Turkish Journal of Mathematics Turk J Math
(2013) 37: 210 — 217

© TUBITAK
T U B | TAK Research Article doi:10.3906/mat-1107-15

http://journals.tubitak.gov.tr/math/

Global and finitistic dimension of Hopf-Galois extensions

Ling LIUY*, Qiao-Ling GUO?
LCollege of Mathematics, Physics & Information Engineering, Zhejiang Normal University,
Jinhua 321004, P. R. China
2College of Mathematics and Information Engineering, Jiaxing University,
Jiaxing 314001s, P. R. China

Received: 20.07.2011 . Accepted: 03.11.2011 ° Published Online: 19.03.2013 . Printed: 22.04.2013

Abstract: Let H be a Hopf algebra over a field £ and A/B a right H-Galois extension. Then in this note a spectral
sequence for Ext will be constructed which yields the estimate for global dimension of A in terms of the corresponding
data for H and B. As an application, we obtain the Maschke-type theorems for crossed products and twisted smash

products. Finally, the relationship of finitistic dimensions between A and B will be given, if H is semisimple.
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1. Introduction and preliminaries

The definition of Hopf-Galois extension has its roots in the Chase-Harrison-Rosenberg approach to Galois theory
for groups acting on commutative rings (see [4]). In 1969 Chase and Sweedler extended these ideas to coaction of
a Hopf algebra H acting on a commutative k-algebra, for k a commutative ring (see [5]); the general definition
appears in [7] in 1981. Hopf-Galois extensions also generalize strongly graded algebras (here H is a group
algebra) and certain inseparable field extensions (here the Hopf algebra is the restricted enveloping algebra of
a restricted Lie algebra), twisted group rings R * G of a group G acting on a ring R and so on.

Let H be a Hopf algebra over a field k£ and A aright H-comodule algebra, i.e., A is a k-algebra together
with an H -comodule structure pg : A — A® H (with notation a — ag ® a1 ) such that p4 is an algebra map.
Let B be the subalgebra of the H-coinvariant elements, B := A“H := {a € A| pa(a) = a® 1}. Then the
extension A/B is right H-Galois if the map f: A®p A — A® H, given by a®p b— (a® 1)p(b), is bijective.

The aim of this paper is to study the relationship of homological dimensions of Hopf-Galois extensions.

Let A/B be a right H-Galois extension for a Hopf algebra H. If H is finite dimensional, or A is
projective as a left B-module, then in Section 2 we prove that the left global dimension of A is less than or
equal to the sum of the left global dimension of the subalgebra B and the right global dimension of the Hopf
algebra H regarded as an algebra. The result is a consequence of a certain spectral sequence (see Theorem
2.5), which generalizes the main result in [8].

In Section 3, we prove that the left finitistic dimension (which is defined to be the supremum of the

projective dimensions of all finitely generated left modules which have finite projective dimension) of A is less
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than or equal to that of B, if H is a semisimple Hopf algebra.

Throughout this paper, k denotes a fixed field, and we will always work over k. The tensor product
® = ®; and Hom is always assumed to be over k. For an algebra A, denote by A-Mod and Mod-A the
categories of left A-modules and of right A-modules, respectively, and denote by A-mod by the categories of
finitely generated left A-modules. Let 1gl.dim A and rgl.dim A denote the left global dimension and the right
global dimension of A, respectively. For a left A-module M, let proj.dim M denote the projective dimension
of M. The reader is referred to [9] and [12] as general references about Hopf algebras. If C' is a coalgebra, we
use the Sweedler-type notation for the comultiplication: A(c) =¢; ® ¢a, for all c€ C.

By [11], if A/B is right H-Galois, then for any h € H there are r;(h),l;(h) € A,i € I,I being a finite
set such that, for a € A and b € B, one has:

B(E Ti(h) Xp lz(h)) =1®h,

(

Y bri(h) @p li(h) =% ri(h) @p ;(h)b, (
Y agri(a1) ®p li(a1) =1 ®p a, (1.

