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Contact 3-structure QR-warped product submanifold in Sasakian space form
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Abstract: In the present paper we obtain sharp estimates for the squared norm of the second fundamental form in terms

of the mapping function for contact 3-structure CR-warped products isometrically immersed in Sasakian space form.
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1. Introduction

Let M be a hermitian manifold and denoted by J the almost complex structure on M . Yano and Ishihara (see
[13]) considered a submanifold M whose tangent bundle T'M splits into a complex subbundle D and a totally
real subbundle D+ . Later, such a submanifold was called a CR-submanifold [4],[3]. Blair and Chen [4] proved

that a CR-submanifold of a locally conformal Kaédler manifold is a Cauchy-Riemann manifold in the sense of

Greenfield.
Recently, Chen [5] introduced the notion of a CR~-warped product submanifold in a Kaéler manifold. He

established a sharp relationship between the mapping function f of a warped product CR-submanifold M; x ¢ M>
of a Kaler manifold M and the squared norm of the second fundamental form ||h|| [5].

In 1971, Kenmotsu [7] introduced a class of almost contact metric manifolds, called Kenmotsu manifold,
which is not Sasakian. Kenmotsu manifolds have been studied by several authors such as Pitig [12], Ozgiir [10]

and Ozgiir and De [11].

Let MY bea quaternionic Kaéler manifold with real dimension of n+p. Let M be an n-dimensional

QR-submanifold of QR dimension (p — 3) isometrically immersed in a quaternionic Kailer manifold M e

— (n+p)

Denoting by {Fi, F, F3} the quaternionic Kaéler structure of M~ 1 | it follows by definition [8] that there

exists a (p — 3)-dimensional subbundle v of the normal bundle 7'M+

Fiv, Cv,, Fv, Cv,, F3v, Cuy, (1.1)

Py c Tu,M, Fwy C T,M, Fy C T, M, (1.2)

for each & € M, where v+ denotes the complementary orthogonal subbundle to v in TM~. Thus these are

naturally distinguished unit normal vector fields {£1,&s,&3} of M such that vy = span{&;, &2, &3} for each
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x € M, and the vector fields Uy, Us, U3 defined by
Ul =-F¢&, Uy=-I, Us=-F3&; (1.3)
are tangent to M . On the other hand, each tangent space T, M is decomposed as
T.M =D, & Dy (1.4)
where D, is the maximal quaternionic invariant subspace of T, M defined by
Dy =T, MNFT,MNFT,MnNF3T,M (1.5)

and Dy its orthogonal complement in T,,M. In this case, as shown in [2], DL = span{U;,Us, Us} and so

D :z+— D, defines an (n—3)-dimensional distribution on M. But D cannot be a quaternionic CR-distribution

in the sense of [1]. Further, it is clear that
BT M, T M, F3T, M C Ty M @ span{éy, €2, §3} (1.6)

and, consequently, for any tangent vector X to M , we have following decomposition in tangential and normal
components

FiX = piX +ni(X)& (1.7)

In the present paper, we study contact 3-structure QR-warped product submanifolds in Sasakian space forms.
We prove estimates of the squared norm of the second fundamental form in terms of the mapping function.

Equality cases are investigated.

2. Preliminaries

A (4m + 3)-dimensional Riemannian manifold M is said to have an almost contact 3-structure [9] if it admits

three contact structure (¢;,&,n:), i = 1,2, 3, satisfying:

O =Qip; — N Q& = —@ipi + 1 @&

Sk =@ilj = —0;& , Mk =1Ni0p; = —1N;0 ;.

Kuo [9] proved that given an almost contact 3-structure, there exists a Riemannian metric compatible

with each of them, and hence we can speak of an almost contact metric 3-structure (¢;,&;,m:,4), 1 =1,2,3.

The almost contact metric structure of (¢, &, 7, g) on M is called Sasakian structure if

Vxé =—p(X)

(Vxe)Y = g(X,Y)¢ —n(Y)X.

If the three structures (¢;,&;,n:,g) are contact metric structures, we say that M has a contact metric

3-structure. If the three structures are Sasakian, we say that M has a 3-Sasakian structure, and M is a

3-Sasakian manifold.
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We have the following theorem of Kashiwada [6]

Theorem. Every contact metric 3-structure is 3-Sasakian.

A plane section 7 in TpM is called a @—section if ¢;(7w) C 7 for some i = 1,2, 3. The sectional curvature
of a w-section is called p-holomorphic sectional curvature. A Sasakian manifold with constant -holomorphic

sectional curvature c is called a Sasakian space form and is denoted by M (¢).

