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Abstract: In this paper, we first study the properties of strongly Gorenstein flat (resp. Gorenstein FP-injective)

modules which are special Gorenstein projective (resp. Gorenstein injective) modules, and use them to prove that the

global strongly Gorenstein flat dimension and the global Gorenstein FP-injective dimension of a ring R are identical

when R is n-FC or commutative coherent. Finally, we show that if R is a commutative Noetherian ring, then, for any

R -module M , SGfdRM = GpdRM , and hence SGfdRM < ∞ if and only if GfdRM < ∞ , where SGfdRM denotes the

strongly Gorenstein flat dimension of M .

Key words: Strongly Gorenstein flat modules, global strongly Gorenstein flat dimension, Gorenstein FP-injective

modules, global Gorenstein FP-injective dimension

1. Introduction

Throughout this paper, R denotes an associative ring with identity and all modules are, if not specified
otherwise, left R -modules. We use ModR to denote the class of left R -modules, and use pdRM , idRM ,
fdRM to denote, respectively, the projective, injective and flat dimensions of a module M in ModR . Given
a class X of R -modules, a sequence is Hom(−,X )-exact if it is exact after applying the functor Hom(−, X)

for all X ∈ X . The sequence is Hom(X ,−)-exact if it is exact after applying the functor Hom(X,−) for all
X ∈ X .

Let P stand for the class of all projective R -modules, and I stand for the class of all injective R -modules.
Recall that a module M in ModR is called Gorenstein projective [11] if there exists a Hom(−,P)-exact exact
sequence

· · · −→ P1 −→ P0 −→ P 0 −→ P 1 −→ · · ·

of projective modules such that M = Ker(P0 → P 0). Dually, M is Gorenstein injective if there exists a

Hom(I,−)-exact exact sequence

· · · −→ E1 −→ E0 −→ E0 −→ E1 −→ · · ·

of injective modules such that M = Ker(E0 → E0).

Gorenstein projective and Gorenstein injective modules were introduced by Enochs and Jenda [11] and

further studied by many authors (see, e.g., [3]–[6], [11]–[13], [15]–[16]). These modules have nice properties when

the ring in question is n-Gorenstein (that is, the ring is a left and right Noetherian ring with left and right
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self-injective dimension at most n). Following [17], a module is called FP-injective if Ext1(N, M) = 0 for any
finitely present R -module N . The FP-injective dimension of M , denoted by FP-idRM , is defined similarly to
the classical injective dimension. A ring is called an n-FC ring [7] if R is a left and right coherent ring with
FP-idRR ≤ n and FP-idRR ≤ n . Let F be the class of flat R -modules, and let FI be the class of FP-injective
R -modules. In [9], a particular case of Gorenstein projective modules which is called strongly Gorenstein flat

modules was introduced. An R -module M is called strongly Gorenstein flat if there exists a Hom(−,F)-exact
exact sequence

· · · −→ P1 −→ P0 −→ P 0 −→ P 1 −→ · · ·

of projective modules such that M = Ker(P0 → P 0). Dual to the definition of strongly Gorenstein flat modules,

in [10], a particular case of Gorenstein injective modules which is called Gorenstein FP-injective modules was

introduced. An R -module M is called Gorenstein FP-injective if there exists a Hom(FI,−)-exact exact
sequence

· · · −→ E1 −→ E0 −→ E0 −→ E1 −→ · · ·

of injective modules such that M = Ker(E0 → E0). We notice that strongly Gorenstein flat and Gorenstein

FP-injective modules are also called Ding projective and Ding injective modules in [14], respectively. These two

classes of modules have been treated by different authors (see, e.g., [9, 10, 14]). In this paper, we continue to
study strongly Gorenstein flat and Gorenstein FP-injective modules. We use SGfdRM to denote the strongly
Gorenstein flat dimension of a module M in ModR , which is defined as the smallest non-negative integer n

such that there exists an exact sequence

0 −→ Gn −→ Gn−1 −→ · · · −→ G0 −→ M −→ 0

with each Gi strongly Gorenstein flat. If no such n exists, set SGfdRM = ∞ . We use GFP-idRM to denote
the Gorenstein FP-injective dimension of a module M in ModR , which is defined as the smallest non-negative
integer n such that there exists an exact sequence

0 −→ M −→ T0 −→ · · · −→ Tn−1 −→ Tn −→ 0

with each Ti Gorenstein FP-injective. If no such n exists, set GFP-idRM = ∞ .

