Turkish Journal of Mathematics Turk J Math

(2013) 37: 60 — 70

© TUBITAK

T U B | TAK Research Article doi:10.3906/mat-1011-533

http://journals.tubitak.gov.tr/math/

G-frames as special frames

Abas ASKARIZADEH, Mohammad Ali DEHGHAN"
Department of Mathematics, Vali-e-Asr University, Rafsanjan, Iran

Received: 18.03.2011 . Accepted: 18.07.2011 ° Published Online: 17.12.2012 ° Printed: 14.01.2013

Abstract: G-frames are generalizations of ordinary frames for Hilbert spaces. In the present paper we study frames,
and operators on a special separable Hilbert C*-module, B(H, K), where H and K are Hilbert spaces, and we prove
that every g-frame for H is a frame for B(H,K) and vice versa. Also, we derive some relationships between g-Riesz

bases for H and Riesz bases in B(H, K ). Similar results for orthogonal bases will be discussed.
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1. Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [5] in the study of nonharmonic Fourier series.
More than thirty years later, Young [17] and Daubechies et al. [4] reintroduced frames and used them as bases
in Hilbert spaces, especially L?(R). Recent research has shown that frame theory has applications in pure [2, 8]
and applied mathematics [7], harmonic analysis [3] and even quantum communication [1].

Generalizations of frames have also been used in many applications. The best-known generalizations of
frames, called g-frames, were defined by Sun [15]. The class of g-frames includes the class of ordinary frames.
Also, frames in Hilbert C*-modules were extended to unital C*-algebras by Frank and Larson [6].

For Hilbert spaces H and K, the Banach space B(H, K) of all bounded linear operators from H into
K is a Hilbert B(K)-module.

The goal of this paper is to show that a sequence of operators in B(H, K) is a g-frame for H if and only
if it is a frame for B(H, K). We then conclude that g-frames are frames. Also, we illustrate some differences
between g-orthonormal and g-Riesz bases. We show that the set of Riesz bases in B(H, K) contains the set of
g-Riesz bases, but that the sets are not equal. The same relation is true for orthogonal bases and g-orthonormal

bases.
The rest of the paper is organized as follows. In Section 2, we review Hilbert C*-modules and some

properties of the operators on B(H, K), which will be used in Section 3. In Section 3, we offer a necessary
and sufficient condition for a sequence of operators in B(H, K) to be a g-frame. Also, we study the relations
between orthogonal and Riesz bases in B(H, K) considered as a Hilbert C*-module with g-orthogonal and
g-Riesz bases for H.

Throughout the paper, I and C denote the sets of all integers and all complex numbers, respectively.
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2. Frames in Hilbert C*-modules and B(H, K)
2.1. Review of the Hilbert C*-modules

Hilbert C*- modules form a category between the category of Banach spaces and the category of Hilbert spaces.
The basic idea was to study modules over C*- algebras instead of linear spaces and to allow an inner product
to take its values in a more general C*- algebra than that of the complex numbers C. The structure was used
by Kaplansky [9] in 1952 and was investigated in detail by Rieffel [13] and Paschke [12] in 1972-73.

We shall give only a brief introduction to the theory of Hilbert C*- modules to make our explanations self-
contained. For a comprehensive account, readers are referred to the books by Lance [10] and Wegge-Olsen [16].

Let A be a C*-algebra and H be a (left) A-module. Suppose that the linear structures given on A
and H are compatible, i.e., A(az) = a(Az) for every A € C, a € A and = € H. If there exists a mapping
(.,.): Hx H— A with the properties,

(i) {(x,2) >0 for every z € H,

(ii) (x,2) =0 if and only if z =0,

(iii) (z,y) = (y,x)" for every z,y € H,

(iv) (azx,y) = a{x,y) forevery a € A and z,y € H,
(v) (x+vy,2) = (z,y) + (x,z) forevery z,y,2€ H,

then the pair {H,(.,.)} is called a (left) pre-Hilbert A-module. The map (.,.) is called an A-valued inner
product. If the pre-Hilbert A-module {H, (.,.)} is complete with respect to the norm |z|| = || (x, ) ||z, then
it is called a Hilbert C*-module over A, or a Hilbert A-module. For example, the C*-algebra A itself can be
recognized to become a Hilbert A-module if the inner product is defined by (a,b) = ab*, for all a,b€ A.
Frames, orthogonal bases and Riesz bases for Hilbert C*-modules were defined by Frank and Larson [6].
Let A be a unital C*-algebra. A sequence {z;};c; of elements in a Hilbert A-module H is called a
frame for H if there exist two constants C, D > 0, such that

