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Abstract: For any field F', there is a relation between the factorization of a polynomial f € Fl[zi,...,z,] and the
integral decomposition of the Newton polytope of f. We extended this result to polynomial rings R[z1,...,z»] where
R is any ring containing some elements which are not zero-divisors. Moreover, we have constructed some new families
of integrally indecomposable polytopes in R™ giving infinite families of absolutely irreducible multivariate polynomials

over arbitrary fields.
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1. Introduction
Throughout this study, R™ denotes the n-dimensional Euclidean space. Let S be a subset of R™. The smallest
convex set containing S, denoted by conw(S), is called the convex hull of S. If S = {as,aq,...,a,} is a finite

set, then we denote conv(S) by conv(as, ..., an).

Definition 1.1 For any two sets A and B in R", the sum
A+B={a+b:a€ Abe B}
is called the Minkowski sum or, shortly, the sum of A and B.

The convex hull of finitely many points in R™ is called a polytope. A point in R" is called integral if
its coordinates are integers. A polytope in R"™ is called integral if all of its vertices are integral. An integral
polytope C' is called integrally decomposable if there exist integral polytopes A and B such that C' = A+ B,

where both A and B have at least two points. Otherwise, C is called integrally indecomposable.

Definition 1.2 Let F be any field and
flrr, z, .., xp) = Z Ceres..en®] T2 2" € FlT1, ..., Tp).

The Newton polytope of f, which is denoted by Py, is defined as the convex hull of the set S = {(e1,...,en) :
Ceres...en 7é 0} m R™.
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A polynomial over a field F' is called absolutely irreducible if it is irreducible over every algebraic

extension of F'.

Lemma 1.3 [7]. Let f,g,h € Flz1,...,xz,] with f #0 and f = gh. Then Py = P, + P,
Proof Seee.g. [3, Lemma 2.1]. O

Corollary 1.4 [3, page 507]. Let F be any field and f a nonzero polynomial in Flx1, ..., 2, not divisible by
any x;. If the Newton polytope of f is integrally indecomposable, then f is absolutely irreducible over F.

Infinitely many integrally indecomposable polytopes in R™ and infinite families of absolutely irreducible
polynomials which are associated to these polytopes are presented in [3], [4] and [6] over any field F.

We recall some terminologies. For details, see [2].

Definition 1.5 For a« € R, 3 € R" the set
H={zeR":f-2=a}

s called a hyperplane, where
B-x=03121+ ...+ Born

is the dot product of the vectors = (01, ..., Bn), T = (x1,...,xn). The closed halfspaces formed by H are defined
as

H ={zeR":8-2<a}, H ={zecR":8-v>a}.

A hyperplane Hg is called a supporting hyperplane of a closed conver set K C R™ if K C H}E or
K C Hy and KNHg #0, i.e. Hg contains a boundary point of K. A supporting hyperplane Hy of K is
called nontrivial if K is not contained in Hy. The halfspace that contains K is called a supporting halfspace
of K.

Let C C R™ be a compact convex set. Then for any nonzero vector v € R™, the real number s =
sup,ec(x - v) is defined as the mazimum value of the set S ={z-v:x e C}.

Let K C R™ be a nonempty convex compact set. The map

hg :R" - R, u — sup (- u)
z€K

is called the support function of K.

Let K C R™ be a nonempty convex compact set. For every fixed nonzero vector u € R™, the hyperplane
having outer normal vector u defined as

Hg(u)={zeR":z-u=hg(u)}
is a supporting hyperplane of K. We know that every supporting hyperplane of K has a representation of this
form, see [2, Page 19].

Let P be a polytope. The intersection of P with a supporting hyperplane Hp is called a face of P. A
vertexr of P is a face of dimension zero. An edge of P is a face of dimension 1, which is a line segment. A
face F of P is called a facet if dim (F)= dim (P) —1. If u is any nonzero vector in R™, Fp(u) = Hp(u) N P
shows the face of P in the direction of w, that is the intersection of P with its supporting hyperplane Hp(u)

having outer normal vector w.
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Theorem 1.6 (i) Let K and L be polytopes in R™ such that M = K + L.
(1) M is also a polytope in R™.