This paper is organized as follows. In Section 2, we study some homological properties of strongly
Gorenstein flat modules over a general ring. For example, we prove that the class of strongly Gorenstein flat
R -modules is projectively resolving, and for any module M with finite strongly Gorenstein flat dimension
n ≥ 1, then there is an exact sequence 0 −→ T −→ N

ϕ−−−−→ M −→ 0 such pdRT = n− 1 and N is strongly
Gorenstein flat, and furthermore, ϕ is a strongly Gorenstein flat precover. We also obtain some criteria for
computing the strongly Gorenstein flat dimension of modules, and prove that if M is an R -module of finite flat
dimension then SGfdRM = pdRM . This result generalizes [9, Corollary 2.5] which shows that an R -module
M is projective if and only if M is flat and strongly Gorenstein flat. We remark that all results concerning
strongly Gorenstein flat dimension in this section have a Gorenstein FP-injective counterpart.

In Section 3, we introduce the notions of the global strongly Gorenstein flat dimension and the global
Gorenstein FP-injective dimension of rings. We give some characterizations of strongly Gorenstein flat and
Gorenstein FP-injective modules over the rings of finite global strongly Gorenstein flat dimension and finite
global Gorenstein FP-injective dimension, respectively. We also prove that these two dimensions of a ring R

are identical when R is n-FC or commutative coherent by using the results shown in Section 2.
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Section 4 is devoted to studying the strongly Gorenstein flat dimension over a commutative Noetherian
ring. In particular, we show that if R is a commutative Noetherian ring of finite Krull dimension, then, for any
R -module M , SGfdRM = GpdRM , and hence SGfdRM < ∞ if and only if GfdRM < ∞ .

2. Homological properties of strongly Gorenstein flat modules

In this section we give some properties of strongly Gorenstein flat modules. Notice that all the results in this
section have a Gorenstein FP-injective counterpart. These results will be used to study the global strongly
Gorenstein flat dimension and the global Gorenstein FP-injective dimension (see Section 3).

Let M be a class of R -modules. We use M⊥ to denote the class of all modules N such that
Exti(M, N) = 0 for any M ∈ M and i ≥ 1, and use ⊥M to denote the class of modules N such that

Exti(N, M) = 0 for any M ∈ M and i ≥ 1.

Lemma 2.1 An R -module M is strongly Gorenstein flat if and only if M ∈ ⊥F and there exists an exact
sequence

0 −→ M −→ P 0 −→ P 1 −→ · · ·

such that it is Hom(−,F)-exact, where P i is projective for any i ≥ 0 . In particular, if M is strongly Gorenstein

flat, then Exti(M, H) = 0 for any R -module H with finite flat dimension and i ≥ 1 .

Proof Immediately from the definition and a dimension-shifting argument. �

Definition 2.2 ( [1]) A class X is called projectively resolving if P ⊆ X , and for every short sequence

0 −→ X′ −→ X −→ X′′ −→ 0 in ModR with X′′ ∈ X the conditions X′ ∈ X and X ∈ X are equivalent.

We use SGF to denote the class of strongly Gorenstein flat R -modules. By [9, Proposition 2.10], SGF
is projectively resolving over a right coherent ring. In the following, we show that it is true over any ring.

Lemma 2.3 SGF is projectively resolving, and closed under arbitrary direct sums and direct summands.

Proof Routine arguments show that SGF contains all projective R -modules and is closed under arbitrary
direct sums. Also by [15, Proposition 1.4], SGF is closed under direct summands. Let

0 −→ M ′ −→ M −→ M ′′ −→ 0

be an exact sequence in ModR . If M ′ and M ′′ are strongly Gorenstein flat, then so is M by Lemma 2.1,
using the similar method as in the proof of the “horseshoe lemma”. Now assume that M ′′ and M are strongly

Gorenstein flat. We will show that M ′ is also strongly Gorenstein flat in the following. Notice that ⊥F is

projectively resolving, so M ′ ∈ ⊥F . Thus, by Lemma 2.1, we only need to prove that M ′ admits an exact

sequence 0 −→ M ′ −→ P 0 −→ P 1 −→ · · · in ModR with each P i projective, such that it is Hom(−,F)-exact.

