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1. Introduction

Brown and Gilbert [12] have defined a braiding map for a regular crossed module over groupoids. They have
proved that the category of braided regular crossed modules is equivalent to that of simplicial groups with
Moore complex of length 2. Braided monoidal categories were defined by Joyal and Street in [21]. They have
also defined crossed semi-modules for monoids with a bracket operation and given an equivalence between the
category of braided monoidal categories and the category of crossed semi-modules with bracket operations. For
further work about braided monoidal categories see also [8] and [22].

Categorical groups are monoidal groupoids in which every object is invertible, up to isomorphism, with
respect to the tensor product (cf. Breen [10] and Joyal-Street [21, 20]). These structures sometimes are equipped

with a braiding or a symmetry (cf. [9, 19, 21, 20]). Garzon and Miranda, [19], gave the relation between the
category of categorical groups equipped with a braiding and the category of reduced 2-crossed modules by using
Brown-Spencer theorem given in [14]. For these categorical notions see also [5, 6, 13].

In order to define the notion of commutativity for a groupoid and to discuss related questions, Brown in
[11] has introduced an extra structure called a ‘whiskering operation’. Groupoids with whiskering operations are
called ‘whiskered groupoids’. To put a braiding on an internal groupoid in the category of whiskered groupoids
over the same monoid of objects, we need the notions of left and right multiplications and commutators of
two morphisms in a groupoid together with a whiskering operation, similarly to the definition of braiding for a
categorical group (cf. [19] and [21]). Brown also in his work [11] has defined these notions for the morphisms
in a groupoid by using the whiskering operations.

Thus our aims in this paper are:

(i) to give a definition of ‘braiding’ for internal groupoids in the category of whiskered groupoids over
the same objects set by considering the ‘whiskering operations’, and
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(ii) to give a description of the passage from a simplicial group with Moore complex of length 2 to this
internal groupoid equipped with the braiding.

2. Preliminaries

In this section, we recall the basic properties of simplicial groups from [18, 23, 24] and the notion of ‘braiding’

for a monoidal category (cf. [20]).

2.1. Simplicial groups and Moore complexes

A simplicial group G consists of a family of groups G n together with face and degeneracy maps dn
i : Gn →

Gn−1 , 0 ≤ i ≤ n (n �= 0) and sn
i : Gn → Gn+1 , 0 ≤ i ≤ n satisfying the usual simplicial identities given by

May [23]. In fact, it can be completely described as a functor G : Δop → Grp where Δ is the category of finite
ordinals. We will denote the category of simplicial groups by SimpGrp.

The Moore complex (NG ,∂ ) of a simplicial group G is a chain complex defined by

(NG)n = ker d0 ∩ ker d1 ∩ · · · ∩ ker dn−1 ⊆ Gn.

The differential ∂n is the restriction of the missing face operator dn .

We say that the Moore complex NG of a simplicial group G is of length k if NGn = 1 for all n ≥ k +1.
We denote the category of simplicial groups with Moore complex of length k by SimpGrp≤k . The Moore

complex of a simplicial group carries a lot of fine structure and this has been studied, e.g. by Carrasco-Cegarra
[15], Arvasi-Porter [2], Conduché [17], Mutlu-Porter [24] and Arvasi-Ulualan [3].

Mutlu and Porter in [24] defined functions Fα,β which are variants of Carrasco-Cegarra pairing operators

(cf. [15]) called Peiffer Pairings and they have investigated the image ∂n(Nn) for n = 2, 3, 4, where Nn is a

normal subgroup of Gn generated by elements Fα,β(xα, yβ), and ∂n is the differential in the Moore complex.

They gave a construction of a free simplicial group by using these operators in [25]. For a general construction

of these structures over operads, see also [16]. When we construct the relations among simplicial groups and
internal groupoids within whiskered groupoids, we use the functions Fα,β .

2.2. Braided categorical groups and crossed modules

Joyal and Street in [21] have defined the notion of braiding for a categorical group. Let A and O be groups

and A
s,t−−−−→−−−−→←−−−−
e

O an internal category in the category of groups. A braiding for this structure (cf. [21], [9],

[19]) is a map τa,b : O × O → A which satisfies the conditions

(i) sτa,b = ab , tτa,b = ba ,

(ii) x : a → a′ , and y : b → b′ in A , τa′,b′ ◦ xy = yx ◦ τa,b,

(iii) τa,bc = (Ibτa,c) ◦ (τa,bIc),

(iv) τab,c = (τa,cIb) ◦ (Iaτb,c),

(v) τ1,a = τa,1 = e(a),

for a, b, c ∈ O and x, y ∈ A .

Crossed modules were introduced by Whitehead [27] as models for connected 2-types. A crossed module
is a group homomorphism ∂ : M → P together with an action of P on M , written pm for p ∈ P and m ∈ M ,

146



ULUALAN and PAK/Turk J Math

satisfying the conditions ∂(pm) = p∂(m)p−1 and m∂m′ = mm′m−1 for all m, m′ ∈ M, p ∈ P. Braided regular

crossed modules on groupoids were defined by Brown and Gilbert in [12] as models for homotopy connected

3-types. In [1], the relationship between braided crossed modules and reduced simplicial groups was reproved by

use of the functions Fα,β . Also in [4], this construction was extended to the ‘regularity’. That is, ‘a description
of the passage from a simplicial group to a braided regular crossed module by use of the functions Fα,β ’.

From the results of the cited works, the category of braided internal categories in the category of groups
is equivalent to that of braided crossed modules and the monoid version of this equivalence was given in [20]
as we mentioned above. Furthermore, since the category of braided crossed modules is equivalent to that of
reduced simplicial groups with Moore complex of length 2, we can say that the category of braided internal
categories within groups is also equivalent to that of reduced simplicial groups with Moore complex of length
2 (cf. [26]). We can consider the groupoid cases of these structures. The groupoid case of a braided crossed
module is clearly a braided regular crossed module of groupoids and the category of these objects is equivalent
to that of simplicial groups with Moore complex of length 2 (cf. [12]). So, we can ask what is the groupoid case
of a braided categorical groups, or how can the notion of braiding for an internal groupoid in the category of
groupoids be defined? To define this structure and to give a relationship between this structure and simplicial
groups, we need the notion of whiskered groupoid introduced by Brown in [11].