(2) If u is any nonzero vector in R™, then
Fr(u) = Fr(u) 4+ Fr(u) and Hpy(u) = Hg(u) + Hp(u).

(3) If hx and hy are the support functions of K and L, respectively, then hx + hy, is the support function of
K+L and hM ZhK+hL.
(4) If Fyr is a face of M, then there exist unique faces Fx and Fr, of K and L, respectively, such that

Fy=Fg + Fp.
In particular, each vertex of M is the sum of unique vertices of K and L, respectively.

(ii) If P is a polytope in R™ with P = Q4+ R, then so are Q and R, which are called summands of P.
Proof See, e.g., the proof of [2, Chapter IV-Theorem 1.5]. O

2. Polytope method over rings containing elements which are not zero-divisors

We have observed that Lemma 1.3 works also for rings without zero-divisors, especially for integral domains,
instead of fields.

Theorem 2.1 Let R be a ring without zero-divisors and f,g,h € R[x1, 22, ...,x,] with f # 0 and f = gh.
Then Py = Py + P,

Proof If R is an integral domain, the result follows from Lemma 1.3 since any integral domain R is contained
in a field F of quotients of R and f,g,h € F|x1,za, ..., Tp).

Now, suppose that R is a ring without zero-divisors and let

— €1 .€2 e
flz1, 20, ..., 2p) = E Ceren...enT] TG XY,

’

’ ’
— / €1,.62 €
g(x1, T2, .., Ty) = E Cerel..er T1' T oo,

— z €1 .62 En
h(z1, T, ..., Tp) = E Cervert..en®1' T’ - Tn".

Then we have
’ " ’ " ’ "
_ E E / /! e;tey exte; enten
f = Celleé"'eilCellleé,"'ei{wl Ty oy . (1)

(e1,e5,--5€7,) (ef,e5,....en)

In this expanded product, let us assume that there are r terms containing z7'z5%...x%", and write

I €1 ,.€2 €n __ €1 ,.€2 €
S=(di+ ... +dp)x] 3. .2 = Cerey...e, T TS TE (2)

Note that we may have S =0 if r > 2, but not if r = 1.
We will prove that the set {(e1, eq,...,e,)} of exponents of the polynomial f and the set {(e] + e, e5+

ey, ...,en+el)} of exponents of gh determine the same polytope. From relations (1) and (2), we see that every
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element of the set {(e1,ez,...,e,)} is contained in the set {(e} + €7, e5 + €, ....e,, + er)}. Therefore, we have
Py C Py + Ph.

To prove the other inclusion P, + P, C Py, we must show that every member of the set {(e] + e/, e} +
ey, ...,er, +er)}, which may be a vertex of or in P, 4+ P}, is a member of the set {(e1,es,...,e,)}. Note that
this fact is not necessarily true, in general, since dy + ... + d,, may be equal to zero if r > 2. But, this follows
from the fact that each vertex of P, + P, is uniquely determined,

Let v be any vertex of P;+ Pj. Then, by Theorem 1.6, there are unique vertices v; of P, and vy of P,

such that v = vy + vo.

’ ’ ’

. . . . € € €
Consequently, if the point v=(e1, €2, ..., €y,) is a vertex of P,+Pj, there is only one term Cle’le;...e;lxlle e Ly

" " "
. e e e .
of g(z1,22,...,2,) and just one term Clel’l’e;’...e;{xllx22 .xy® of h(x1,xa,...,xy) such that v1 = (e, €, ...,€)) is

s €

the unique vertex of Py, and ve = (€Y, €5, ..., €l) is the unique vertex of P}, satisfying

e
/ 1 / 1 / 11
v=(e1,€,...6,) =v1 + vy = (€] +e€],e5+€5,....,€, +¢€,).