(

(

—_
—_

Eri(h)li(h) = e(h)l,
Y ri(h) @p Li(h)o ®@1i(h)1 = X ri(h1) @5 l;(h1) @ ha.

—_

Also by [11], the canonical map f: A®p A — A® H, (a ®p b) = aby ® by, is a morphism of modules
in A-Mod and in Mod- A, where
(1) A®p A and A® H are left A-modules with structures

alx@py):i=ax®py, a(r®h):=axh; (1.6)
(2) A®p A and A® H are right A-modules with structures
(x®pyla:=x®pya, (x® h)a:=zag® hay, (1.7)

for a,z,y€ A and h € H.

2. The spectral sequence for Hopf-Galois extensions

Let A/B be a right H-Galois extension for a Hopf algebra H. In this section, we construct a Grothendieck

spectral sequence for certain Ext groups to estimate the global dimensions of Hopf-Galois extensions.

Lemma 2.1 Let V and W be left A-modules. For all ¢ € Homp(V,W) and h € H define ¢h:V — W by
(ph)(v) = Zri(h)o(li(R)v),v € V. Then Homp(V,W) is a right H -module, and there is a canonical k-linear
isomorphism

Homp (k, Homp(V,W)) 2 Homa(V,W),

where k is the trivial right H -module (i.e., H acts via the counit).

Proof By [11, Corollary 3.5], Homp(V, W) is a right H-module via above definition and Homu(V, W) =
Homp(V,W)H (:= {¢ € Homp(V,W) | ¢h = ¢e(h),for allh € H}). And there is a natural isomorphism:
Hom g (k, Homp (V, W)) = Homp (V, W)H . So we get the isomorphism. O
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Lemma 2.2 Let W be a left A-module. Then
Homp (A, W) = Hom(H, W)

as right H -modules, where H acts on the right-hand side by (¢Yh)(1) = ¢(hl) for ¢ € Hom(H,W) and h,l € H.

Proof The restriction functor p(—) can be written as pA ®4 (—). Therefore

Homp(pA,gW) = Homp(pA,pA®4W)=2Homy(A®p A, W)

IR

Hom (A ® H,W) = Hom(H, W).

So we get the isomorphism. O

Let A/B be a right H-Galois extension. Consider the following two functors

A®p — : B-Mod — A-Mod, M— AR M,
B(—) : A-Mod — B-Mod, M — M,

where p(—) is the restriction functor. Let (F,G) be an adjoint pair of functors of abelian categories. If G is

exact, then F' preserves projective objects; if F' is exact, then G preserves injective objects.

Lemma 2.3 Let A/B be a right H-Galois extension for a finite dimensional Hopf algebra H. Then (A ®p
—,B(—)) and (B(—), A®p —) are both adjoint pairs.
Proof By adjoint isomorphism theorem, (A®p —, p(—)) is an adjoint pair. By [6, Theorem 5], (p(—), A®p—)

is also an adjoint pair. O

Lemma 2.4 Let A/B be a right H-Galois extension for a Hopf algebra H. Let V.V’ and W, W' be left
A-modules. If f:V =V’ and g: W — W' are A-module maps, then g.o f*: Homg(V',W) — Homg(V,W’)
is an H -module map. Furthermore, if H is a finite dimensional Hopf algebra or A is projective as a left
B-module, then Extp(V,W) is a right H -module.

Proof The first part can be checked straightforwardly. Let V' and W be left A-modules and let

pri . ip I Lp hip g

n

be a projective resolution of V', so H,(P*) =0 for n # 0 and Hyo(P*) = V. Since H is a finite dimensional
Hopf algebra, by [9, Theorem 8.3.3] or [7, 1.7], A is a finitely generated projective right B-module. This implies
that A ® g — is exact. And together with the fact that (5(—), A®p —) is an adjoint pair, one can obtain that
(=) preserves projective objects. So the restriction of P* to B-Mod is a projective resolution of gV and we
have Extp(V, W) = H*(Homp(P*,W)). By Lemma 2.1 and the first part of this lemma, the components of
the complex Homp(P®, W) are right H-modules and the differential (f), is H-linear. Thus the cohomology
H*(Homp(P*,W)) is a right H-module and hence so is Ext;(V, W). O

Now we obtain the main result of this section as follows.