3. Braiding for internal categories in the category of whiskered groupoids

3.1. Whiskered categories

Let C be a small category with set of objects written C0 . The set of arrows of C is written C1 . The set of
morphisms x → y from x to y is written C1(x, y), and x ,y are the source and target of such a morphism. The
source and target maps are written s, t : C1 → C0 . We will write the composition of f : x −→ y and g : y −→ z

as gf : x −→ z , or g ◦ f . Then we have s(g ◦ f) = s(f) and t(g ◦ f) = t(g). We write C1(x, x) as C1(x).

Brown has defined the notion of ‘whiskering’ for a category C and gave the notions of left and right
multiplications on a whiskered category C . The following definition is due to Brown [11].

Definition 3.1 A whiskering on a category C (whose set of objects is C0 and set of morphisms is C1 ) consists
of operations

mi,j : Ci × Cj −→ Ci+j , i, j = 0, 1, i + j � 1

satisfying the following axioms:

Whisk 1. m0,0 gives a monoid structure on C0 ;

Whisk 2. m0,1 : C0 × C1 −→ C1 is a left action of the monoid C0 on the category C in the sense that,

if x ∈ C0 and a : u −→ v in C1 , then

m0,1(x, a) : m0,0(x, u) −→ m0,0(x, v)

in C, so that:
m0,1(1, a) = a, m0,1(m0,0(x, y), a) = m0,1(x, m0,1(y, a))

m0,1(x, a ◦ b) = m0,1(x, a) ◦ m0,1(x, b), m0,1(x, 1y) = 1xy.

Whisk 3. m1,0 : C1 × C0 −→ C1 is a right action of the monoid C0 on C1 with analogous rules.
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Whisk 4.

m0,1(x, m1,0(a, y)) = m1,0(m0,1(x, a), y),

for all x, y, u, v ∈ C0 , a, b ∈ C1 .

A category C together with a whiskering is called a whiskered category. �

Recall that a groupoid is a small category in which every arrow is an isomorphism. That is, for any

morphism a there exists a (necessarily unique) morphism a−1 such that a ◦ a−1 = et(a) and a−1 ◦ a = es(a) ,

where e : C0 → C1 gives the identity morphism at an object. We write a groupoid as (C1, C0), where C0 is

the set of objects and C1 is the set of morphisms. For any groupoid C , if C1(x, y) is empty whenever x, y

are distinct (that is, if s = t), then C is called totally disconnected. A groupoid (C1, C0) together with the

whiskering operations mi,j : Ci × Cj → Ci+j for i + j � 1 satisfying the conditions (Whisk 1...Whisk 4 ) is

called a whiskered groupoid. We denote a whiskered groupoid by (C1, C0, mi,j).

Let ∂ : M → P be a crossed module. By using the action of P on M , we can consider the semi-direct
product group M �P . Then, by taking C0 = P and C1 = M �P we can create a whiskered groupoid as follows:
The source and target maps from C1 to C0 are given by s(m, p) = p and t(m, p) = ∂(m)p for all (m, p) ∈ C1 .

The groupoid composition is given by (m′, p′) ◦ (m, p) = (m′m, p) if p′ = ∂(m)p . Finally, the whiskering

operations m0,1 and m1,0 are given, respectively, m0,1(p, (m, p′)) = (pm, pp′) and m1,0((m, p′), p) = (m, p′p)

for all m ∈ M, p, p′ ∈ P .

Proposition 3.2 In a whiskered groupoid (C1, C0, mi,j) , if the monoid of objects C0 is a group with the

multiplication m0,0 , then

(i) the set K = {a ∈ C1 : t(a) = 1C0} is a group with the group operation given for any a, b ∈ K by

ab = b ◦m1,0(a, s(b)) ,

(ii) the source map s from K to C0 is a homomorphism of groups,

(iii) C0 acts on K by pa = m0,1(p, m1,0(a, p−1)) or pa = m1,0(m0,1(p, a), p−1)) for a ∈ K, p ∈ C0 , and

C0 acting on itself by conjugation,

(iv) the homomorphism s is C0 -equivariant relative to the left action of C0 on K given above.

Proof (Sketch)

(i) We leave it to the reader.

(ii) For a, b ∈ K , we have s(ab) = s(b ◦ m1,0(a, s(b))) = s(m1,0(a, s(b))). From axiom Whisk 3.), we
have

m1,0(a, s(b)) : m0,0(s(a), s(b)) −→ m0,0(t(a), t(b)),

and then we obtain s(m1,0(a, s(b))) = m0,0(s(a), s(b)) = s(a)s(b).
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(iii) For p1, p2 ∈ C0 and a ∈ K , we have

p1 (p2a) =p1 (m0,1(p2, m1,0(a, p−1
2 )))

= m0,1(p1, m1,0(m0,1(p2, m1,0(a, p−1
2 )), p−1

1 ))

= m0,1(p1, m0,1(p2, m1,0(m1,0(a, p−1
2 ), p−1

1 ))) (due to Whisk 4.)

= m0,1(p1, m0,1(p2, m1,0(a, p−1
2 p−1

1 ))) (due to Whisk 2.)

= m0,1(p1p2, m1,0(a, p−1
2 p−1

1 )) (due to Whisk 2.)

=p1p2 a

and
(1C0)a = m0,1(1, m1,0(a, 1))

= m1,0(a, 1) (due to Whisk 2.)

= a. (due to Whisk 3.)

For a, b ∈ K and p ∈ C0 , we have

(pa)(pb) =
[
m0,1(p, m1,0(a, p−1))

] [
m0,1(p, m1,0(b, p−1))

]

= m0,1(p, m1,0(b, p−1)) ◦ m1,0

(
m0,1(p, m1,0(a, p−1)), ps(b)p−1

)

= m0,1(p, m1,0(b, p−1)) ◦ m0,1

(
p, m1,0(m1,0(a, s(b)), p−1)

)
(due to Whisk 4.)