Since, by assumption, ¢, ., ., #0 and ¢, , # 0, we must have
172 ""n

i
”
1€2:€n
/ i
C,r 7 2 Corr i //750
€1€5...€y  TE€pey...ep ’

ie. (ef +ef,eh+el, ... el +el) is a member of the set {(eq,ea,...,e,)}. Therefore, there is a unique term in
the expansion of g - h that has v as its exponent vector. Thus, v € Py. Hence, we have Py + P, C Py. O
As a result of Theorem 2.1, we have the following irreducibility criterion for multivariate polynomials

over arbitrary rings without zero-divisors.

Corollary 2.2 Let R be a ring without zero-divisors and f € R[x1,Za, ..., Ts] a nonzero polynomial not divisible
by any x;. If the Newton polytope P; of f is integrally indecomposable then f is irreducible over every ring

extension R’ of R.

Proof Since f is not divisible by any x;, it has no factor having only one term. Let f be reducible over a
ring extension R’ of R. This means that f = gh over R, where both g and h have at least two nonzero terms.
Therefore, the Newton polytopes of g and h have at least two points. By Theorem 2.1, we have Py = P, + Py,
which is a contradiction. a

Using Theorem 1.6 and Theorem 2.1, we have obtained the following results. All of these results are valid
for any ring R which contains at least one element which is not a zero-divisor. These results are still true if we
take elements which are not left or right zero-divisors instead of elements which are not zero-divisors.

Proposition 2.3 Let R be a ring containing at least one element which is not a zero-divisor and f, g, h nonzero
polynomials in R[x1,xa, ..., x,] with f = gh. If the coefficients of the terms of g which are forming the vertices
of Py or the coefficients of the terms of h which are forming the vertices of Py are not zero-divisors in R (in
particular, if they are units in R), then Py = Py + Py,
Proof Let R be aring and a and b nonzero elements in R. If a or b is not a zero-divisor in R then ab # 0.
By using this fact and the proof of Theorem 2.1, we see that P, + P, C Pr. By the multiplication property of
polynomials, obviously we have Py C P, + P, O
We have the following result of Proposition 2.3.
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Corollary 2.4 Let R be a ring containing at least one element which is not a zero-divisor and f € Rxy, T, ..., Tp)
a nonzero polynomial not divisible by any x;. Suppose that the coefficients of all the terms forming the vertices

of Newton polytope P¢ of f are not zero-divisors in R. If Pr is integrally indecomposable then f is irreducible

over every ring extension R’ of R.

Proof If a is not a zero-divisor in R and a = bc for some b, ¢ € R, then both b and ¢ cannot be zero-divisors
in R. With respect to this fact, the result follows directly from Proposition 2.3. O

The following result is a special case of Corollary 2.4.

Proposition 2.5 Let f € Z[x1, 22, ...,Zm] be a nonzero polynomial not divisible by any x; and n a positive
integer. Suppose that Newton polytope of f is integrally indecomposable. If the coefficients of all terms of f
which are forming the vertices of Py are relatively prime to n, then f is irreducible over Z,, .

Proof The zero-divisors in Z,, are precisely the elements which are relatively prime to n. Therefore, the result

is a consequence of Corollary 2.4. O

Corollary 2.6 Let f € Z[xy, 2, ..., m] be a nonzero polynomial not divisible by any x;. Assume that Newton
polytope P¢ of f is integrally indecomposable. For the prime numbers p; in Z such that p; do not divide the

coefficients of all the terms forming the vertices of Py of f, f is irreducible over the ring Zpi_c for any positive
integer k.
Proof For k=1, the result follows from Corollary 1.4 since Z, is a field if p is a prime number.

Let £ > 2 and p be a prime number. In this case, the zero-divisors in Z,. are the elements which are
not divisible by p. Under this condition, the result follows directly from Corollary 2.4. O

We know that Eisenstein-Dumas and Stepanov-Schmidt criteria are special cases of the polytope method,

see [3]. Similarly, [1, Lemma 6.2] is a special case of Corollary 2.6.
Example 2.7 The polynomial
f =623 4 21515 4 22228 + 1327 + 9% + 10+ Z cijr'y’ € Lz, yl,

having Newton polytope Py = conv((0,0), (375,0), (0, 154)), is irreducible over Z,, by Proposition 2.5 if ged(6,n) =
gcd(21,n) = ged(10,n) = 1, where the operator ged stands for greatest common divisor. Because, Py is an

integrally indecomposable triangle in R? by [3, Corollary 4.12] while gcd(375,154) = 1.