212



LIU and GUO/Turk J Math

Theorem 2.5 Let A/B be a right H -Galois extension for a Hopf algebra H. Let V and W be left A-modules.
If H is finite dimensional or A is projective as a left B-module, then there is a third quadrant cohomological
spectral sequence

EY = Ext, (k, Exth(V, W)):p» Exty (V,W).

Proof By Lemma 2.4, Exty(k,Ext;(V,W)) makes sense. This spectral sequence can be obtained as
applications of the Grothendieck spectral sequence (cf. [10], Chapter 10). The proof is similar to that of
the proposition in [8]. For the integrity of the paper, we write out the proof. Let W be a left A-module. Define
functors

G : A-Mod — Mod-H, G(V)=Hompg(V,W)

and

F :Mod-H — Mod-k, F(X)=Hompg(k,X).
By Lemma 2.1, F'G is equivalent with the functor Hom4(—, W) and so the right derived functors R"(F'G) are
equivalent with Ext’i (—, W). It is easy to prove that F and G satisfy the conditions of Theorem 10.49 in [10],
hence the required spectral sequence exists. O

The above theorem directly implies the following estimate for the projective dimension of modules.

Corollary 2.6 Let A/B be a right H-Galois extension for a Hopf algebra H. Let V be a left A-module. If
H is finite dimensional or A is projective as a left B-module, then proj.dim oV < proj.dimg (k) + proj.dimgV .
Consequently, lgl.dimA < rgl.dimH + lgl.dimB. In particular, if B and H are both semisimple, then so is A.

Next we recall some notations on crossed products (see [2]). A Hopf algebra H is said to measure an
algebra A if there is a k-linear map H® A — A given by h® a — h-a such that h-(ab) = (hy -a)(h2 -b) and
h-1=¢e(h)l, for all a,b € A and h € H. A map o in Hom(H ® H, A) is said to be convolution invertible
if there exists a map T in Hom(H ® H, A) such that (o x7)(h ® g) = o(h1,91)7(h2,g2) = e(h)e(g)la and
(tx0)(h®g) =71(h1,q1)0(h2,g2) = e(h)e(g)la, for all h,g € H.

Let H be a Hopf algebra and A an algebra. Assume that H measures A and o is a convolution invertible
map in Hom (H ® H, A). The crossed product A#,H of A with H is the set A ® H as a vector space, with
multiplication

(a#oh)(b#sk) = a(hy - b)o(he, k1)#shska
for h,k € H,a,b € A. Here we write a#.h for the tensor product a®h. Then A#,H is an associative algebra

with identity element 1#,1 if and only if the following two conditions are satisfied:
(1) A is a twisted H-module; that is, 1-a =a,Va € A, and

h-(k-a) = o(hi,ki)(hoks-a)o~(hs, k3),

forall h,k€ Hae A.
(2) o is a cocycle; that is, o(h,1) =0o(1,h) =e(h)1,Vh € H, and

(h1 - o(k1,m1))o(he, kama) = o(h, k1)o(haka, m),

for all h,k,me H.
Note that if ¢ is trivial, that is, o(h,k) = e(h)e(k)1, for h,k € H, then (1) of above simply says that

A is an H-module, and (2) of above is trivial. Thus A is a left H-module algebra. Moreover, the definition
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of multiplication as defined above reduces to the multiplication in a smash product, and so A#,H = A#H is
just the smash product (see Definition 4.1.3 of [9]).