= m0,1

(
p, m1,0(b ◦ m1,0(a, s(b)), p−1)

)
(due to Whisk 2.)

= m0,1(p, m1,0(ab, p−1))

=p (ab).

(iv) For p ∈ C0 and a ∈ K , we have

s(pa) = s(m0,1(p, m1,0(a, p−1)))

= ps(m1,0(a, p−1)) (due to Whisk 2.)

= ps(a)p−1. (due to Whisk 3.)

�

Let WGp be the category of whiskered groupoids. Define a subcategory of WGp whose objects are
whiskered groupoids over the same monoid of objects C0 . We will denote this subcategory by WGp/C0 .

In what follows, Cat-WGp/C0 will denote the category of internal categories in the category of whiskered

groupoids over the same monoid of objects C0 . An object of Cat-WGp/C0 will be represented by the diagram

C1

s ,t

ε0,ε1

D1
I

s,t

C0

eʹ ʹ ʹ

id
C0

e
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where (C1

s,t−−−−→−−−−→←−−−−
e′

C0, ◦, m′
ij) and (D1

s,t−−−−→−−−−→←−−−−
e

C0, ◦, mij) are whiskered groupoids,

( C1

ε0,ε1

D1
I

, *)

gives a small category, and the maps ε0, ε1 are identities on C0 . A 2-morphism x in the category (C1, D1)

between the 1-morphisms a, a′ : u → v ∈ D1(u, v) is represented by x : a ⇒ a′ , where ε0(x) = a and ε1(x) = a′ ,

and for 2-morphisms x, y ∈ (C1, D1), ε0(x ∗ y) = ε0(y) and ε1(x ∗ y) = ε1(x) when ε0(x) = ε1(y).

To define the notion of braiding on an object in the category Cat-WGp/C0 , the notions of left and right

multiplications on the whiskered groupoid (D1

s,t−−−−→−−−−→←−−−−
e

C0, mij) must be defined.

We can take from [11] the left and right multiplications on a whiskered category

C : (D1

s,t
C0

e
,mij)

for any a, b ∈ D1 , by

l(a, b) = m0,1(t(a), b) ◦ m1,0(a, s(b))

and
r(a, b) = m1,0(a, t(b)) ◦ m0,1(s(a), b),

where s, t : D1 −→ C0 are the source and target maps.

If

C : (D1

s,t
C0

e
,mij)

is a whiskered groupoid, the commutators are defined by

[a, b] = r(a, b) ◦ l(a, b)−1

for a, b ∈ D1 .

Definition 3.3 Let C be an internal category in the category WGp/C0 represented by a diagram

C1

s ,t

ε0,ε1

D1

s,t
I

C0

eʹ ʹ ʹ

id
C0

e

,

as given above. The morphisms ε0, ε1 and I are identity morphisms on the objects set C0 and they preserve
the whiskering structure on the groupoids C1 and D1 .
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Braiding on this internal category is a map

τa,b : (D1, C0) × (D1, C0) −→ (C1, C0)
(a, b) 
−→ τa,b

satisfying the following conditions.

BW1. For a, b ∈ D1 , ε0τa,b = r(a, b), and ε1τa,b = l(a, b). Thus we have

τa,b : r(a, b) → l(a, b),

and from this axiom we can give the commutator of two morphisms a, b in the groupoid D1 by

[a, b] = (ε0τa,b) ◦ (ε1τa,b)−1.

BW2. For a ∈ D1 and p ∈ C0 , τe(p),a = m′
0,1(p, I(a)), and τa,e(p) = m′

1,0(I(a), p).

BW3. For a, b, c ∈ D1 , with t(c) = s(b) the following diagram is commutative:

m0,1(t(a), b) [m0,1(t(a), c) ° m1,0(a, s(c))]

m0,1(t(a) b ° c) m1,0(a, s(c))

whisk2.

m0,1(t(a), b) ° [m1,0(a, t(c)) ° m0,1(s(a), c)]

mʹ
0,1(t(a),I (b))° τa,c

m1,0(a, t(b)) ° m0,1(s(a) b ° c)

τa,b °c

m0,1(t(a), b) ° [m1,0(a, s(b)) ° m0,1(s(a), c)]

t(c)=s(b)

[m1,0(a, t(b)) ° m0,1(s(a), b)] ° m0,1(s(a), c),
whisk2. τa,b ° mʹ

0,1(s(a),I (c))

°

°

or equivalently,

τa,b◦c = [m′
0,1(t(a), I(b)) ◦ τa,c] ∗ [τa,b ◦ m′

0,1(s(a), I(c))].

BW4. For a, b, c ∈ D1 with t(b) = s(a), the following diagram is commutative

m0,1(t(a), c) ° [m1,0(a, s(c)) ° m1,0(b, s(c))]

m0,1(t(a), c) ° m1,0(a ° b, s(c))

whisk2.

[m1,0(a, t(c)) ° m0,1(s(a), c)] ° m1,0(b, s(c))

τa,c ° mʹ
1,0(I(b),s(c))

m1,0(a ° b, t(c)) ° m0,1(s(b), c)

τa °b,c

m1,0(a, t(c)) ° [m0,1(t(b), c) ° m1,0(b, s(c))]

t(b)=s(a)

m1,0(a, t(c)) ° [m1,0(b, t(c)) ° m0,1(s(b), c)],
whisk2. mʹ

1,0(I(a),t(c))° τb,c

or equivalently

τa◦b,c = [τa,c ◦ m′
1,0(I(b), s(c))] ∗ [m′

1,0(I(a), t(c)) ◦ τb,c].
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BW5. For the 2-morphisms x : a ⇒ a′ and y : b ⇒ b′ ∈ (C1, D1),

εi(l(x, y) ∗ τa,b) = εi(τa′,b′ ∗ r(x, y))

for i = 0, 1.