Since M is strongly Gorenstein flat, there is an exact sequence 0 −→ M −→ P 0 −→ C −→ 0 with P 0 projective
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and C strongly Gorenstin flat. Consider the following push-out diagram:

0 0

0 M ‘ M M ‘’ 0

0 M ‘ P 0 A 0

C C

0 0.

Then A is strongly Gorenstein flat by the preceding proof since M ′′ and C are strongly Gorenstein flat. Thus

there is an exact sequence 0 −→ A −→ P 1 −→ P 2 −→ · · · with each P i projective such that it is Hom(−,F)-

exact. Now, note that the exact sequence 0 −→ M ′ −→ P 0 −→ A −→ 0 is Hom(−,F)-exact by Lemma 2.1

since A is strongly Gorenstein flat, we get an exact sequence 0 −→ M ′ −→ P 0 −→ P 1 −→ P 2 −→ · · ·, which
is the desired sequence. �

Lemma 2.4 Let M ∈ ModR , and let

0 −→ Kn −→ Gn−1 −→ · · · −→ G0 −→ M −→ 0

and

0 −→ K′
n −→ G′

n−1 −→ · · · −→ G′
0 −→ M −→ 0

be exact sequences in ModR with all Gi and G′
i strongly Gorenstein flat. Then Kn is strongly Gorenstein flat

if and only if K′
n is strongly Gorenstein flat.

Proof It follows from Lemma 2.3 and [1, Lemma 3.12]. �

Let C be a class of R-modules and M an R-module. Following [12], we say that a homomorphism ϕ :

C −→ M is a C -precover if C ∈ C and the abelian group homomorphism Hom(C ′, ϕ) : Hom(C ′, C) −→ Hom(C ′, M)

is surjective for each C ′ ∈ C . Dually we have the definition of a C -preenvelope.

Lemma 2.5 Let M ∈ ModR with finite strongly Gorenstein flat dimension n ≥ 1 . Then there is an exact
sequence 0 −→ T −→ N

ϕ−−−−→ M −→ 0 such that pdRT = n − 1 and N is strongly Gorenstein flat. In
particular, ϕ is a SGF -precover of M .

Proof Let 0 −→ K′ −→ Pn−1 −→ · · · −→ P0 −→ M −→ 0 be an exact sequence in ModR with each Pi

projective. Then K′ is strongly Gorenstein flat by Lemma 2.4. Hence there exists an exact sequence

0 −→ K′ −→ Q0 −→ · · · −→ Qn−1 −→ G −→ 0

221



YANG/Turk J Math

in ModR such that it is Hom(−,F)-exact, where Qi is projective for any 0 ≤ i ≤ n − 1 and G is strongly
Gorenstein flat. Thus we can complete the following commutative diagram with exact rows

0 K ‘

=

Q0

λ 0

τ 0

Q1

λ 1

. . . Qn− 1

λn− 1

τ n− 1

G

λ

0

0 K ‘ Pn− 1

σn− 1
Pn− 2 . . . P0

σ0
M 0.

Let C . . . 0 Q0 δn
Pn− 1 ⊕Q1

δn− 1
Pn− 2 ⊕Q2 . . .

P1 ⊕Qn− 1 δ1
P0 ⊕G

δ0
M 0,

where δn(x) = (λ0(x),−τ0(x)), δ0(a, b) = σ0(a) + λ(b), and

δi(a, b) = (σi(a) + λn−i(b),−τn−i(b))

for i = 1, 2, . . . , n − 1. Then one can check that C is exact. Let K = Kerδ0 , then

0 −→ K −→ P0 ⊕ G
δ0−−−−→ M −→ 0 is exact, where P0 ⊕ G is strongly Gorenstein flat and pdRK ≤ n − 1.