C(x,z) < Z(w,wz) (i, ) < D{x,z), VzeH,
i€l

where the sum converges weakly. The constants C' and D are called the lower and upper frame bounds, re-
spectively.
The frame {x;};cr is called a tight frame if C' = D, and is said to be a Parseval or normalizes tight frame if

C =D =1. Likewise, {x;};cs is called a Bessel sequence for H with positive bound D if

Z (x, ;) (x5,2) < D(zx,z), Vo€ H.
i€l

A sequence {z;}icr in a Hilbert A-module H is called an orthogonal basis for H if it is a generating
set (i.e., the A-linear hull of {x;};c; is weak-dense in H) such that
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i) (z;,x;) =0  for each i # j,
ii) ||las||=1 for each i €I,

iii) the A-linear combinations > . g a;xz; with coefficients {a; :i € S} C A and S C I are equal to zero

€S
if and only if every summand a;z; is equal to zero, i € S.

A sequence {z;}icr in a separable Hilbert A-module H is called a Riesz basis for H if it is a frame

and a generating set with the additional property that A-linear combinations »._;a;z; with coefficients

iel
{a; :1€ S} C A and S C I are equal to zero if and only if every summand a;z; is equal to zero, i € S.

2.2. Positive operators in B(H, K)

In the rest of this paper, let¢ H and K be separable Hilbert spaces and let B(H,K) be the set of all
bounded linear operators from H into K. B(H,K) is a Hilbert B(K)-module with a B(K)-valued inner
product (S,T) = ST* for all S,T € B(H,K), and with a linear operation of B(K) on B(H,K) by the
composition of operators. On the other hand, B(H, K) is also a Banach space with respect to the operator
norm |||, = sup{||Tz| : ||z]| < 1,2 € H}, forall T € B(H, K). The norm in B(H, K) considered as a Hilbert
B(K)-module is defined by

[Tllex = (T, T) 18 = ITT™]18 = [ITlo-

Therefore, the norms in B(H, K) considered as a Hilbert A-module and as a Banach space are the same.
However, B(H, K) is not a Hilbert space, and some facts that are true for Hilbert spaces may not hold for
B(H,K).

In the study of frame operators on B(H, K'), we need to know some facts about operators and, especially,

positive operators on B(H, K).

Proposition 2.1 Let S be an operator on B(H,K), then (SU,U) = 0 for all U € B(H,K) if and only if
S=0.
Proof Clearly if S =0, then (SU,U) =0 for all U € B(H, K). On the other hand, we have

(SU+V),U+V)=0, VUV € B(H, K),

so that (SV,U) + (SU,V) =0. If V changes with ¢V, we have
i (SV,U) — i (SU,V) =0,

that implies 2i (SU, V) = 0 or (SU, V) = 0. By setting V = SU, we conclude that SU =0 for all U € B(H, K)
and so § =0. O

A map S on B(H, K) is said to be adjointable if there exists a map S* on B(H, K) such that
(SU,V)y=(U,S*V), VUV e B(H,K).

Such a map S* is called the adjoint of S. It follows that S and S* are bounded linear B(K)-module maps.
By B(B(H, K)) we denote the set of all adjointable linear B(K)-module maps on B(H, K), and By(B(H, K))
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denotes the set of all bounded linear B(K')-module maps on B(H, K). An adjointable map S on B(H, K) is

said to be self-adjoint if S = S* [16].

Proposition 2.2 Let S be a adjointable linear B(K)-module map on B(H,K). Then

i) S is self adjoint if and only if (SU,U) is self adjoint for all U € B(H, K),

ii) S is self adjoint if and only if for all U € B(H; K), (SU,U) is normal and the spectrum of (SU,U)

is a subset of the real line.