An internal category C together with a braiding is called a braided internal category within whiskered
groupoids.�

Example 3.4 Let

C1

s ,́tʹ

d0,d1

D1

s,t
I

C0

eʹ

id
C0

e

be a braided internal category in the category of whiskered groupoids over the same monoid of objects C0 together
with the braiding τ : D1 × D1 → C1 . If the monoid of objects C0 is a trivial monoid, then the left and right
actions of C0 on C1 , D1 determined by the whiskering operations mi,j are trivial actions, and C1, D1 are

groups. Then we have r(a, b) = ab , l(a, b) = ba for a, b ∈ D1 , and [a, b] = r(a, b)l(a, b)−1 = aba−1b−1 . Thus
the braiding axioms above reduce the following conditions:
(i) ε0(τa,b) = ab and ε1(τa,b) = ba , that is, τa,b : ab → ba ,

(ii) x : a → a′ , and y : b → b′ , τa′,b′ ◦ xy = yx ◦ τa,b,

(iii) τa,bc = (Ibτa,c) ◦ (τa,bIc) ,

(iv) τab,c = (τa,cIb) ◦ (Iaτb,c),

(v) τ1,a = τa,1 = I(a) ,
for a, b, c ∈ D1 and x, y ∈ C1 .

This is the reduced case of braided internal groupoids within whiskered groupoids and gives a braided
categorical group as given in [9, 19, 21, 20].

4. Simplicial groups and braided internal categories within whiskered groupoids

In this section we will give a description of the passage from a simplicial group to a braided internal category
in the category of whiskered groupoids. First, we recall the semi-direct product groupoids (cf. [12]).

Let C and H be groupoids over the same object set C0 and H totally disconnected. Suppose that the
groupoid C has a left action on the groupoid H . Then, we can define the semi-direct product as follows: Let
h ∈ H1(y) and c ∈ C1(x, y), then, for x, y ∈ C0

(H
∼
× C)(x, y) = H(y) × C(x, y)

is a groupoid and composition is defined by

(h, c) ◦ (h′, c′) = (h ◦c h′, c ◦ c′).

Now, we can give a description of the passage from simplicial groups to braided internal categories in the
category of whiskered groupoids.
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Let G be a simplicial group with Moore complex (NG, ∂). From this Moore complex, we will construct
a braided internal category within whiskered groupoids over the same monoid of objects C0 denoting it by the
diagram

C1

s ,́t ʹ

d0,d1

D1

s,t
I

C0

eʹ

id
C0.

e

Let C0 = NG0 = G0 . Using the action of G0 via s0 , we define the semi-direct product D1 =
NG1 � s0NG0 . Notice that s0 is a section of d0 and NG1 is the kernel of d0 the group G1 is the semi-
direct product G1 = D1 = NG1 � G0 . For (g, p) ∈ D1 , we define the source, target and identity maps by

s(g, p) = p , t(g, p) = d1(g)p and e(p) = (1, p), respectively, and where d1 = d1
1 = ∂1 the differential of the

Moore complex restricted to NG1 . Thus we have

• p (g,p)
• ∂1(g)p

is a morphism in D1 . The groupoid composition on D1 can be given by

(g′, p′) ◦ (g, p) = (g′g, p)

when s(g′, p′) = p′ = t(g, p) = (∂1g)p . Then we have s((g′, p′) ◦ (g, p)) = s((g′g, p)) = p = s(g, p) and

t((g′, p′) ◦ (g, p)) = t((g′g, p)) = ∂1(g′)∂1(g)p = ∂1(g′)p′ = t(g′, p′). Furthermore, the inverse a−1 of the

morphism a = (g, p) : p → d1gp can be defined by a−1 = (g−1, d1gp) : d1gp → p . Thus we have a ◦ a−1 =

(g, p) ◦ (g−1, d1gp) = (1, d1gp) = e(d1gp) = e(t(a)) and a−1 ◦ a = (g−1, d1gp) ◦ (g, p) = (1, p) = e(p) = e(s(a)).
Thus we have the following proposition.

Proposition 4.1 The groupoid

D : (D1

s,t
C0)

e

constructed above is a whiskered groupoid together with the operations on D given by

m0,1 : C0 × D1 −→ D1

(p, (g, q)) 
−→ (s0pgs0p
−1, pq),

m1,0 : D1 × C0 −→ D1

((g, q), p) 
−→ (g, qp)

for p, q ∈ C0 and (g, q) ∈ D1 , and
m0,0 : C0 × C0 −→ C0

is the group operation on NG0 .

The left and right multiplications l, r on the whiskered groupoid

D : (D1 C0,mij)
s,t

e
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for the morphisms a = (g, p) : p → d1(g)p and b = (h, q) : q → d1(h)q in D1 can be given by

l(a, b) = m0,1(t(a), b) ◦ m1,0(a, s(b))

= m0,1(∂1gp, (h, q)) ◦ m1,0((g, p), q)

= (s0d1gs0phs0p
−1s0d1g

−1, d1gpq) ◦ (g, pq)

= (s0d1gs0phs0p
−1(s0d1g

−1)g, pq),

and

r(a, b) = m1,0(a, t(b)) ◦ m0,1(s(a), b)

= m1,0((g, p), d1hq) ◦ m0,1(p, (h, q))

= (g, pd1hq) ◦ (s0phs0p
−1, pq)

= (gs0phs0p
−1, pq).

Now, we continue the construction. Using the action of NG0 on NG2/∂3(NG3 ∩ D3) = NG′
2 via

s0s0 = s1s0 , we can construct

C ′
1 = NG′

2 � NG0

together with the source, target and identity maps given by

s(l, p) = p = t(l, p), e(p) = (1, p)

for l = l(∂3(NG3∩D3)) ∈ NG′
2 and p ∈ NG0 . The groupoid composition on C ′

1 can be given by (l1 , p)◦(l2, p) =

(l1l2, p) for l1, l2 ∈ NG2 . Thus we have the following result.

Proposition 4.2 The diagram

C : (C ʹ
1 C0)

s,t

e

becomes a whiskered groupoid together with the maps σ0,0 = m0,0

σ0,1 : C0 × C ′
1 → C ′

1

given by (p, (l, q)) 
→ ((s1s0p)l(s1s0p−1), pq) and

σ1,0 : C ′
1 × C0 → C ′

1

given by ((l, q), p) 
−→ (l, qp) , for (l, q) ∈ C ′
1 and p ∈ C0 .