Furthermore, pdRK = n−1 since SGfdRM = n . Now, by Lemma 2.1, one can check that δ0 is a SGF -precover
of M . �

Proposition 2.6 Let 0 −→ M ′ −→ M −→ M ′′ −→ 0 be an exact sequence in ModR . If M ′ and M are
strongly Gorenstein flat modules. Then the following statements are equivalent.

1. M ′′ is strongly Gorenstein flat.

2. M ′′ is Gorenstein projective.

3. Ext1(M ′′, P ) = 0 for any projective module P .

4. Ext1(M ′′, F ) = 0 for any flat module F .

Proof (1) ⇒ (4) by Lemma 2.1.

(4) ⇒ (3) is trivial.

(3) ⇒ (1) Since SGfdRM ′′ ≤ 1, we have an exact sequence 0 −→ P −→ G −→ M ′′ −→ 0 in ModR by

Lemma 2.5, where P is projective and G is strongly Gorenstein flat. Then M ′′ is a direct summand of G since

Ext1(M ′′, P ) = 0, and hence M ′′ is strongly Gorenstein flat by Lemma 2.3.

(2) ⇒ (3) follows from [15, Proposition 2.3].

(3) ⇒ (2) holds by [15, Corollary 2.11] since strongly Gorenstein flat modules are Gorenstein projective.
�
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Proposition 2.7 Let 0 −→ K −→ G −→ M −→ 0 be an exact sequence in ModR , then the following state-
ments hold.

(1) If any two of the modules K, G and M have finite strongly Gorenstein flat dimension, then so has
the third.

(2) If G strongly Gorenstein flat and SGfdRM ≥ 1 , then SGfdRK = SGfdRM − 1 .

Proof (1) Using [2, Proposition 3.4] and the dual versions of Lemmas 2.3 and 2.4, we can complete the proof.

(2) We may assume that SGfdRM = n < ∞ since SGfdRK = ∞ whenever SGfdRM = ∞ . If n = 1,
then the assertion holds obviously. Assume that n ≥ 2 and

· · · −→ Gn−1 −→ Gn−2 −→ · · · −→ G0 −→ K −→ 0

is a strongly Gorenstein flat resolution of K . Then

· · · −→ Gn−1 −→ Gn−2 −→ · · · −→ G0 −→ G −→ M −→ 0

is a strongly Gorenstein flat resolution of M . Thus we have that

Kn−1 = Ker(Gn−2 → Gn−3),

where G−1 = G is strongly Gorenstein flat by Lemma 2.4, and therefore SGfdRK ≤ n − 1. Furthermore,
SGfdRK = n − 1 since SGfdRM = n . �

Proposition 2.8 Let M ∈ ModR with finite strongly Gorenstein flat dimension and n ∈ N . Then the following
statements are equivalent.

1. SGfdRM ≤ n .

2. Exti(M, H) = 0 for any R -module H with finite flat dimension and i > n .

3. Exti(M, F ) = 0 for any flat R -module F and i > n .

4. For every exact sequence 0 −→ Kn −→ Gn−1 −→ · · · −→ G0 −→ M −→ 0 with Gi strongly Gorenstein
flat, Kn is strongly Gorenstein flat.

Proof (1) ⇒ (2) Assume that SGfdRM ≤ n . Then there exists an exact sequence

0 −→ Gn −→ · · · −→ G0 −→ M −→ 0,

in ModR with Gi strongly Gorenstein flat for any 0 ≤ i ≤ n . Thus we have

Exti(M, H) ∼= Exti−n(Gn, H) = 0

for any R -module H with finite flat dimension and i > n by Lemma 2.1.

(3) ⇒ (4) Let

0 −→ Kn −→ Gn−1 −→ · · · −→ G0 −→ M −→ 0 (∗)

be an exact sequence in ModR , where Gi is strongly Gorenstein flat for any 0 ≤ i ≤ n−1. Then Exti(Kn, F ) ∼=
Exti+n(M, F ) = 0 for any i ≥ 1. Decomposing (∗) into short exact sequences and applying Proposition 2.7,
we have SGfdRKn < ∞ since SGfdRM < ∞ . Hence there exists an exact sequence

0 −→ G′
m −→ · · · −→ G′

0 −→ Kn −→ 0
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in ModR with G′
i strongly Gorenstein flat. We decompose it into short exact sequences

0 −→ C ′
j −→ G′

j−1 −→ C ′
j−1 −→ 0

for any 1 ≤ j ≤ m , where C ′
m = G′

m and C ′
0 = Kn . Now by Lemma 2.1 we have that Ext1(C ′

j−1, F ) ∼=
Extj(Kn, F ) = 0 for any flat R -module F and 1 ≤ j ≤ m . Thus C ′

0, · · · , C ′
m are strongly Gorenstein flat by

Proposition 2.6. This shows that Kn = C ′
0 is strongly Gorenstein flat.