Let A#,H be a crossed product. Then A#,H/A is a right H-Galois extension (in fact, A#,H/A is
exactly a right H-Galois extension and has the normal basis property) (see [3, Theorem 1.18]). Also, A#,H
is projective (in fact, free) as a left A-module, so by Corollary 2.6 we get the Maschke-type theorem for crossed

products as follows.

Corollary 2.7 Let A#,H be a crossed product. Then lgl.dimA#,H < rgl.dimH + lgl.dimA. In particular, if
A and H are both semisimple (of gl.dim 0), then so is A#.H .

We now give a new example of Hopf-Galois extension and get the Maschke-type theorem for this example

which generalizes the main result in [15].

Let H be a Hopf algebra, and let A be an H -bimodule algebra (i.e., A is an H -bimodule, a left H -module
algebra and a right H -module algebra) with the left H -module action — and the right H -module action «—.
So we can form the twisted smash product A« H with the multiplication on A® H as

(axh)(b*g) = a(hy — b+ S(h3)) * hag

for all a,b € A h,g € H. Then Ax H is an algebra with the unit 1+ 1 (see [14]). The twisted smash product
contains the usual smash product and the Drinfeld double (see [9, Chapter 10]), so it plays an important role
in quantum group theory. We can check easily that A« H is a right H -comodule algebra with the comodule
structure a* h— a*hy @ hy and (Ax H)H = Ax 1~ A,

Proposition 2.8 Let Ax H be a twisted smash product. Then Ax H/A is a right H-Galois extension.

Proof To see that A H/A is a right H-Galois extension, we recall the Galois map

B:AxHu AxH — AxHQ®H,
(axh)®a(bxg) — (axh®1)(bxg1 ®gs)
= (a*h)(b*gl)@)gg,

and we construct an inverse map « for § defined by

a:AxHQH — AxH®sAxH,
axh®g +— (axh)(1%S(g1)) ®a (1% ga2).

We only need prove that « is the inverse of 3. For all a,b € A, h,g € H we compute

Bal(axh) @ g] Bllaxh)(1xS(g1)) ®a (1% g2)]
(axh)(1*S(g1))(1*g2) ® g3

(axh)(1x1)®@g=(axh)®g,
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and
aff(axh)®@a(bxg)] = aflaxh)(bxg1)® g

= (axh)(bxg1)(1#5(g2)) @a (1%gs)
= (axh)[b(gr — 1 S(g3)) * 925(94)] ®a (1% g5)
= (axh)(bx1)®4 (1xg)
= (axh)®4 (bx1)(1*g)
= (axh)®a (b*g).

Thus A+ H/A is a right H-Galos. D

In what follows, we obtain a Maschke-type theorem for the twisted smash product generalizing Theorem
5.3 of [13] in which the authors need additional condition.

Corollary 2.9 Let AxH be a twisted smash product. Then lgl.dimAx H < rgl.dimH + lgl.dimA . In particular,
if A and H are both semisimple, then so is A x H .

3. Finitistic dimension of Hopf-Galois extensions
Let A/B be a right H-Galois extension for a semisimple Hopf algebra H. In this section, we consider
relationships between the finitistic dimensions of A and B.

Recall from [1] that the finitistic dimension of an algebra A is defined to be
fin.dim(A) = sup{proj.dim(M)| M € A-mod and proj.dim(M) < cc}.

H. Bass in [1] conjectured that fin.dim(A) < oo for any finite dimensional algebra A. This conjecture is still
open.

Lemma 3.1 Let A/B be a right H -Galois extension for a semisimple Hopf algebra H . Then for any A-module
M, M is an A-direct summand of A®p M .
Proof First define f: AR M — M by a®p m +— am for a € A and m € M. Obviously, f is an
A-epimorphism.