Example 2.8 The polynomial f given in Example 2.7 is irreducible over Zyx if p # 2,3,5,7 since the prime
divisors of 6, 21 and 10 are in the set S ={2,3,5,7}.

Example 2.9 Consider the polynomial
f=b12® + boy* + bsaxty? + byztSytt + bsdyt? + Z cijx'y’ € Lz, yl,

having Newton polytope
Py = conv((0,4), (6,0), (14, 2), (18,11), (9,12)),
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which is an integrally indecomposable pentagon by [4, Lemma 13]. If n is a positive integer relatively prime to
coefficients b; for i = 1,...,5, then f is irreducible over Z,. In particular, if p is a prime number relatively

prime to by, ..., bs, then f is irreducible over Zyx for any positive integer k.
Example 2.10 Let a1, as, as, a4 and as be nonzero integers. Consider the polynomial
F=a12%%° + agy”2'® + aza iyt + auxbytl 28 + aszy®230 + Zcijkwiyjzk € Zlx,y, 2
having Newton polytope
Py = conv((5,20,0),(0,7,18),(14,11,0), (8,11,6), (1,6, 35)),

which is an integrally indecomposable pyramid in R® by [3, Theorem 4.2]. By Proposition 2.5, g is irreducible

over Ly, for any positive integer n such that ged(n,ar) = ged(n, as) = ged(n, as) = ged(n, as) = ged(n, as) = 1.

We can use absolutely irreducible polynomials over any field F' given in [3] and [4] to have examples of
irreducible polynomials over Z,, . We only need to play with certain coefficients of the terms, which are forming
Newton polytopes of these polynomials, suitably. More precisely, we should change the coefficients of these
related terms which are not zero-divisors over mentioned rings.

Remark 2.11 Let f(x1,...,x,) € Z]21, T2, ...2,) be a polynomial not divisible by any x;. If p is a prime number
not dividing the coefficients of the terms of f which are forming Py, then f is irreducible over Zyx for any
positive integer k.

Consequently, any polynomial f(x1, ..., %) € L1, T2, ...Ty) is absolutely irreducible over Z,, for infinitely
many primes p, more precisely, for the prime numbers not dividing the coefficients of the terms of f which are

forming the vertices of Pr.

3. Some families of integrally indecomposable polytopes

Gao gave a criterion for the integral indecomposability of polytopes lying inside a pyramid with an integrally
indecomposable base. Here, we generalized this result to the polytopes lying inside the convex hull of two
polytopes, one of which is integrally indecomposable, which lie in two different hyperplanes.

Gao gave the following result.

Theorem 3.1 [3, Theorem 4.11]. Let Q be an integrally indecomposable polytope in R™ which is contained
in a hyperplane H and having at least two points. Let v € R™ be an arbitrary point which is not contained in
H. If S is any set of integral points in the pyramid conv(v,Q), then the polytope P = conv(Q,S) is integrally

indecomposable.

Being a more general result, when compared with [5, Theorem 3], our new criterion is given as follows.
Note that in [5, Theorem 3], we require that H; and Hs are different parallel hyperplanes. But, this is not

necessary in the following result and the former is a special case of the latter.

Theorem 3.2 Let Hy and Hs be different hyperplanes in R™, and let Q1 be an integrally indecomposable
polytope lying inside Hy and having at least two points. Let Qo be an integral polytope in R™ such that
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Q2 C Hy and Q2 C Hi” or Q2 C Hy . Assume that the projection of Q2 onto Hy is Q5 and there exists a
point v € R™ such that QL +v C Q1. If S is any set of integral points in the polytope conv(Q1,Q2), then the
polytope P = conv(Q1, S) is integrally indecomposable.