(2) ⇒ (3) and (4) ⇒ (1) are obvious. �

By [9, Corollary 2.5], an R -module M is projective if and only if M is flat and strongly Gorenstein flat.
Here we will give a generalization of this result. On the other hand, one can check easily that SGfdRM ≤ pdRM

for any module M , and the equality holds if pdRM < ∞ . In the following we show that the equality holds
when fdRM < ∞ .

Proposition 2.9 If M ∈ ModR with fdRM < ∞ , then SGfdRM = pdRM .

Proof It suffices to show pdRM ≤ SGfdRM . We may assume that SGfdRM < ∞ . If M is strongly
Gorenstein flat, then there exists an exact sequence

0 −→ M −→ P −→ M ′ −→ 0

in ModR , where M ′ is strongly Gorenstein flat and P is projective. Since fdRM < ∞ , Ext1(M ′, M) = 0 by
Lemma 2.1. This implies that M is a direct summand of P , and hence M is projective.

Now let SGfdRM = n > 0. By Lemma 2.5, there exists an exact sequence

0 −→ K −→ G −→ M −→ 0

in ModR , where G is strongly Gorenstein flat and pdRK = n − 1. Since G is strongly Gorenstein flat,

there exists an exact sequence 0 −→ G −→ P −→ G′ −→ 0 in ModR , where P is projective and G′ is strongly
Gorenstein flat. Now consider the following push-out diagram

0 0

0 K G M 0

0 K P W 0

G‘ G‘

0 0.

Since P is projective and pdRK = n − 1, we have pdRW ≤ n by the exactness of the middle row in the

above diagram. Note that G′ is strongly Gorenstein flat, then Ext1(G′, M) = 0 by Lemma 2.1, and hence

W ∼= M ⊕ G′ . This implies that pdRM ≤ pdRW ≤ n . �

Dually, we have the following result.
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Proposition 2.10 If M ∈ ModR with FP-idRM < ∞ , then GFP-idRM = idRM .

3. The global strongly Gorenstein flat dimension and the global Gorenstein FP-injective dimen-
sion

In this section, we study the global strongly Gorenstein flat dimension and the global Gorenstein FP-injective
dimension. First we introduce the following notions.

Definition 3.1 The left global strongly Gorenstein flat dimension is defined as

lSGFD(R) = sup
{

SGfdR(M)
∣∣∣∣ M ∈ ModR

}
.

Dually, the left global Gorenstein FP-injective dimension is defined as

lGFID(R) = sup
{

GFP-idR(M)
∣∣∣∣ M ∈ ModR

}
.

We get the following criterion for determining whether a given module is strongly Gorenstein flat when
lSGFD(R) is finite.

Proposition 3.2 If lSGFD(R) ≤ n , then M is strongly Gorenstein flat if and only if there exists an exact
sequence

0 −→ M −→ P 0 −→ P 1 −→ · · · −→ P n

in ModR with each P i projective.

Proof The necessity is trivial. For the sufficiency, consider the exact sequence

0 −→ M −→ P 0 −→ P 1 −→ · · · −→ P n −→ Cn −→ 0

in ModR , where each P i is projective and Cn = Coker(P n−1 −→ P n). Let H ∈ ModR with fdRH < ∞ . By

assumption, we have SGfdR(Cn) ≤ n , thus M is strongly Gorenstein flat by Proposition 2.8. �

Dually we have the following proposition.

Proposition 3.3 If lGFID(R) ≤ n , then M is Gorenstein FP-injective if and only if there exists an exact
sequence

En −→ · · · −→ E1 −→ E0 −→ M −→ 0

in ModR with each Ei injective.

