d'g,p)) = Oh(g")O(g9)p = (g )p' = t(¢',p'). Furthermore, the inverse a=! of the

L= (g7',d1gp) : digp — p. Thus we have aoa~! =

(9,p) o (97", digp) = (1,digp) = e(digp) = e(t(a)) and a~' oa = (97", digp) o (9.p) = (1,p) = e(p) = e(s(a)).
Thus we have the following proposition.

morphism a = (g,p) : p — digp can be defined by a~

Proposition 4.1 The groupoid
@ . (Dl - C())
€
constructed above is a whiskered groupoid together with the operations on ® given by

mo,1 - CO X D1 —>D1

(p, (9,9)) — (sopgsop™*,pq),
mio0: D1 X CO — Dl

((9:9):p) — (g, ap)

for p,q € Cy and (g,q) € D1, and
mo,0 - CO X CO — CO

is the group operation on NGy .
The left and right multiplications [, on the whiskered groupoid
s,t

D : (D1 —= Co,myy)
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for the morphisms a = (g,p) : p — d1(9)p and b= (h,q) : ¢ — d1(h)q in Dy can be given by
l(a,b) = mp 1(t(a),b) omio(a, s(b))
=mo,1(01gp, (h, q)) © m1,0((9,P), 9)
= (sod1gsophsop™ ' sodig™ ", digpq) © (9. pq)

= (sod1gsophsop™ " (sodig™")g, pq),
and

r(a,b) =mq0(a,t(b)) omo,1(s(a),b)
=ma,0((9,p), dihq) o mo 1 (p, (R, q))
= (g, pdihq) o (sophsop™", pq)
= (gsophsop™ "', pq).

Now, we continue the construction. Using the action of NGy on NG2/03(NG3 N D3) = NG via
S0S0 = 8180, we can construct

C; = NGy, x NGy
together with the source, target and identity maps given by

s(l,p) =p=t(l,p), e(p) = (1,p)

for [ = 1(03(NG3ND3)) € NG and p € NGg. The groupoid composition on Cf can be given by (I1,p)o(l2, p) =
(m, p) for l1,ls € NG5. Thus we have the following result.

Proposition 4.2 The diagram
s,t
¢: (Cy —Ch)
€
becomes a whiskered groupoid together with the maps oo,0 = Mmoo

0'071100 X C{ —>C{

given by (p, (I,q)) = ((s1s0p)l(s150p~1), pq) and
o10:C1 x Cyp — Cf
given by ((I,q),p) — (I,qp), for (I,q) € C{ and p € Cy.
Thus far we have constructed two whiskered groupoids
st

¢: (C; —= C,0yj)

e
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and
s,t
D : (D1? Co,mz'j),

over the same objects set Cy where the groupoid € is a totally disconnected groupoid.

The groupoid action of (g,q) € Dy on (I,q) € C} can be given by

(97‘Z) (Z, q) — (Wa dlgq)

By using this groupoid action of ® on €, we can define the semi-direct product groupoid

Ci(a,y) = (C] X Di)(z,y) = Ci(y) x Di(z,y)

for z,y € Cy, on the object set Cy, together with the vertical composition given by

((I,d19q), (9,9)) o (', drg'd"), (¢'. d') = ((Us1gl's197 ", drgq), (99', "))

!

when ¢ = (d1g’)¢’ .
t'((I,d1gq), (g
and y = ((I',d1g'q"),(¢',¢")) in Cy with §'(x) = ¢ = dig'q’ = t'(y), we have s'(zroy) = ¢ = s'(y) and
t'(xoy) =digdig'q = digg =1t ().

Furthermore, the diagram

The source and target maps s',t' : C; — Cy are defined by s'((I,d19q),(g,q)) = ¢ and
;) = digg for any 2-morphism ((I,d1gq),(9,q)) in Ci. Thus, for any = = ((I,d199), (9. q))

€0,€1
_—

Cl - Dl,

together with the maps
eo((l,d199), (9,9)) = (9,9) : ¢ — digq
e1((l, d19q), (9,q)) = (d2lg, q) : ¢ — didald1gq = d1gq

and
I(g,q9) = ((1,d199), (9, 9))

for ((I,d1gq),(g,q)) € Ch, gives an internal category in the category of whiskered groupoids over the same
objects set Cy. Thus ((I,d19q),(g,q)) € C1 is a 2-morphism from the 1-morphism (g,¢) to the I-morphism
(d2lg, q). The horizontal composition is given by

zxy = ((l,dgq), (9,9)) * (', drg'q), (¢', @) = (I, drg'q), (¢, q))

when (g,q) = (d2l'¢’,q), and hence digqg = dig'q . We thus obtain e(z xy) = (¢',q) = e(y) and
e1(z*xy) = (daldal'g’, q) = (d2lg, q) = e1(x) and gl = 611 = idp, .