Thus far we have constructed two whiskered groupoids

C : (C ʹ
1 C0,σij)

s,t

e
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and

D : (D1 C0,mij),
s,t

e

over the same objects set C0 where the groupoid C is a totally disconnected groupoid.

The groupoid action of (g, q) ∈ D1 on (l, q) ∈ C ′
1 can be given by

(g,q)(l, q) = (s1gls1g−1, d1gq).

By using this groupoid action of D on C , we can define the semi-direct product groupoid

C1(x, y) = (C ′
1

∼× D1)(x, y) = C ′
1(y) × D1(x, y)

for x, y ∈ C0 , on the object set C0 , together with the vertical composition given by

((l, d1gq), (g, q)) ◦ ((l′, d1g
′q′), (g′, q′)) = ((ls1gl′s1g−1, d1gq), (gg′, q′))

when q = (d1g
′)q′ . The source and target maps s′, t′ : C1 → C0 are defined by s′((l, d1gq), (g, q)) = q and

t′((l, d1gq), (g, q)) = d1gq for any 2-morphism ((l, d1gq), (g, q)) in C1 . Thus, for any x = ((l, d1gq), (g, q))

and y = ((l′, d1g
′q′), (g′, q′)) in C1 with s′(x) = q = d1g

′q′ = t′(y), we have s′(x ◦ y) = q′ = s′(y) and

t′(x ◦ y) = d1gd1g
′q′ = d1gq = t′(x).

Furthermore, the diagram

C1

ε0,ε1

D1
I

,

together with the maps

ε0((l, d1gq), (g, q)) = (g, q) : q → d1gq

ε1((l, d1gq), (g, q)) = (d2lg, q) : q → d1d2ld1gq = d1gq

and
I(g, q) = ((1, d1gq), (g, q))

for ((l, d1gq), (g, q)) ∈ C1 , gives an internal category in the category of whiskered groupoids over the same

objects set C0 . Thus ((l, d1gq), (g, q)) ∈ C1 is a 2-morphism from the 1-morphism (g, q) to the 1-morphism

(d2lg, q). The horizontal composition is given by

x ∗ y = ((l, d1gq), (g, q)) ∗ ((l′, d1g
′q), (g′, q)) = ((ll′, d1g

′q), (g′, q))

when (g, q) = (d2l
′g′, q), and hence d1gq = d1g

′q . We thus obtain ε0(x ∗ y) = (g′, q) = ε0(y) and

ε1(x ∗ y) = (d2ld2l
′g′, q) = (d2lg, q) = ε1(x) and ε0I = ε1I = idD1 .

Proposition 4.3 The semi-direct product groupoid over the objects set C0

C1 = C ʹ
1

~
× D1

s,t
C0

e
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is a whiskered groupoid together with the maps m′
0,1 : C0 × C1 → C1 given by

(p, ((l, d1gq), (g, q))) 
→ ((s1s0pls1s0p−1, pd1gq), (s0pgs0p
−1, pq))

and m′
1,0 : C1 × C0 → C1 given by

(((l, d1gq), (g, q)), p) 
→ ((l, d1gqp), (g, qp))

for ((l, d1gq), (g, q)) ∈ C1 and p ∈ C0 .

Thus far we have an internal category in the category of whiskered groupoids over the same monoid of
objects C0 as

C =

C1

s ,t

ε0,ε1

D1

s,t
I

C0

e

id

C0.

e( ).ʹʹ

Proposition 4.4 The braiding
τ : (D1, C0) × (D1 , C0) → (C1, C0)

can be given by

τa,b = ((s0gs1s0ps1hs1s0p−1s0g−1s1gs1s0ps1h−1s1s0p−1s1g−1, d1gpd1hq), (gs0phs0p
−1, pq))

for a = (g, p) , b = (h, q) ∈ D1 .

Proof We now show that all axioms of braiding given in Definition 3.3 are satisfied. We display the elements
omitting the overlines in our calculation to save from complication.
BW1. For a = (g, p), b = (h, q) ∈ D1 , we have

ε0τa,b = (gs0phs0p
−1, pq)

= r(a, b),

and

ε1τa,b = (d2(s0gs1s0ps1hs1s0p
−1s0g

−1s1gs1s0ps1h
−1s1s0p

−1s1g
−1)gs0phs−1

0 , pq)

= (s0d1gs0phs0p
−1s0d1g

−1gs0ph−1s0p
−1g−1gs0phs0p

−1, pq)

= (s0d1gs0phs0p
−1s0d1g

−1g, pq)

= l(a, b).

BW2. For p ∈ C0 , and a = (h, q) ∈ D1 , we have

τe(p),a = ((s0(1)s1s0ps1hs1s0p
−1s0(1)−1s1(1)s1s0ps1h

−1s1s0p
−1s1(1)−1, pd1hq), (1s0phs0p

−1, pq))

= ((1, pd1hq), (s0phs0p
−1, pq))

= m′
0,1(p, ((1, d1hq), (h, q)))

= m′
0,1(p, I(a))
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and

τa,e(p) = ((s0hs1s0ps1s0p
−1s0h

−1s1hs1s0ps1s0p
−1s1h

−1, d1hqp), (h, qp))

= ((1, d1hqp), (h, qp))

= m′
1,0(((1, d1hq), (h, q)), p)

= m′
1,0(I(a), p).

BW3. It is easily checked from [24] that

s0(x0)x1s0(x0)−1 = (s1s0d1(x0))x1(s1s0d1(x0))−1 (*)

for x0 ∈ NG1 and x1 ∈ NG2 , so the action ∂1(x0)x1 is that via s0 .

Now, for a = (g, p), b = (h, q) and c = (k, m) ∈ D1 with t(c) = d1km = q = s(b), we have

m′
0,1(t(a), I(b)) = m′

0,1(d1gp, ((1, d1hq), (h, q))

= ((1, d1gpd1hq), (s0d1gs0phs0p
−1s0d1g

−1, d1gpq))

and

τa,c = ((s0gs1s0ps1ks1s0p
−1s0g

−1s1gs1s0ps1k
−1s1s0p

−1s1g
−1, d1gpd1km), (gs0pks0p

−1, pm)).