Lemma 3.4 If lSGFD(R) < ∞ , then the following statements are equivalent for any n ∈ N .

1. lSGFD(R) ≤ n .

2. idRH ≤ n for any H ∈ ModR with finite flat dimension.

Proof (1) ⇒ (2) Let H ∈ ModR with finite flat dimension. Then by assumption, we get that Exti(M, H) = 0
for any R -module M and i ≥ n + 1. Thus idRH ≤ n .

(2) ⇒ (1) Let M ∈ ModR . Since Exti(M, H) = 0 for any R -module H with finite flat dimension and

i ≥ n + 1, SGfdRM ≤ n by Proposition 2.8. Thus lSGFD(R) = sup{SGfdRM | M is an R-module} ≤ n . �
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The following definitions are analogs of the so called strongly Gorenstein projective and strongly Goren-
stein injective modules in [3].

Definition 3.5 An R -module M is called strongly ∗-Gorenstein flat if there exists an exact sequence of
projective R -modules

· · · −→ P
f−−−−→ P

f−−−−→ P
f−−−−→ P −→ · · ·

such that M ∼= Kerf and it is Hom(−,F)-exact. Dually, an R -module M is called Gorenstein ∗-FP-injective
if there exists an exact sequence of injective R -modules

· · · −→ E
g−−−−→ E

g−−−−→ E
g−−−−→ E −→ · · ·

such that M ∼= Kerg and it is Hom(FI,−)-exact.

Remark 3.6 By definition, strongly ∗-Gorenstein flat modules are strongly Gorenstein flat, and an R -module
M is strongly ∗-Gorenstein flat if and only if there exists an exact sequence

0 −→ M −→ P −→ M −→ 0

with P projective and there is an i ≥ 1 such that Exti(M, F ) = 0 for any flat R -module F . Gorenstein
∗-FP-injective modules are Gorenstein FP-injective, and an R -module M is Gorenstein ∗-FP-injective if and
only if there exists an exact sequence

0 −→ M −→ E −→ M −→ 0

with E injective and there is an i ≥ 1 such that Exti(E, M) = 0 for any FP-injective R -module E .

For any complexes X and Y , Hom(X, Y) denotes the complex of Abelian groups with the degree-n term

Hom(X, Y)n =
∏
t∈Z

Hom(Xt, Yn+t)

and whose boundary operators are

δn((ft)t∈Z) = (δn+t
Y

ft − (−1)nft+1δt
X
)t∈Z.

Using a similar method as in [3, Theorem 2.7], we have the following result.

Lemma 3.7 An R -module is strongly Gorenstein flat if and only if it is a direct summand of a strongly ∗-
Gorenstein flat module.

Proof Let M be a strongly Gorenstein flat R -module. Then there exists an exact sequence of projective
R -modules

P ≡ · · · −→ P1
dP

1−−−−→ P0
dP

0−−−−→ P−1

dP

−1−−−−→ P−2 −→ · · ·

such that M ∼= ImdP

0 and it is Hom(−,F)-exact. For m ∈ Z , let
∑m

P be the exact sequence obtained from

P by decreasing all indexes by m , i.e., (
∑m

P)i = Pi−m and d
�m

P

i = dP

i−m for all i ∈ Z . Consider the exact
sequence

Q = ⊕(ΣmP) ≡ · · · −→ Q = ⊕Pi
⊕dP

i−−−−→ Q = ⊕Pi
⊕dP

i−−−−→ Q = ⊕Pi −→ · · · .
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Since Im(⊕dP

i ) ∼= ⊕ImdP

i , M is a direct summand of Im(⊕dP

i ). Moreover,

Hom(Q, F ) = Hom(⊕(ΣmP), F ) ∼= ΠHom(ΣmP, F )

is exact for any flat R -module F . Thus Im(⊕dP

i ) is a strongly ∗ -Gorenstein flat module. This shows that M

is a direct summand of a strongly ∗ -Gorenstein flat module Im(⊕dP

i ). The converse assertion holds by Lemma
2.3. �

By [8], a ring R is called an n-FC ring if R is a left and right coherent ring with both FP-idRR and
FP-idRR at most n .