The curvature tensor R of a Sasakian space form is given by

c+3
4

R(X,Y)Z = 9(Y,2)X — (X, 2)Y'}

{ni(X)Y —n:(Y)X]ni(2)

H
-
i Mw
I,

+a(X, Z)ni(Y) — g(Y, Z)ni(X)]&
-V, 0:2)0i X + §(X, i Z)piY +25(X, 0:Y )i Z}. (2.1)

Let M be a Sasakian manifold and M an n-dimensional submanifold tangent to {&;}. For any vector field X

tangent to M, we put
;X = PX +EX (2.2)

where P;X (resp. F;X ) denotes the tangent (resp. normal) component of ¢; X . Then P; is an endomorphism
of the bundle TM and Fj is a normal bundle valued 1—forms on TM .

The Gauss equation is given by

R(X,Y,Z,W) = R(X,Y,Z,W)
—i—g(h(X,W),h(Y, Z)) —g(h(X, Z)vh(Y»W)) (2'3)

for any vectors X,Y, Z, W tangent to M .

Defining the covariant derivative of h by
(VA)(X,Y, Z) = Vxh(Y, Z) = (VxY, Z) = h(Y,Vx Z)

the Codazzi equation is

(R(X,Y)Z)* = (VA)(X,Y, Z) - (Vh)(Y, X, Z). (2.4)
Let p € M and {e1,...,en,€nt1,-..,€am+3} be an orthonormal basis of the tangent space TPM, such that
e1,...,en are tangent to M at p. We denote by H the mean curvature vector, that is

H(p) == hlei,e;) (2.5)

As is known, M is said to be minimal if H vanishes identically.
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Also, we set
hi; = g(h(ei,ej),er), i, €{l,...,n}, re{n+1,...,4m+ 3} (2.6)

as the coefficients of the second fundamental form h with respect to {e1,...,€n, €nt1,.-.,€am+3}, and

n

[ 1P="Y" g(h(ei,e;), hiei, e))). (2.7)

ij=1

By analogy with submanifold in a Kaéler manifold, different classes of submanifolds in a Sasakian manifold
were considered.
A submanifold M tangent to {&;} is called an invariant (resp. anti-invariant) submanifold if ¢,;(T,M) C

T,M, VpeM (resp. pi(T,M)C T,-M, VpeM).

A submanifold M tangent to {&;} is called a contact QR-submanifold if there exists a pair of orthogonal
differentiable distributions D and D+ on M, such that:

(1) TM = D& D+ @ {&} , where {&} is the 3—dimensional distribution spanned by {&;}

(2) D is invariant by ¢;, i.e. , ¢;(D,) C D, Vpe M,

(3) D+ is anti-invariant by ¢;, i.e. , ¢;(Dy) CT;-M, Vpe M.

In particular, if D+ = {0} (resp. D = {0}), M is an invariant (resp. anti-invariant) submanifold.

3. 3-Contact QR-warped product submanifolds

Let (My,g1) and (Mz, g2) be two Riemannian manifolds and let f: M; — (0,00) be differentiable function.
The warped product M = M; x ¢ M, is the product manifold M; x M endowed with the metric

g=g1+ 2o (3.1)

More precisely, if w1 : My x My — My and 7o : My X My — Mo are natural projections, the metric g is defined
by

g=mig1+ (for1)*m5g2 (3.2)

The function f is called warping function. If f =1, then we have a Riemannian product manifold. If neither
f is constant, then we have a non-trivial warped product.

We recall that on a warped product one has
VxZ=X(lnf)Z (3.3)

for any vector field X tangent to M; and Z tangent to My, where V is the Riemannian connection of the
Riemannian metric g.

If X and Z are unit vector fields, it follows that the sectional curvature K(X A Z) of the plan section
spanned by X and Z is given by

1

K(XANZ)=g(VyViX - VYVLX, 2) 7

{(VXX)f - X},
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where V!, V2 are the Riemannian connections of the Riemannian metrics g; and go respectively.

A warped product submanifold M = M; x¢ My of a Sasakian manifold M, with M; a (4o +
3)—dimensional invariant submanifold tangent to {&} and M; a [-dimensional anti-invariant submanifold

of M, is called the contact QR-warped product submanifold.
We state the following estimate of the squared norm of the second fundamental form for contact QR-

warped product in Sasakian space forms.

Theorem 3.1 Let M be a (4m + 3) -dimensional Sasakian manifold and M = My Xy My an n-dimensional

contact QR-warped product submanifold, such that My is a (4da+ 3)-dimensional invariant submanifold tangent

to {&} and My is a (-dimensional anti-invariant submanifold of M(c). Then:
(i) The squared norm of the second fundamental form of M satisfies

IR (P> 26| V(nf) |* +6 (3.4)

where V(In f) is the gradient of In f.
(i) If the equality sign of (3.4) holds identically, then My is a totally geodesic submanifold and My is a totally

umbilical submanifold of M. Moreover, M is a minimal submanifold of M .

Proof Let M = M; x¢ My be a QR-warped product submanifold of a Sasakian manifold M , such that M,
is an invariant submanifold tangent to {&} and Ms is an anti-invariant submanifold of M .