Thus we obtain

m′
0,1(t(a), I(b)) ◦ τa,c

= ((s1s0d1g(s1s0ps1hs1s0p
−1)s1s0d1g

−1s0gs1s0ps1ks1s0p
−1s0g

−1s1g

s1s0ps1ks1s0p
−1s1g

−1(s1s0d1g(s1s0ps1h
−1s1s0p

−1)s1s0d1g
−1), d1gpd1hq),

(s0d1gs0phs0p
−1s0d1g

−1gs0pks0p
−1, pm))

= ((s0gs1s0ps1hs1ks1s0p
−1s0g

−1s1gs1s0ps1k
−1s1s0p

−1s1g
−1s0g

s1s0ps1h
−1s1s0p

−1s0g
−1, d1gpd1hq), (s0d1gs0phs0p

−1s0d1g
−1gs0pks0p

−1, pm) ( since (∗)).

On the other hand, we obtain

m′
0,1(s(a), I(c)) = ((1, pd1km), (s0pks0p

−1, pm))

and

τa,b = ((s0gs1s0ps1hs1s0p
−1s0g

−1s1gs1s0ps1h
−1s1s0p

−1s1g
−1, d1gpd1hq), (gs0phs0p

−1, pq)).

Thus,

τa,b ◦ m′
0,1(s(a), I(c))

= (((s0gs1s0ps1hs1s0p
−1s0g

−1s1gs1s0ps1h
−1s1s0p

−1s1g
−1, d1gpd1hq), (gs0phks0p

−1, pm)).
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Therefore we obtain

[m′
0,1(t(a), I(b)) ◦ τa,c] ∗ [τa,b ◦ m′

0,1(s(a), I(c))]

= ((s0gs1s0ps1(hk)s1s0p
−1s0g

−1s1gs1s0ps1(hk)−1s1s0p
−1

s1g
−1, d1gpd1hd1km), (gs0p(hk)s0p

−1, pm)) (since q = d1km)

= τ(g,p),(hk,m)

= τa,b◦c.

BW4. For a = (g, p), b = (h, q) and c = (k, m) ∈ D1 with t(b) = d1hq = p = s(a), we have

τa,c = ((s0gs1s0ps1ks1s0p
−1s0g

−1s1gs1s0ps1k
−1s1s0p

−1s1g
−1, d1gpd1km), (gs0pks0p

−1, pm))

and

m′
1,0(I(b), s(c)) = ((1, d1hqm), (h, qm)).

Thus we obtain

τa,c◦m′
1,0(I(b), s(c)) = ((s0gs1s0ps1ks1s0p

−1s0g
−1s1gs1s0ps1k

−1s1s0p
−1s1g

−1, d1gpd1km), (gs0pks0p
−1h, qm)).

On the other hand, we have

m′
1,0(I(a), t(c)) = ((1, d1gpd1km), (g, pd1km))

and

τb,c = ((s0hs1s0qs1ks1s0q
−1s0h

−1s1hs1s0qs1k
−1s1s0q

−1s1h
−1, d1hqd1km), (hs0qks0q

−1, qm)).

Thus we have

m′
1,0(I(a), t(c)) ◦ τb,c

= ((s1gs0hs1s0qs1ks1s0q
−1s0h

−1s1hs1s0qs1k
−1s1s0q

−1s1h
−1s1g

−1, d1gpd1km), (ghs0qks0q
−1, qm)).

Therefore, we obtain

[τa,c ◦ m′
1,0(I(b), s(c))] ∗ [m′

1,0(I(a), t(c)) ◦ τb,c]

= ((s0gs1s0ps1ks1s0p
−1s0g

−1s1gs1s0ps1k
−1s1s0p

−1s0hs1s0qs1ks1s0q
−1

s0h
−1s1hs1s0qs1k

−1s1s0q
−1s1h

−1s1g
−1, d1gpd1km), (ghs0qks0q

−1, qm))

= ((s0gs1s0d1h(s1s0qs1ks1s0q
−1)s1s0d1h

−1s0g
−1s1g

s1s0d1h(s1s0qs1k
−1s1s0q

−1)s1s0d1h
−1s0hs1s0qs1ks1s0q

−1

s0h
−1s1hs1s0qs1k

−1s1s0q
−1s1h

−1s1g
−1, d1gd1hqd1km), (ghs0qks0q

−1qm)) (since p = d1hq)
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= ((s0gs0h(s1s0qs1ks1s0q
−1)s0h

−1s0g
−1s1gs0h(s1s0qs1k

−1s1s0q
−1)s0h

−1

s0h(s1s0qs1ks1s0q
−1)s0h

−1s1hs1s0qs1k
−1s1s0q

−1

s1h
−1s1g

−1, d1gd1hqd1km), (ghs0qks0q
−1, qm)) (since (∗))

= ((s0gs0hs1s0qs1ks1s0q
−1s0h

−1s0g
−1s1gs1h

s1s0qs1k
−1s1s0q

−1s1h
−1s1g

−1, d1(gh)qd1km), (ghs0qks0q
−1, qm))

= τ(gh,q),(k,m)

= τa◦b,c.

BW5. Let
x = ((l, p), (g, q)) : a = (g, q) ⇒ (d2lg, q) = a′

and
y = ((l′, p′), (g′, q′)) : b = (g′, q′) ⇒ (d2l

′g′, q′) = b′

be 2-morphisms in C1 with p = d1gq and p′ = d1g
′q′ . We obtain

l(x, y) = m′
0,1(t

′(x), y) ◦ m′
1,0(x, s′(y))

= ((s1s0pl′s1g
′s1s0p

−1ls1s0ps1(g′)−1s1s0p
−1, pp′), (s0pg′s0p

−1g, qq′))

and

r(x, y) = m′
1,0(x, t′(y)) ◦ m′

0,1(s
′(x), y)

= ((ls1gs1s0ql
′s1s0q

−1s1g
−1, pp′), (gs0qg

′s0q
−1, qq′)).