Lemma 3.8 ( [8, Theorem 3.8])Let R be an n-FC ring, then fdRE ≤ n for any FP-injective R -module E ,
and FP-idRF ≤ n for any flat R -module F .

By [8], lIFD(R) := sup{fdRE | E is an injective R-module} . Dually, rIFD(R) := sup{fdRE | E is an

injective right R -module}.
By [9], lFID(R) := sup{idRF | F is a flat R-module} .

Lemma 3.9 ( [8, Theorems 3.5 and 3.8]) Let R be a ring, then

lIFD(R) = sup{fdRE | E is a FP-injective R-module}.

Furthermore, if R is a left coherent ring, then

rIFD(R) = sup{FP-idRN | N is a flat R-module}.

Lemma 3.10 Let R be a ring, then lFID(R) ≤ lSGFD(R) and lIFD(R) ≤ lGFID(R) .

Proof By [9, Proposition 3.2], lFID(R) ≤ lSGFD(R). In the following we show lIFD(R) ≤ lGFID(R). We

may assume that lGFID(R) = n < ∞ . Let C be a FP-injective module and M any R -module, then there
exists an exact sequence

0 −→ M −→ E0 −→ · · · −→ En −→ 0

with each Ei Gorenstein FP-injective. By the dual version of Lemma 2.1, we have Extn+1(C, M) ∼= Ext1(C, En) =

0, and so pdRC ≤ n . Hence lIFD(R) ≤ n by Lemma 3.9. �

Lemma 3.11 Let R be a commutative coherent ring, then the following statements hold:

1. If lSGFD(R) ≤ n , then fdRE ≤ n for any FP-injective R -module E .

2. If lGFID(R) ≤ n , then FP-idRF ≤ n for any flat R -module F .

Proof (1) By Lemma 3.10, lFID(R) ≤ lSGFD(R) ≤ n , and so lIFD(R) ≤ n by Lemma 3.9. Thus fdRE ≤ n

for any FP-injective R -module E .

(2) If lGFID(R) ≤ n , then rIFD(R) = lIFD(R) ≤ n by Lemma 3.10 and R is a commutative ring, and
hence FP-idRF ≤ n for any flat R -module F by Lemma 3.9. �

We are now in a position to give the following result.
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Theorem 3.12 Let R be a ring, then lSGFD(R) = lGFID(R) under each of the following conditions:

1. R is an m-FC ring; or

2. R is a commutative coherent ring.

Proof We will prove lGFID(R) ≤ lSGFD(R), and dually one can check that lSGFD(R) ≤ lGFID(R). We may

assume that lSGFD(R) = n < ∞ . Let M be an R -module. First assume that M is strongly ∗ -Gorenstein
flat. Then there exists an exact sequence 0 −→ M −→ P −→ M −→ 0 in ModR with P projective. Take
an injective resolution 0 −→ M −→ I0 −→ · · · −→ In −→ · · · of M , and consider the following commutative
diagram:

0 0 0

0 M P M 0

0 I0 I0 ⊕ I0 I0 0

...
...

...

0 Kn En Kn 0

0 0 0.

Since idRP ≤ n by Lemma 3.4, we have En is injective. Let T be a FP-injective R -module, then, by Lemma

3.8 or Lemma 3.11, fdRT < ∞ . Thus pdRT = SGfdRT ≤ n by Proposition 2.9, and hence Exti(T, Kn) = 0
for any i ≥ n + 1. This implies that Kn is Gorenstein ∗ -FP-injective by Remark 3.6, and so GFP-idRM ≤ n .

If M is a strongly Gorenstein flat module, then GFP-idRM ≤ n since every strongly Gorenstein flat
R -module is a direct summand of a strongly ∗ -Gorenstein flat R -module by Lemma 3.7.