Proof i) If S is self adjoint, then
(SU,UY = (U, SU) = (SU,U)* YU € B(H, K).
Conversely, if (SU,U)=(SU,U)" for all U € B(H, K), then

(SU,U) = (U, SU) = (S*U,U)

or

(SU,U) = (S*U,U) VU € B(H,K)

and this means S = S*.
ii) If S = 5*, then

(SU,U) = (U, S*U) = (U, SU) = (SU,U)"

is a self adjoint operator on B(K) for each U € B(H,K), and by [14] its spectrum is a subset of the real
line. Conversely, let the spectrum of (SU,U) be a subset of the real line for all U € B(H, K). For o € C and

U,V € B(H, K) we have
(S(U+aV),U+aV) = (SU,U) +a(SV,U) + a(SU,V) + |a]*(SV, V).
Since the spectrum of (S(U + aV),U 4+ aV) is a subset of the real line,
(SU+aV),U+aV)=(SU +aV),U+aV)",

and

a (SV,U) +a (SU,V) = a(SV,U)* +a (SU,V)*

a(U,SV) +a(V,SU)
=a(S*U,V)+a(S*V,U).
By setting a« =1 and o =1,
(SV,U) + (SU,V) = (S'T, V) + (S"V. ),

i (SV,U) — i (SU, V) = —i (S*U, V) +i (S*V,U).

Now by product ¢ in the second equality, we obtain (SU, V) = (S*U, V). Therefore, S = S*.
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Remark 2.3 An element S € B(B(H, K)) is said to be positive if S = S* and the spectrum of S is contained
in the positive real line [11]. Wegge-Olsen [16] has shown that S > 0 if and only if the spectrum of (ST, T) is
a subset of [0,00) for all T € B(H,K).

Proposition 2.4 Let S be a positive operator in B(B(H, K)). Then

ISl = sup (ST, T)].
ITjI<1

Proof Since B(B(H, K)) is a C*-algebra [16] and S is positive, S7 exists. Then, we have

sup |[{(ST,T)|| = sup <S’%S%T,T>H
I <1 Ir)<1

= sup <S’%T, S’%T>H

IT)I<1
L2
= sup S5TH
IT)<1
1 2 1 1
:H57 :Hga(ga)*

= HS%S%

= ISl

Lemma 2.5 Let A € B(H). Then A is positive if and only if TAT* € B(K) is positive for all T € B(H, K).
Proof Let A be positive. Since B(H) is a C*- algebra, there is I' € B(H) such that A =TI'T*, and so

TAT* =TTT*T* =TT(TT)*.
On the other hand, for all f € H, we have
(TT(TT)*f, f) = ((TT)* £, (TT)* f) = |(TT)* f||* > 0.

Hence TAT™* is positive.
Conversely, let f € H be arbitrary. We can find g € K and T € B(H, K) such that T*g = f. Then by
the positivity of TAT™*,
(A, f) = (TAT"g,9) = 0.

Therefore, A is positive. O

3. Operator sequences, g-sequences and their relations

3.1. Frames
A sequence {T; € B(H,K) :i € I} is said to be a frame for B(H,K) if there exist 0 < A, B < oo such that

ATY <Y (T, T) (T, T) < B(T,T), VYT e€B(HK), (3.1)
iel
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where the series converges in the strong operator topology. The frame operator on B(H,K) is defined by

S: B(H,K) — B(H, K),

ST =Y (T\T)Ti = TT;T,.

i€l i€l

Proposition 2.2, Remark 2.3 and (3.1) assert that S is a positive, self adjoint and invertible operator, and

(ST, T) =Y " TT;T,T* = > (T, T:) (T;,T).
1€l el

Therefore, we have

A(T,T) < (ST,T) < B(T,T).

Convergence in the definition of frames, Bessel sequences, orthogonal and Riesz bases in B(H,K) as a Hilbert
B(K)-module is in the strong operator topology.

Various generalizations of frames have been studied by many authors. Sun [15] introduced a type of
frames called g-frames, and showed that most generalizations of frames can be regarded as special cases of
g-frames. Here we point out that g-frames can be regarded as frames in B(H, K) with the same bounds.