For any unit vector fields X tangent to M; and orthogonal to {&;} and Z, W tangent to Ms, we have

9(WpiX,2),0:2) = (V20 X, 0:Z) = g(piV 2 X, ;. Z) (3.5)
=g(VzX,2)=g(VzX,Z)=XInf.

Also, we have
and we have

9(W(X,2Z),0:2) = g(VzX — V32X, 0:Z)
= 9(VzX,0:2) = —g(piV X, Z)

= —g(Vz(iX) — (Vz9:) X, Z)
= —g(Vz(9iX), Z) = —g(Vz(0iX), Z)
= —g(p: X(Inf)Z,Z) = —p; X(In f) (3.7)

for i = 1,2,3. On the other hand, since the ambient manifold M is a Sasakian manifold, it is easily seen that
h(fz»Z):—%Z 5 7’:17273 (38)
Obviously, (3.8) implies & 1In f = 0.
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Let {e;,prei, fi58k |1 =1,...,, j=1,...,0, k=1,2,3} be a local orthonormal frame on M such
that e;, &k, =1,...,a,k = 1,2,3 are tangent to M; and f1,..., f3 are tangent to M. Therefore, by (3.6),
(3.7) and (3.8), we have

(e (e (e (e

243 (prein )2+ (paeiln )2 + > (e In f)?

i=1 i=1 =1 =1

I Vinf|*=

|

g
Q2
v
=
=

1 &S
@ZZ | h(pres, £5) I + | (paes, £5) I + || h(psei, f5) 17}

QIW

a f
ZZ | h(ei, £5) H2

1
= 55 1D, DY) | + 5 I hlei 1) 17

(e

1 Ly 2,8 2_§ , 2
—%H h(D, D7) I +5 | VIn £l 9z(ezhnf)-

i=1
Therefore,

(e

1 1 8
g | Vs IP= gz 1 (D, D IP —5 > (eiln f)2. (3.9)

=1

From the property of p—invariant D, and permutations of ¢ie;, wae;, p3e;, we obtain the following three

analogous relations:

1 2_ Lyqp2_8 -

5 | VInf|?= = |\ h(D, D% | 52 @re;In f)? (3.10)

1 2 1 1 2 8 - 2

S VInf = 5 [ h(D, D) > =2 > (p2eiln f) (3.11)

9 33 91,:1

1 2 1 1 2 8 = 2

g | VIS IP= 55 I AD. DY) I =5 > (psesln f) (3.12)
=1

Summing the above relations, we have
2 1 1y (2
| Vinf|*= 3 | A(D, D) |-

On the other hand, since h(§;,&;) =0 for i = 1,2,3, then

[IBl* = |[R(D, D)||* + 2||[(D, D*)||* + (D, D)2

+> (&, &)IF = 2(|A(D, DY)|* +6,
i#i

therefore the inequality (3.4) is immediately obtained.
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Denote by h” the second fundamental form of Ms in M. Then, we get
g(W'"(Z, W), X) = g(VzW,X) = —(XIn f)g(Z, W)
or equivalently
W'(Z,W)=—g(Z,W)V(n f) (3.13)
If the equality sign of (3.4) identically holds, then we obtain
h(D,D) =0, h(D*,D*)=0, h(D,D*)cC p;D*. (3.14)
The first condition (3.14) implies that M; is totally geodesic in M. On the other hand, one has
J(MX, 0:Y),0:2) = §(VxpiY, 0 Z) = §(VxY, Z) =0, (3.15)

where X,Y are tangent to M; and Z is tangent to M>. Thus M; is totally geodesic in M.
The second condition in (3.14) and (3.13) imply that M; is totally umbilical submanifold in M.
Moreover, by (3.14), it follows that M is a minimal submanifold of M. O

In particular, if the ambient space is a Sasakian space form, one has the following corollary.

Corollary 3.2 Let M(C) be a (4m+3)— dimensional Sasakian space form of constant p— holomorphic sectional
curvature ¢ and M = M; x5 My an n—dimensional non-trivial contact QR-warped product submanifold,

satisfying
I h =26 V(n f) ||* +6. (3.16)

Then, we have

(a) My is a totally geodesic invariant submanifold of M(C) Hence My is a Sasakian space form of

constant @— holomorphic sectional curvature c.

(b) My is a totally umbilical anti-invariant submanifold of M(C) Hence My is a real space form of

sectional curvature € > (c+3)/4.
Proof Statement (a) follows from Theorem 3.1.

Also, we know that Ms is a totally umbilical submanifold of M (¢). The Gauss equation implies that
M, is a real space form of sectional curvature € > (¢ + 3)/4.

Moreover, by (3.3),we see that ¢ = (¢4 3)/4 if and only if the warping function f is constant. O
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