Proposition 4.3 The semi-direct product groupoid over the objects set Cy

st
01 = C,l X Dy 4700
e
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is a whiskered groupoid together with the maps mg 4 : Co x C1 — Cy given by

(p, (T, d1gq), (9,9))) — ((s1s0plsisop~T, pdigq), (sopgsop™ ", pq))
and m'LO : C1 x Cy — C1 given by
(((T, d199), (9, ), p) = ((I, drggp), (9, qp))
for ((Z, d1gq),(g,q)) € C1 and p € Cy.

Thus far we have an internal category in the category of whiskered groupoids over the same monoid of

objects Cy as

o ‘\;W/Dl
C= e ?us',t' st u\ze
/
é’o 700.
id

Proposition 4.4 The braiding
7 : (D1, Co) x (D1, Co) — (C1, Co)

can be given by

Tab = ((5095150ps1hs150p~ 1809~ Ls1g5150ps1h~Ls1s0p~ 11971, d1gpdihq), (gsophsop™*, pq))

for a=1(g,p), b= (h,q) € Dy.

Proof We now show that all axioms of braiding given in Definition 3.3 are satisfied. We display the elements
omitting the overlines in our calculation to save from complication.
BW1. For a = (g9,p),b = (h,q) € Dy, we have

€0Tab = (gsophsop™ ', pq)
=r(a,b),
and

€17a,b = (d2(s095150ps1hs150p~ “s0g™ ' s195150psih ™ sisop” ts1g” ) gsophsy ', pq)
= (sod1gsophsop™ ' sodig ™ gsoph™ sop™ g™ gsophsop™*, pq)
= (sodrgsophsop™ ' sodig ™" g,pq)
=l(a,b).
BW2. For p € Cy, and a = (h,q) € Dy, we have
Te(p),a = ((so(l)slsopslhslsop_lso(1)_151(1)5150p51h_15150p_151(1)_1,pdlhq), (1sophsop_1,pq))
(1, pd1hq), (sophsop™ ", pq))
mg1(p, ((1,d1hq), (R, q)))

mg,1(p,1(a))
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and

Tare(p) = ((Sohsisopsisop™ ' soh™ ' s1hsisopsisop™ 'sih™", dihgp), (h, qp))
= ((1,d1hgp), (h, qp))
=m} o(((1, drhq), (h,q)), p)

BWa3. It is easily checked from [24] that
so(wo)z1s0(zo) " = (s150d1(w0)) 21 (s150d1 (w0)) " (*)

for zg € NGy and z1 € NG5, so the action 91(z0) - is that via sg.
Now, for a = (g,p),b= (h,q) and ¢ = (k,m) € Dy with t(c) = dikm = ¢ = s(b), we have
mg 1 (t(a), 1(b)) = mg 1 (dagp, (1, dihq), (h, q))
= (1, drgpd1hq), (sodrgsophsop™ sodig™", digpq))
and

Ta,c = ((50951sopslkslsop_lsog_lslgslsopslk_lslsop_lslg_l, d1gpd1km), (gsopksop_l,pm)).

Thus we obtain

mg 1 (t(a), 1(b)) o Tae
= ((s180d1g(s150ps1hs150p~ Y)s1s0d1g™ *s0gsisopsiksisop” tsog ™ ts1g

1

s15opsiksisop ts1g Tt (s180d1g(s1 sop51h_lslsop_l)slsodlg_l), d1gpdihq),

(sod1gsophsop™ *sod1g™ " gsopksop™*, pm))

= ((sogs180psihsiksisop™ ' s0g™ ' s1gs1s0psik ™ s1s0p 's19” ' s0g

1

s1sopsih” ts1sop tseg Y, d1gpdi1hg), (sodlgsophsop_1sodlg_1gsopksop_1,pm) ( since (x)).

On the other hand, we obtain
mlO,l(S(a)a I(C)) = ((15 pdlkm)a (sopksop_l,pm))

and

Tap = ((S0gs1sopsihsisop™ 'sog™ 's1gs1sopsih™ sisop™ " s197", digpdihq), (9sophsop™ ", pq)).