A sequence {A; € B(H, K;) :i € I} is called a generalized frame, or simply a g-frame for H with respect

to a sequence of Hilbert spaces {K;};cs if there exist two positive constants A and B such that

BIfIIP <Y ISP < AlfIP,  VfeH

icl

A and B are called the lower and upper g-frame bounds, respectively. A g-frame is called tight if A = B and
Parseval g-frame if A = 1. In simple terms, {A;};cs is called a g-frame for H whenever the space sequence
{K; : i € I} is clear, and also a g-frame for H with respect to K whenever K; = K for each ¢ € I. A
sequence A; € B(H, K;) : i1 € I is called a g-Bessel sequence with bound B if we have only an upper bound in

the definition of g-frames. The space (>, ; ®K;);, is defined by

icl

i€l i€l

(ZEBKZ> = {{fi}ie[ Zfi eK;, 1€1 and ZHfZHQSOO }
l

2

and has the inner product,

{fit:{9i}) = Z (fi, i) -

icl

It is clear that (Ziel ®K;);, is a Hilbert space and contains K; as a subspace, i € I.

Remark 3.1 Let {A;}icr be a g-frame for H with respect to {Ki}ier and let K = (3, ®K;),. Foriel,
define A, : Hv+— K by
A f=(...,0,0,0,A;f,0,0,0,...), VYfe€H.
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Then
A fll = 1A f]l, Vi€ l,VfeH.
Hence {Ai}ier is a g-frame for H with respect to {K;}ier if and only if {Al}icr is a g-frame for H with
respect to K. Therefore, without loss of generality, we may deal with g-frames for H with respect to K .
Now we shall show that a g-frame for H with respect to K is a frame for B(H, K), and vice versa.

Theorem 3.2 Let {A; € I}ier be a sequence in B(H,K). Then it is a frame for B(H,K) considered as a
Hilbert C* -module if and only if it is a g-frame for H with respect to K .

Proof Let {A; € B(H,K):i € I} be a g-frame for H with respect to K. Then there are positive constants
A and B, such that

B(f.f) <3 (NASF ) SA(ff), VfeH.
el
Hence

BIy < AjA; < Aly.
i€l

Lemma 2.5 asserts that the inequality
BTT* <> TA;AT < ATT",
i€l
satisfies for all '€ B(H, K). Thus,
B(T,T) <Y (T,A;) (A, T) < A(T,T), VT € B(H,K),
i€l

and {A;}ier is a frame for B(H, K). Conversely, let {A; € B(H,K) : i € I} be a frame for B(H, K) and
f € H. We can choose T in B(H,K) and g in K such that T7*g = f. Therefore,

<Z (T, As) (Ai,T>g,g> = <Z TA?AiT*g,g>

icl el
=D (TAIAT g, g)
iel
= (MiT*g, ATg)
iel
=> (Nif,Aif)

icl

= a1

icl

Also we have
(B(T,T)g.9) = (BTT"g,9) = B(T*g,T"g) = B(f, f) = B||f]|*.
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Thus
B(T,T) <Y (T, A:) (A, T) < A(T,T),
i€l
implies that
BIIfI® < D IIAIP < AlFIP, Vf € H,

iel
as desired. O

The following are immediate consequences.

Corollary 3.3 The sequence {A; € B(H,K) :i € I} is a tight frame for B(H, K) if and only if it is a g-tight
frame for H with respect to K .

Corollary 3.4 The sequence {A; € B(H,K) : i € I} is a Bessel sequence for B(H, K) if and only if it is a
g-Bessel sequence for H with respect to K .

Remark 3.5 Let {A; € B(H,K) :i €I} be a g-frame for H. The g-frame operator of {A;}icr is defined by
S,:H — H, fn—>ZA;‘Aif.
i€l

Also, the frame operator of the frame {A;}icr is defined by ST = Y, ., TA;A;. Therefore, ST =TS, and
from this equation, for any T € B(H,K) a reconstruction formula is derived by T = S™'TS, .

3.2. Orthonormal bases and Riesz bases
Now, we study the relations between g-orthonormal bases and g-Riesz bases for H with respect to K with

orthogonal bases and Riesz bases for B(H, K) considered as a Hilbert C*-module.
A sequence {A; : i € I} is called a g-orthonormal basis for H with respect to K if it satisfies the following;:

1) (Aff,N5g) =6i;(f.g), Vi.jeland f,ge H,

2) Yier IAfIP = [IfI*, VfeH.

If {A;:i € I} is asequence in B(H,K) and {f : A;f = 0,i € I} = {0}, then {A; : ¢ € I} is called
g-complete.
A sequence {A; € B(H,K) :i € I} is called a g-Riesz basis for H with respect to K if it is g-complete

and there are positive constants A and B such that

AY lgil® <11 Afgill* < BY llgill?,

i€l i€l i€l

for any finite subset I; of I and {g;}icr, C K [15].
The following theorem provide that every g-orthonormal basis for H is an orthogonal basis for B(H, K).