On the other hand, we obtain

τa,b = ((s0gs1s0qs1g
′s1s0q

−1s0g
−1s1gs1s0qs1(g′)−1s1s0q

−1, d1gqd1g
′q′), (gs0qg

′s0q
−1, qq′))

and

τa′,b′ = ((s0d2ls0gs1s0qs1d2l
′s1g

′s1s0q
−1s0g

−1s0d2l
−1

s1d2ls1gs1s0qs1(g′)−1s1d2(l′)−1s1s0q
−1s1g

−1s1d2l
−1, d1gqd1g

′q′), (d2lgs0qd2lg
′s0q

−1, qq′)).

Thus we have

τa′,b′ ∗ r(x, y) = ((s0d2(ls1g)s1d2(s1s0ql
′s1g

′s1s0q
−1)s0d2(ls1g)−1

s1d2(ls1g)s1d2(s1s0ql
′s1g

′s1s0q
−1)−1s1d2(ls1g)−1

(ls1g)s1s0ql
′s1s0q

−1s1g
−1, pp′), (gs0qg

′s0q
−1, qq′))

and
l(x, y) ∗ τa,b = ((s1s0pl′s1g

′s1s0p
−1ls1gs1s0qs1(g′)−1s1s0q

−1s1g
−1, pp′), (gs0qg

′s0q
−1, qq′))
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From the definitions of ε0 and ε1 , we obtain

ε0(τa′,b′ ∗ r(x, y)) = (gs0qg
′s0q

−1, qq′)

= r(a, b)

= ε0(l(x, y) ∗ τa,b)

and

ε1(τa′,b′ ∗ r(x, y)) = (s0d1gs0qd2l
′g′s0q

−1s0d1g
−1d2lgs0q(g′)−1d2(l′)−1s0q

−1g−1d2l
−1d2lg

s0qd2l
′s0q

−1g−1gs0qg
′s0q

−1, qq′)

= (s0(d1gq)d2l
′g′s0(d1gq)−1d2lg, qq′)

= l(a′, b′)

= (d2(s1s0pl′s1g
′s1s0p

−1ls1gs1s0qs1(g′)−1s1s0q
−1s1g

−1)gs0qg
′s0q

−1, qq′)

= ε1(l(x, y) ∗ τa,b).

�

Therefore we obtained a braided internal category in the category of whiskered groupoids from a simplicial
group.

Notice that, in general, there is no the equality τa′,b′ ∗ r(x, y) = l(x, y) ∗ τa,b. To have this equality, we
give the following result.

Proposition 4.5 Let x : a ⇒ a′ and y : b ⇒ b′ be 2-morphisms in C. If the Moore complex of the
simplicial group G is of length 2, and a, a′, b, b′ ∈ D1(p, p) for any p ∈ C0 , then x, y ∈ C1(p, p) and

τa′,b′ ∗ r(x, y) = l(x, y) ∗ τa,b.

Proof Let

x = ((l, p), (g, p)) : a = (g, p) ⇒ (d2lg, p) = a′

and

y = ((l′, p), (g′, p)) : b = (g′, p) ⇒ (d2l
′g′, p) = b′

be 2-morphisms in C1 . If the 1-morphism a = (g, p) is a morphism from p to p in D1 , we must have

g ∈ ker d1 . That is, a = (g, p) is a morphism from p to p in D1 for any p ∈ C0 if g ∈ ker d1 . Then, we have

also a′ = (d2lg, p) : p → d1d2(l)d1(g)p = p . Thus, if g ∈ ker d1 , we have s′(x) = p = t′(x), that is x ∈ C1(p, p).

Similarly, the morphisms b, b′ are from p to p in D1 if g′ ∈ ker d1 . So, we have s′(y) = p = t′(y), that is

y ∈ C1(p, p) if g′ ∈ ker d1 .

Therefore, if g, g′ ∈ ker d1 , we have

l(x, y) ∗ τa,b = ((s1s0pl′s1g
′s1s0p

−1ls1gs1s0ps1(g′)−1s1s0p
−1s1g

−1, pp), (gs0pg′s0p
−1, pp))

and
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τa′,b′ ∗ r(x, y)

= ((s0d2(ls1g)s1d2(s1s0pl′s1g
′s1s0p

−1)s0d2(ls1g)−1

s1d2(ls1g)s1d2(s1s0pl′s1g
′s1s0p

−1)−1s1d2(ls1g)−1

(ls1g)(s1s0pl′s1g
′s1s0p

−1)s1s0ps1(g′)−1s1s0p
−1s1g

−1, pp), (gs0pg′s0p
−1, pp)).

To obtain the required equality, we must have

s0d2(ls1g)s1d2(s1s0pl′s1g
′s1s0p

−1)s0d2(ls1g)−1

s1d2(ls1g)s1d2(s1s0pl′s1g
′s1s0p

−1)−1s1d2(ls1g)−1

(ls1g)(s1s0pl′s1g
′s1s0p

−1)s1s0ps1(g′)−1s1s0p
−1s1g

−1

= s1s0pl′s1g
′s1s0p

−1ls1gs1s0ps1(g′)−1s1s0p
−1s1g

−1.

To obtain this equality, we will use the functions Fα,β from [24].

For any x2, y2 ∈ NG2 , from [24], we have

∂3(F(0)(1)(x2, y2)) = s0d2x2s1d2y2s0d2x
−1
2 s1d2x2s1d2y

−1
2 s1d2x

−1
2 x2y2x

−1
2 y−1

2 ∈ ∂3(NG3 ∩ D3).

Now, we take x2 = ls1g and y2 = s1s0pl′s1g
′s1s0p

−1 . Then we have

s0d2(ls1g)s1d2(s1s0pl′s1g
′s1s0p

−1)s0d2(ls1g)−1

s1d2(ls1g)s1d2(s1s0pl′s1g
′s1s0p

−1)−1s1d2(ls1g)−1

(ls1g)s1s0pl′s1g
′s1s0p

−1s1s0ps1(g′)−1s1s0p
−1s1g

−1

= s0d2x2s1d2y2s0d2x
−1
2 s1d2x2s1d2y

−1
2 s1d2x

−1
2 x2y2(s1s0ps1(g′)−1s1s0p

−1s1g
−1)

≡ y2x2(s1s0ps1(g′)−1s1s0p
−1s1g

−1) mod (∂3(NG3 ∩ D3))

= s1s0pl′s1g
′s1s0p

−1ls1gs1s0ps1(g′)−1s1s0p
−1s1g

−1.