Now we may assume that SGfdRM = k = 0. Let 0 −→ K −→ N −→ M −→ 0 be an exact sequence
with N projective, then SGfdRK = k − 1 by Proposition 2.7(2). By induction on k we have GFP-idRK ≤ n .
Since GFP-idRN ≤ n by the preceding proof, we have GFP-idRM ≤ n by the dual versions of Propositions
2.7(1) and 2.8. �

4. Strongly Gorenstein flat dimension over commutative Noetherian rings

Recall that a module M in ModR is called Gorenstein flat [12] if there exists an exact sequence

· · · −→ F1 −→ F0 −→ F 0 −→ F 1 −→ · · ·
of flat modules such that it is exact after applying the functor I ⊗ − for any injective module I and M =

Ker(F0 → F 0). We use GfdRM to denote the Gorenstein flat dimension of a module M in ModR , which is
defined as the smallest non-negative integer n such that there exists an exact sequence

0 −→ Gn −→ Gn−1 −→ · · · −→ G0 −→ M −→ 0
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with each Gi Gorenstein flat. If no such n exists, set GfdRM = ∞ .

We start with the following lemma.

Lemma 4.1 Let R be a commutative Noetherian ring of finite Krull dimension and M be an R -module. If

GfdRM < ∞ and Exti(M, F ) = 0 for any flat R -module F and any i ≥ 1 , then M is Gorenstein flat, and
there is a monic flat preenvelope M −→ P with P projective.

Proof Since GfdRM < ∞ , there is a monomorphism 0 −→ M −→ L with fdRL < ∞ by [6, Lemma 2.19].

Let E and E′ be any injective modules, then Hom(E, E′) is flat. Thus, for any i ≥ 1, Hom(Tori(E, M), E′) ∼=
Hom(Tori(M, E), E′) ∼= Exti(M, Hom(E, E′)) = 0, and hence Tori(E, M) = 0. This implies that M is Goren-

stein flat by [15, Theorem 3.14] and there is a monic flat preenvelope M −→ P with P projective by [18,

Theorem 4.2.8] and [13, Lemma 2.4]. �

Theorem 4.2 Let R be a commutative Noetherian ring of finite Krull dimension, M be an R -module and
n ∈ N . Then the following statements are equivalent.

1. SGfdRM ≤ n .

2. GpdRM ≤ n .

3. GfdRM < ∞ and Exti(M, F ) = 0 for all flat R -modules F and all i ≥ n + 1 .

4. GfdRM < ∞ and Exti(M, P ) = 0 for all projective R -modules P and all i ≥ n + 1 .

In particular, SGfdRM = GpdRM .

Proof (1) ⇒ (2) follows from the fact that every strongly Gorenstein flat module is Gorenstein projective.

(2) ⇒ (4) follows from [13, Theorem 3.2].

(4) ⇒ (3) One can check that Exti(M, Q) = 0 for any R -module Q with pdRQ < ∞ and any i ≥ 1,

thus (3) holds by [18, Theorem 4.2.8].

(3) ⇒ (1) Let 0 −→ K −→ Pn−1 −→ · · · −→ P0 −→ M −→ 0 be an exact sequence with each Pi pro-

jective. We need to prove that K is strongly Gorenstein flat. Note that GfdRK < ∞ and Exti(K, F ) ∼=
Exti+n(M, F ) = 0 for any flat R -module F and any i ≥ 1, so there is an exact sequence

0 −→ K
ϕ0

−−−−→ P 0 −→ C0 −→ 0 with P 0 projective and ϕ0 a flat preenvelope by Lemma 4.1. Note that

Exti(C0, F ) = 0 for any flat R -module F and any i ≥ 1, and GfdRC0 < ∞ , so there is an exact sequence

0 −→ C0 ϕ1

−−−−→ P 1 −→ C1 −→ 0 with P 1 projective and ϕ1 a flat preenvelope by Lemma 4.1. Continue this

process, we can get an exact sequence 0 −→ K −→ P 0 −→ P 1 −→ · · · with each P i projective such that it is

Hom(−,F)-exact. On the other hand, Exti(K, F ) = 0 for any flat R -module F and any i ≥ 1, then K is
strongly Gorenstein flat by Lemma 2.1. Therefore, SGfdRM ≤ n . �

Corollary 4.3 Let R be a commutative Noetherian ring of finite Krull dimension and M be an R -module.
Then SGfdRM < ∞ if and only if GfdRM < ∞ .

Proof Immediately by Theorem 4.2 and [13, Theorem 3.4]. �
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