Since H is semisimple, there exists a right integral ¢ (i.e., th = e(h)t, for all h € H) satisfying () =1
(see [9, Theorem 2.2.1]). Define g : M — A®p M via g(m) = Zr;(t) ®p l;(t)m for m € M. Next, we show
that g is A-linear. It suffices to show that Xr;(t) ®p l;(t)a = Tar;(t) ®p l;(t),Va € A. In fact, for a € A, we

have

(L7

B(ETi(t) ®Bl; (t)a) = B(ETi(t) Xp li(t))a

(L (I1®t)a (L ap ® tay

= aq®te(a1) =a®t

(L6) a(l1®t) D, (3 (t) @p 1 (1))

(1.6)

B(Xari(t) ®@p li(t)).
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Since 3 is bijective, we get Xr;(t) ®p l;(t)a = Tar;(t) ®p ;(t),Va € A.
Finally, for any m € M,

fg(m) = f(Eri(t) @p Li(t)m) = Xri(t)Li(t)m =" e(t)m = m.

Thus M is an A-direct summand of A ®p M . O

Lemma 3.2 Let A/B be a right H-Galois extension for a semisimple Hopf algebra H. Then for each A-
module M , proj.dim (4M) = proj.dim (gM).
Proof Any semisimple Hopf algebra H is finite dimensional, since any semisimple Hopf algebra is separable
(Let k be a field. An associative k-algebra A is said to be separable if for every field extension FE/k the
algebra A ® E is semisimple), and a separable algebra over a field is finite dimensional (see [9, Corollary
2.2.2]). Combining the proof of Lemma 2.4, we obtain that any projective resolution of M as an A-module is
also a projective resolution of M as a B-module. It implies that proj.dim (zM) < proj.dim (4M).
Conversely, since (A ®p —, p(—)) is an adjoint pair and p(—) is exact, we have A ®p P is a projective
A-module for each projective B-module P. We may assume that proj.dim (gM) =n < oo, and let P be a
projective resolution of M as a B-module of length n. Then A®p P is a projective resolution of A ®p M as
an A-module. The exactness of this sequence is determined by the projectiveness of A as a right B-module. It
implies proj.dim (4(A®p M)) < proj.dim (pM). Also by Lemma 3.1, M is an A-direct summand of A®p M,
it follows that proj.dim (4M) < proj.dim (4(A ®p M)). Thus proj.dim (4 M) < proj.dim (gM). The proof
is completed. O

Following from lemma 3.2, we immediately obtain the main result of this section as follows.

Theorem 3.3 Let A/B be a right H-Galois extension for a semisimple Hopf algebra H. Then fin.dim(A) <
fin.dim(B).

We now apply the above theorem to crossed products and twisted smash products.

Corollary 3.4 Let H be a semisimple Hopf algebra as well as its dual H*, and A#,H be a crossed product.
Then fin.dim(A#,H) = fin.dim(A).

Proof First, A#,H/A is a right H-Galois extension and H is semisimple, by Theorem 3.3 we have
fin.dim(A#,H) < fin.dim(A).

Note that A#,H is a left H*-module algebra via ¢ - (a#-h) = a#s(p = h) =< ¢, ha > a#shy, for
a#tsh € A#,H and f € H*. Thus A#,H and H* form a smash product algebra (A#,H)#H*. It is well
known that the smash product is a special case of crossed products. So (A#,H)#H*/A#,H is also a right
H*-Galois extension. Combining the semisimplicity of H*, we have fin.dim ((A#,H)#H*) < fin.dim (A#,H).
By [3, Theorem 2.2], (A#,H)#H* = M, (A), where n = dim H, so it is Morita equivalent to A. It follows
that fin.dim (A) = fin.dim ((A#.H)#H*). Then

fin.dim(A) = fin.dim((A#, H)#H") < fin.dim(A#,H) < fin.dim(A).

Therefore fin.dim (A#,H) = fin.dim(A). O
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Corollary 3.5 Let H be a semisimple Hopf algebra, and Ax H be a twisted smash product. Then fin.dim(A *
H) < fin.dim(A).
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