We will give an example to show that the converse of the theorem is not correct.
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Theorem 3.6 If {A; € B(H,K) : i € I} is a g-orthonormal basis for H with respect to K, then it is an
orthogonal basis for B(H, K) considered as a Hilbert C* -module.

Proof  Since {A;}ier is a g-orthonormal basis for H, for ¢ # j, we have (A;,Aj) = A;A; = 0 and

A2 = || (A, A) || = |AiAS|| = |[Ik]|| = 1, where Ik is the identity operator on K. Now suppose that
> icr Tihi = 0 where T; € B(K),i € I. We have

0= <z£:1}Ai;Aj> ::§£:<1}AiaAj>

i€l i€l

=> Ti{AiAy)

iel
= Tj <Aja AJ>
=T;Ig =1T;.

Therefore, T; =0 and T;A; = 0, for each j € I. It remains to show that every T' € B(H, K) can be generated
by {A;}icr. The second condition of g-orthonormal basis, .., [|Aif]|? = [|f||* for all f € H, implies that
Y icr AfAi = Iy . Then, for every T' € B(H, K) we have

T=TIgp=TY A\
i€l

= Z TAFA;

icl

=> (T, A) A

iel
iel
where U; = (T, A;) belongs to B(K), for each ¢ € I. This completes the proof of the theorem. O

The relation between Riesz bases for B(H, K) and g-Riesz bases for H with respect to K is similar to the
above theorem.

Theorem 3.7 If {A; € B(H,K):i € I} is a g-Riesz basis for H with respect to K , then it is a Riesz basis for
B(H, K) considered as a Hilbert C* -module.

Proof Let {A; € B(H,K) : i € I} be a g-Riesz basis for H with respect to K. By ([15], Corollary 3.3)
{A;}icr is a g-frame and by Theorem 3.2 it is a frame for B(H, K). It is clear that A; # 0 for each i € I. Now
let > ,c;TiAi = 0, where T; € B(K). We have » ., AT = 0, therefore, > ,.; AjT; g = 0, for each g € K.
By the definition of g-Riesz basis, >, [T g|[* = 0, then |T}g||* = 0, for each i € I and g € K. Therefore,
T; = 0 and hence T;A; = 0 for each i € I. The invertibility of the frame operator S implies that

T = Z (S7'T,A;) i, VT € B(H, K).
icl
Thus, {A;}icr is a generating set for B(H, K) and the proof is complete. a

By an example we show that the converse of Theorem 3.5 and Theorem 3.6 is not true.
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Example 3.8 Let H be a Hilbert space and {@;}icr be an orthonormal basis for H. For i € I, define A; and
AT by
Ai:H'_)(CQa f'—)(<fa(pz>a0)a

A;-k:(CQHH, (c1,c2) — c1¢1.

Since

ZTA;‘AZ-T* =TT*, for all T € B(H,C?),

iel
the sequence {A;}icr is a Parseval frame for B(H,C?). Now let {T;}ic; be a sequence in B(C?) and
Y icr Tihi = 0. Then, for each f € H we have

0= Tihif =Y Ti({¢i, [),0) => (s, /) T:(1,0).

i€l iel iel

By the orthonormality of {@i}icr, T;(1,0) =0, hence, T;A; =0 for all i € I. Also, Y
that

el AN = Iy implies

T=Y TAA = (T,A;) A
iel iel
This shows that {A;};cr generates B(H,C?) as B(C?)-module. Therefore, all conditions of a Riesz basis are
satisfied and {A;}ier is a Riesz basis for B(H,C?). But {A;}ic1 is not a g-Riesz basis since A(0,1) = 0,
which implies that A = 0 in the definition of a g-Riesz basis.
However, (A;,A;)(0,1) = MAF = (0,0), AAF # Ic2, ||Al = 1 and (A, Aj) = 0 for @ # 5.
Therefore, {A;}ier is an orthogonal basis for B(H,C?). On the other hand, (A}(0,1),A(0,1)) = 0 and
8 ((0,1),(0,1)) =1, imply that {A;}icr is not a g-orthonormal basis for H with respect to K .
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