Thus,

Tap 0 mp 1 (s(a), I(c))

= (((sogs1 sopsihsisop tsog lsigsisopsihlsisop tsigTt, drgpdihq), (gsophksop_l, pm)).
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Therefore we obtain

[mo,1(t(a), (b)) o Ta,c] * [Ta,p 0 mp 1 (s(a), I(c))]
= ((s0gs150ps1(hk)s150p ' sog ™ *s1gs150ps1 (hk) ' s1sop™*
519~ ", digpdihdikm), (gsop(hk)sop™t,pm)) (since ¢ = dikm)
= T(g,p).(hk,m)
= Ta,boc-

BW4. For a = (g,p),b= (h,q) and ¢ = (k,m) € Dy with t(b) = dihqg = p = s(a), we have

Tae = ((50951sopslkslsop_lsog_lslgslsopslk_lslsop_lslg_l, d1gpd1km), (gsopksop_l,pm))

and

mi o(1(b), s(c)) = ((1, drhgm), (h, qm)).

Thus we obtain
Ta,comy o(1(b), s(c)) = ((sogs1sopsiksisop™'sog™ ' s1gsisopsik™ " s1sop™"s19™", digpdikm), (gsopksop™'h, qm)).

On the other hand, we have

mi o(I(a),t(c)) = (1, digpdikm), (g, pdikm))

and

The = ((sohslsoqslkslsoq_lsoh_lslhslsoqslk_lslsoq_lslh_l, drhgdikm), (hsoqksoq_l, qm)).

Thus we have

mi o(I(a),t(c)) o 7o

= ((51gsoh51soqslkslsoq_lsoh_lslhslsoq51 k= ts150g ts1h s g7, d1gpd1km), (ghsoqksoq_l, qm)).

Therefore, we obtain

[Ta,c 0 mi o(1(b), s(c))] * [m] o(I(a), t(c)) o T,c]

= ((sogs1sopsiksisop tsog™ts1gsisopsik ™ s1s0p” 'sohsisoqsiksisoq !
soh~ts1hs1s0gsik 's1soq tsih T s1g7 Y, digpdikm), (ghsogksoq !, gm))

= ((s0gs150d1h(s150q51ks150q " )s150d1h ™ sog ™ s1g

slsodlh(slsoqslk_lslsoq_l)sl sodlh_lsohslsoqslkslsoq_l

soh™ts1hsisogsik 150 L s1h T is1g7 Y, digdihgdikm), (ghsogksoq tqm))  (since p = d1hq)
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= ((s0gsoh(s150gs1ks150q™ ")soh ' s0g ™ s1gs0h(s150gs1k 51509 )soh ™
soh(51soqslkslsoq_l)soh_lslhslsoqslk_lslsoq_l
s1h™ts1g7 1, digdihqdikm), (ghsogksoqg™t, gm))  (since (¥))
= ((s0gsohs150gsi1ks150q “soh ™ sog 's1gs1h
s1s0gs1k~s1soq s1hTts1g™ " di(gh)qdikm), (ghsogksoq ™", qm))
= T(gh,q),(k,m)

= Taob,c-

BWS5. Let
= ((l,p),(9,9) : a=(g9,q9) = (dalg,q) = d

and
y=(U"9).(d.,d) :b=(g",q) = (dal'g'.¢') =¥
be 2-morphisms in C; with p = d1gq and p’ = d1g’q’. We obtain
Iz, y) = mo (' (2),y) om) o(z, s (y))

= ((s1s0pl"s19's150p™ 'Is1sopsi(9') " sisop™ ", pp'), (sopg'sop™ "9, 44"))
and
r(z,y) = my oz, t'(y)) o mg (s (2),y)
= ((lsrgs1s0ql's1s0g " s19~", pp"), (95099's0q™ ", qq')).-
On the other hand, we obtain
Tap = (30951504519 51500 *s09™ ' s195150q51(9") 51500 ", d1gadig'q’), (9s0a9's0q™ ", qq'))
and

Tar = ((s0dalsogsi soqsidal’s1g’ s1504 509~ L sodal ™"
s1dals195150q51(g") ts1da () ts1s0q s1g  tsidal ™Y digqdig'q), (dalgsoqdalg' soq™t, qq')).
Thus we have
Tarp *7(2,y) = ((soda(Is19)s1d2(s150q0' 519" 51509 ) s0d2(Is19)
s1da(ls1g)s1da(s150ql s19's150q ") s1da(ls1g) ™
(Is1g)s150al s1500 " s19™ 1, '), (95049's0a ™", 4q'))

and
Wz, y) * Tap = ((s180pl's19's150p '1s1gs150g51(9") ' s150q 's197 ", pp'), (950a9' 500, qq"))
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From the definitions of ¢y and €1, we obtain
eo(Tar b * 7(2,9)) = (95099'50q ", qq')
=r(a,b)