Thus, we obtain τa′,b′ ∗ r(x, y) ≡ l(x, y) ∗ τa,b mod ∂3(NG3 ∩ D3).

Since the Moore complex is of length 2, we have NG3 = {1} , and ∂3(NG3 ∩ D3) = {1} , and thus we
obtain the required equality. �

Recall from [7] and [22] that a strict 2-category is a category enriched over Cat, where Cat is treated
as the 1-category of strict categories. That is, a strict 2-category consists of objects, 1-morphisms between
objects, and 2-morphisms between 1-morphisms. The 1-morphisms can be composed along the objects, while
the 2-morphisms can be composed in two different directions: along the objects and along the 1-morphisms.
The composition of morphisms between objects is called the vertical composition, and the composition of
morphisms between 1-morphisms is called the horizontal composition. Thus it has a collection of objects and
for each pair of objects x, y a category hom(x, y), and the objects of these hom-categories are the 1-morphisms,
and the morphisms of these hom-categories are the 2-morphisms. We also have the interchange law, because
the horizontal composition is a functor it commutes with composition in the hom-categories.
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Similarly, a strict 2-groupoid is a groupoid enriched over groupoids. In more detail, a strict 2-groupoid
X consists of

(a) a set X0 of objects;

(b) for each x, y ∈ X0 , a set X1(x, y) of 1-morphisms from x to y , and a composition of 1-morphisms
denoted by ◦ ;

(c) for the 1-morphisms f, g : x → y , a set X2 of 2-morphisms f ⇒ g from f to g , a vertical composition
and a horizontal composition of 2-morphisms, denoted by ◦ and ∗ respectively.

such that (Xi, Xj) are groupoids for i = 1, 2, j = 0, 1, j < i , and for 2-morphisms α, β, γ, δ ∈ X2 , the

interchange law holds:
(α ∗ β) ◦ (γ ∗ δ) = (α ◦ γ) ∗ (β ◦ δ).

Thus, for the category C , according to the above calculations, we can take X0 = C0 , (X1, X0) =

(D1, C0), (X2, X0) = (C1, C0) and (X2, X1) = (C1, D1). The only thing remaining is to check the interchange
law.

Proposition 4.6 If the Moore complex of the simplicial group G is of length 2, then the category C has an
interchange law between the horizontal and vertical compositions of 2-morphisms.

Proof By using the image of Fα,β functions given in [24], we shall show that the interchange law holds for

2-morphisms in C . Let

α = ((l, d1gq), (g, q)) : (g, q) ⇒ (d2lg, q)

and
β = ((l′, d1g

′q), (g′, q)) : (g′, q) ⇒ (d2l
′g′, q)

be 2-morphisms in C with (g, q) = ((d2l
′)g′, q) and hence d1gq = d1g

′q .

Similarly, let

γ = ((l1, d1g1q1), (g1, q1)) : (g1, q1) ⇒ (d2l1g1, q1)

and
δ = ((l′1, d1g

′
1q1), (g′1, q1)) : (g′1, q1) ⇒ (d2l

′
1g

′
1, q1)

be 2-morphisms in C with (g1, q1) = ((d2l
′
1)g

′
1, q1), and hence d1g1q1 = d1g

′
1q1

We must show that
(α ∗ β) ◦ (γ ∗ δ) = (α ◦ γ) ∗ (β ◦ δ).

We obtain
α ∗ β = ((ll′, d1g

′q), (g′, q))

γ ∗ δ = ((l1l′1, d1g
′
1q1), (g′1, q1)),

and
(α ∗ β) ◦ (γ ∗ δ) = ((ll′s1g

′l1l
′
1s1(g′)−1, d1g

′q), (g′g′1, q1))

when q = d1g
′
1q1 . On the other hand, we obtain

α ◦ γ = ((ls1gl1s1g
−1, d1gq), (gg1, q1))

β ◦ δ = ((l′s1g
′l′1s1(g′)−1, d1g

′q), (g′g′1, q1)),
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when q = d1g1q1 = d1g
′
1q1 and

(α ◦ γ) ∗ (β ◦ δ) = ((ls1gl1s1g
−1l′s1g

′l′1s1(g′)−1, d1g
′q), (g′g′1, q1)).

To obtain required equality, we must show the following equality:

ls1gl1s1g
−1l′s1g

′l′1s1(g′)−1 = ll′s1g
′l1l

′
1s1(g′)−1.

We know from [24], for x, y ∈ NG2 , that

F(1),(2)(x, y) = [s1x, s2y][s2x, s2y]

= s1xs2y(s1x)−1s2x(s2y)−1(s2x)−1 ∈ NG3 ∩ D3

and
∂3(F(1),(2)(x, y)) = s1d2(x)y(s1d2x)−1xy−1x−1 ∈ ∂3(NG3 ∩ D3),

and
s1d2(x)y(s1d2x)−1 ≡ xyx−1 mod ∂3(NG3 ∩ D3).

Furthermore, since (g, q) = (d2(l′)g′, q), we have

ls1gl1s1g
−1l′s1g

′l′1s1(g′)−1 = l(s1d2l
′(s1g

′l1s1(g′)−1)s1d2(l′)−1)l′(s1g
′l′1s1(g′)−1)

≡ ll′(s1g
′l1s1(g′)−1)(l′)−1l′(s1g

′l′1s1(g′)−1) mod ∂3(NG3 ∩ D3)

= ll′s1g
′l1l

′
1s1(g′)−1

and thus we obtain
(α ◦ γ) ∗ (β ◦ δ) ≡ (α ∗ β) ◦ (γ ∗ δ) mod ∂3(NG3 ∩ D3).

Since the Moore complex of the simplicial group G is of length 2, we have NG3∩D3 = {1} and ∂3(NG3∩D3) =

{1} , and thus we obtain

(α ∗ β) ◦ (γ ∗ δ) = (α ◦ γ) ∗ (β ◦ δ).

�

Acknowledgements

The authors would like to thank Professor Ronald Brown for his valuable suggestions.

References
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