Proof The proof is very similar to the proof of [3, Theorem 4.11]. For the convenience of the reader, in
order to emphasize the new situation in this theorem, we present a proof here. Let P = conv(Q1,S) be a
polytope which satisfies the required properties. Observe that, since 1 = PN Hy, (1 is also a face of P. If
P = K + L for some integral polytopes K and L then, by Theorem 1.6, K and L have unique faces K; and
Ly respectively such that Q1 = Ky + Ly. While @7 is integrally indecomposable, K; or L; must consist of
only one point, say K; = {a} for some point a € R", and hence L; = Q1 + (—a). Shifting K and L suitably,
i.e. writing
P=(K+(-a))+(L+a),

we may suppose that K7 = {0} and L; = @;. Our aim is to show that K must contain only one point, i.e.
K = K; = {0}. But, this is geometrically obvious since, for all nonzero u € R™, any shifting u + Q1 cannot lie
in the polytope conv(Q1, Q2). O

We demonstrate some examples of the mentioned situation in Theorem 3.2 in Figure 1, Figure 2 and

Figure 3.

Figure 1. Figure 2.

Example 3.3 Let m and n be relatively prime positive integers, and ¢ > 0 and d > n+1 be arbitrary integers.
Then, the quadrangle
Q = conv((m,0),(m+1,d+¢), (0,d), (0,n))

is integrally indecomposable by Theorem 3.1 or Theorem 3.2. Consequently, by Theorem 3.2, the integral
polytopes
A = conv((m,0,0),(m+1,d+ ¢,0),(0,d,0), (0,n,0), (m,0,p), (0,d,7), (0,n,q)),

B = conv((m,0,0), (m+1,d+ ¢,0),(0,d,0),(0,n,0), (m,0,p),(m+1,d+ ¢, q), (0,d,r)),
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C = conv((m, 0,0), (m + 1,d + ¢,0), (0,4, 0), (0,n,0), (m, 0,p), (m+1,d + ,), (0,n, q))

are integrally indecomposable, where p, q and r are arbitrary nonnegative integers, see Figure 4.
For example, for m =10, n =21, d = 30, ¢ =5 and arbitrary nonnegative integers p,q,r, the integral
polytope
P = conv((10,0,0), (11, 35,0), (0, 30,0), (0,21,0), (10, 0, p), (0, 30, g), (0,21, 7))
is integrally indecomposable.

As a result, the family of multivariate polynomials of the form
f=a1z" + ae"y® + agy®® + e + a5z’ + agy® 2 +ary?t 2+ cijpaty’ 2,

having Newton polytope Py = P, are absolutely irreducible over any field F' by Corollary 1.4.
zZ A\

(0.d,)
(O.n,q)

(m,0,p)

(m+1,d+c,0)

Figure 3. Figure 4. The polytope A.

Example 3.4 Let m and n be any positive relatively prime integers. By [4, Lemma 13/, any pentagon
K = conv((m,0),(m+1,n+1),(m,n+m+1),(0,n+m), (0,n))

is integrally indecomposable. For any positive integer k, we form the following polygons, which are integrally

indecomposable by [4, Lemma 13], in R® as
A = conv((m,0,0), (m+1,n+1,0), (m,n+m+1,0), (0,n+m,0),(0,n,0),

B = conv(m,0,k), (m+1,n+1,k),(m,n+m+1,k), (0,n+m,k)),
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C = conv((m +1,n+1,0),(m,n+m+1,0),(0,n+m,0), (0,n,0),
D = conv((m,0,0),(m+1,n+1,0), (m,n+m + 1,0), (0,n,0).

Then, by Theorem 3.2, the polytopes
P = conv(AU B),

Q = corv(AUC),
R = conv(AU D)

are integrally indecomposable in R?, see Figure 5.

z/]

Figure 5. The polytope B.

As a result, all multivariate polynomials in F[x1, xa, ..., Ty] having these kinds of integrally indecomposable

polytopes are absolutely irreducible over any field F.
Note that [3, Theorem 4.11] does not work for the integral indecomposability of the mentioned polytopes

in Example 3.3 and Example 3.4. Because, none of these polytopes lies inside a pyramid in R?.
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