=eo(l(z,y) * Tap)

and
e1(Tar b *7(2,y)) = (s0d1950qd2l'g's0q™  sod1g™ " dalgsoq(g’) ' da(I') " tsoq g tdal T daly
s0qdal'soq™ g™ gs0qg's0q™ ", 4')
= (so(d1gq)dal'g'so(d1gq) " dalg, qq)
=1(a’,b")
= (da(s150pl's19"s150p Hs1gs150g51(9") " 81500 5197 M) gs0qd s0q s qq)
=e1(l(z,y) *Tap)-
O
Therefore we obtained a braided internal category in the category of whiskered groupoids from a simplicial
group.

Notice that, in general, there is no the equality 7o/ p * 7(x,y) = l(x,y) * T4p. To have this equality, we

give the following result.

Proposition 4.5 Let x : a = a' and y : b = b be 2-morphisms in C. If the Moore complex of the
simplicial group G is of length 2, and a,a’,b,b" € Di(p,p) for any p € Cy, then z,y € Ci(p,p) and

Ta’ b’ * T(l’, y) = l(l’, y) * Ta,b-

Proof Let
z=((l,p), (9:p) : a = (9,p) = (dalg,p) = o’
and
y=(I',p),(dp) :b=(g",p) = (dol'g',p) = V'
be 2-morphisms in Cy. If the 1-morphism a = (g,p) is a morphism from p to p in D;, we must have

g € kerdy. That is, a = (g,p) is a morphism from p to p in Dy for any p € Cj if g € kerdy. Then, we have
also o/ = (dalg,p) : p — did2(l)d1(g)p = p. Thus, if g € ker d;, we have §'(x) = p = t/(z), that is € Ci(p, p).
Similarly, the morphisms b,b" are from p to p in D; if ¢’ € kerd;. So, we have §'(y) = p = t/(y), that is
y € Ci(p,p) if ¢’ € kerd;.

Therefore, if g, g’ € kerd;, we have

I(z,y) * Tap = ((s180pl's19's150p 'ls1gs1sopsi(g) ' s1s0p ™ s197 1, pp), (gsopg’sop™ ', pp))

and
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Ta’ b’ * T(‘Ta y)
= ((sod2(ls19)s1da(s150pl's19'5150p™ ) s0da(ls1g) ™"
s1da(1s19)s1d2(s150p!'s19 s150p™ ") " s1da(ls19) ™"

(Is1g)(s1sopl's1g’s1s0p™")s1s0psi(g’) " sisop™ s19™", pp), (gsopg’sop™ ", pp)).
To obtain the required equality, we must have

soda(1s19)s1da(s150p!'s19's150p™ ) s0da(ls1g) ™"

s1da(1s19)s1d2(s150pl's19's150p™ 1) "t s1da(ls1g)

(Is19)(s150pl's19"s150p~ ) s180ps1(g’) L s150p ' 8197

= s1sopl's19's180p™ ' Is1gsisops1(g') " sisop~tsrg T
To obtain this equality, we will use the functions F, g from [24].

For any x2,y2 € NGa, from [24], we have

(93(F(0)(1)($C2, yg)) = Sodgl'gsld2y280d2$2_181dgl‘gsld2y2_181d2$2_1$2y2$2_1y2_1 S 63(NG3 n Dg)

1

Now, we take xo = Ils1g and ys = s1s0pl's1g’s150p~!. Then we have

soda(1s19)s1dz(s150pl' 519" 51500 ) s0da(ls1g) ™"

s1da(1s19)s1d2(s150pl 519" s150p™ ") " Ps1da(ls1g) ™"

(Is19)s150pl's19's1 sop_lslsopsl (g')_lslsop_lslg_l

= Sodgl'gsld2y280d2$2_181d2$281d2y2_1Sldgl'z_ll'gyg(slsopsl(gl)_lslsop_lslg_l)
= ygxg(slsopsl(g')_lslsop_lslg_l) mod (93(NG5N D3))

= 51sopl'slg'slsop_llslgslsopsl (g')_lslsop_lslg_l

Thus, we obtain 7o/ p * (2, y) = (z,y) * Tap mod d3(NG3 N Ds).

Since the Moore complex is of length 2, we have NG5 = {1}, and 05(NG3 N D3) = {1}, and thus we
obtain the required equality. a

Recall from [7] and [22] that a strict 2-category is a category enriched over Cat, where Cat is treated
as the 1-category of strict categories. That is, a strict 2-category consists of objects, 1-morphisms between
objects, and 2-morphisms between 1-morphisms. The 1-morphisms can be composed along the objects, while
the 2-morphisms can be composed in two different directions: along the objects and along the 1-morphisms.
The composition of morphisms between objects is called the vertical composition, and the composition of
morphisms between 1-morphisms is called the horizontal composition. Thus it has a collection of objects and
for each pair of objects x,y a category hom(z,y), and the objects of these hom-categories are the 1-morphisms,
and the morphisms of these hom-categories are the 2-morphisms. We also have the interchange law, because

the horizontal composition is a functor it commutes with composition in the hom-categories.
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Similarly, a strict 2-groupoid is a groupoid enriched over groupoids. In more detail, a strict 2-groupoid
X consists of
(a) aset Xo of objects;

(b) for each z,y € Xy, a set Xi(z,y) of l-morphisms from x to y, and a composition of 1-morphisms
denoted by o;

(c) for the 1-morphisms f,g: z — y, aset Xo of 2-morphisms f = ¢ from f to g, a vertical composition
and a horizontal composition of 2-morphisms, denoted by o and * respectively.
such that (X;,X,) are groupoids for ¢ = 1,2, j = 0,1, j < 4, and for 2-morphisms «, 3,7,d € X3, the
interchange law holds:

(a*B)o(y*xd)=(aoy)*(Bod).

Thus, for the category C, according to the above calculations, we can take Xy = Cp, (X1,Xo) =
(D1, Ch), (X2, Xo) = (C1,Cp) and (X2, X1) = (C1, D1). The only thing remaining is to check the interchange

law.

Proposition 4.6 If the Moore complex of the simplicial group G is of length 2, then the category C has an

interchange law between the horizontal and vertical compositions of 2-morphisms.

Proof By using the image of F, g functions given in [24], we shall show that the interchange law holds for

2-morphisms in C. Let
a = ((l,d199),(9.9)) : (9.9) = (d2lg, q)
and

B=((,dig'q),(d,q): (g q) = (dal'g, q)

be 2-morphisms in C with (g,q) = ((d2l')¢’, q¢) and hence di1gq = d1g'q.
Similarly, let
v = ((l,digiqr), (91, 1)) = (91, 1) = (daligr, q1)

and
§= (11, dvdyan), (91, q1)) : (g1, 1) = (doligY, qn)

be 2-morphisms in C with (g1, ¢1) = ((d2l})g}, q1), and hence d1g1q1 = d1giq1
We must show that
(a*xB)o(y*xd) = (o) (Bo0).

We obtain
Q% B = ((llla dlgIQ)’ (gla Q))

v 0 = (L}, digiqn), (91, @1)),

and
(axB)o(y*68)=(Ws1ghlisi(g") " dig'q), (¢'dy, q1))

when g = d1¢{¢q1. On the other hand, we obtain

oy = ((Isiglisig™", digq), (991, q1))

Bod=(I'sig'lis1(g") ", dig'a), (9 g1, 1)),
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when ¢ = dig1q1 = d1¢}q1 and

(@o)*(B08) = ((Isiglisig™ U's1g'lis1(g") ™", drg'q), (9'91, a1))-
To obtain required equality, we must show the following equality:
Isiglisig 'sig'ls1(g) "t =1's1g'lilys1(g") "
We know from [24], for z,y € NG2, that

Fay,2)(x,y) = [s17, s2y][527, 52y
= swszy(slx)_lsgx(sw)_l(szx)_l € NG3s N Dy
and
O3(F(1),2)(w,)) = s1da(x)y(s1daz) " ay 2" € O5(NG3 N Ds),

and
s1do(2)y(s1dez) ™t = zyz™" mod O3(NG3 N Dj).

Furthermore, since (g, q) = (d2(I")¢’, q), we have

Isiglisig~ ' Us1g'lis1(g") " = U(s1dal (s19'lis1(g") " )sada(l') ") (s19'ls1(9") )
=1'(s19'lis1(g") ") (s519'151(g") ) mod 93(NG3 N Ds)
=1's1g'lil}s1(g")

and thus we obtain
(aoy)*(Bod)=(a*xB)o(y*d) mod d3(NG3N D3).

Since the Moore complex of the simplicial group G is of length 2, we have NG3N D3 = {1} and d5(NG3ND3) =
{1}, and thus we obtain

(axf)o(y#d)=(aor)*(B00).
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