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Abstract: We characterize the commutants of some multiplication operators on a Banach space of analytic functions

defined on a bounded domain in the plane. Under certain conditions on the symbol of a multiplication operator, we

show that its commutant is a set of multiplication operators. This partially answers a question of Axler, Cuckovic and

Rao. Next, the hyper-reflexivity of these multiplication operators are proved. The paper is concluded by proving the

hyper-reflexivity of the multiplication operators with symbols ϕ(z) = zk , k = 1, 2, . . . .
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1. Introduction and preliminaries

Throughout this paper, by an operator we mean a bounded linear operator on a Banach space X , and the set
of all operators on X is denoted by B(X ). The weak operator topology (WOT) on B(X ) is the topology in

which a net {Tα}α converges to T if Tαx −→ Tx weakly, for all x ∈ X . The commutant of T , denoted by

{T}′ , consists of all operators commuting with T . A closed subspace M of X is said to be invariant for T ,

if TM ⊆ M , and is called a hyper-invariant subspace for T , if it is invariant for all operators in {T}′ . The
lattice of all invariant subspaces of an operator T is denoted by LatT .

By a domain we mean a connected open subset of the complex plane C . Let Ω be a bounded domain in
the complex plane C . Suppose that X is a reflexive Banach space of analytic functions on Ω such that 1 ∈ X ,
for each λ ∈ Ω the functional eλ : X −→ C of evaluation at λ given by eλ(f) = f(λ) is bounded, and if f ∈ X
then zf ∈ X . Note that the last condition allows us to define the operator Mz : X −→ X by Mzf = zf . As
an application of the closed graph theorem, it can be seen that Mz is actually a bounded operator on X .

As usual, H∞(Ω) is the Banach space of all bounded analytic functions on Ω equipped with the supremum
norm. An analytic function ϕ on Ω is said to be a multiplier for X if ϕf ∈ X for all f ∈ X . The set of all
multipliers of X is denoted by M(X ). It is well-known that M(X ) ⊆ H∞(Ω). Every function ϕ ∈ M(X )
induces a bounded linear operator Mϕ : X −→ X given by Mϕf = ϕf .

Throughout this paper, all multiplication operators are defined on a reflexive Banach space of analytic
functions satisfying the previous three conditions; furthermore, we assume that there is a constant c > 0 such
that for every multiplier ϕ ,

‖Mϕ‖ ≤ c‖ϕ‖∞.
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Some spaces such as the Bergman spaces Lp
a(Ω), and the Hardy spaces Hp(Ω), 1 < p < ∞ , are examples

of these Banach spaces of analytic functions.

The commutant of multiplication operators on spaces of analytic functions (especially on Bergman spaces)

are discussed a lot in the literature. Shields and Wallen [13] studied the commutant of the operator Mz on a

Hilbert space of analytic functions. Observe that if Mz is in B(Lp
a(Ω)), then {Mz}′ = {Mϕ : ϕ ∈ H∞(Ω)} .

For the proof in the case p = 2, see page 73 of [5]; the proof of the general case follows similarly. If ϕ is

continuous on Ω, then the commutant of Mϕ on the Banach space of analytic functions is discussed in [9, 10].

Cuckovic [6] has investigated the commutant of Mzn on the Bergman space L2
a(D). In [1], the authors have

shown that if two Toeplitz operators on the Bergman space commute, and the symbol of one of them is analytic
and nonconstant, then the symbol of the other one is analytic. They have posed three open problems at the
end of their paper. The third one has been answered by Cao [2]. In Section 2 of this paper, we discuss the first
problem:

“If an operator S in the algebra generated by the Toeplitz operators commutes with a nonconstant analytic
Toeplitz operator, then is S itself Toeplitz?”
or equivalently,

“If an operator S in the algebra generated by the Toeplitz operators commutes with a nonconstant
multiplication operator, then is S itself a multiplication operator?”

We will give sufficient conditions under which the answer is affirmative for operators not only on Bergman
spaces but also on an arbitrary Banach space of analytic functions.

In Section 3, we turn our attention to hyper-reflexivity, which is a strong kind of reflexivity.

Recall that an operator T is said to be reflexive, if the only operators that leave invariant all of its invariant
subspaces are contained in the weakly closed algebra generated by T and the identity operator I , denoted by
W (T ). Furthermore, T is called hyper-reflexive if the only operators that leave every hyper-invariant subspace
of T invariant are contained in the commutant of T . In other words, T is a hyper-reflexive operator if

{S :
⋂

U∈{T}′

LatU ⊆ LatS} ⊆ {T}′.

The reflexivity of multiplication operators on the Bergman spaces Lp
a(Ω) appeared in a work of Eschmier [7].

A question which arises is which multiplication operators on the Bergman spaces are hyper-reflexive. We will
show that all multiplication operators satisfying the conditions of theorems in Section 2 are hyper-reflexive.
Also, we will prove that the multiplication operators Mzk , k = 1, 2, 3, . . . are all hyper-reflexive on special
Banach spaces of analytic functions.

2. The commutant of multiplication operators

A sequence (fn)n is said to converge to f pointwise boundedly in X , if (fn)n is a uniformly bounded sequence
that converges pointwise to f .

Theorem 1 Let ϕ be a univalent map in H∞(Ω) and G = ϕ(Ω) . If there is a sequence of polynomials

converging pointwise boundedly to ϕ−1 , then {Mϕ}
′
= {Mψ : ψ ∈ H∞(Ω)} .

Proof Suppose that (pn)n is a sequence of polynomials such that sup‖pn‖G ≤ M for some constant M and

pn(w) −→ ϕ−1(w), for all w ∈ G . It follows that pn(ϕ(z)) −→ z for every z in Ω and sup‖pnoϕ‖Ω ≤ M
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which implies that ‖Mpnoϕ‖ ≤ c‖pnoϕ‖Ω ≤ cM . Since X is reflexive, the unit ball of X is weakly compact.

Therefore, the unit ball of B(X ) is WOT-compact. We may assume, by passing to a subsequence if necessary,

that Mpnoϕ −→ A (WOT) for some operator A . Thus, M∗
pnoϕez −→ A∗ez in the weak star topology. It follows

that
zf(z) = lim

n
ez((pnoϕ)f) = lim

n
(M∗

pnoϕez))(f) = (A∗ez)(f) = ez(Af) = (Af)(z)

for all f in X and for all z in Ω. But {Mϕ}
′ ⊆ {Mpn◦ϕ}

′
for all n ; hence {Mϕ}

′ ⊆ {Mz}
′

= {Mψ : ψ ∈
H∞(Ω)} . This completes the proof. �

For a bounded domain G in the plane, let G∗ be the complement of the closure of the unbounded component
of the complement of the closure of G . The set G∗ is called the Carathéodory hull of G . Indeed, it can be
described as the interior of the outer boundary of G , and, in analytic terms, it can be defined as the interior
of the set of all points z0 in the plane such that |p(z0)| ≤ ‖p‖G for all polynomials p . The components of
G∗ are simply connected; in fact, it is a simple matter to show that each of these components has a connected

complement. The component of G∗ containing G is denoted by G1 . If G is bounded and G = G1 , then G is
called a Carathéodory region. To get more information, we refer to Sarason’s article [12].

Farrell’s Theorem [12] states that if G is a bounded domain in the complex plane, and f is a bounded
analytic function on G , then there is a sequence of polynomials converging pointwise boundedly to f if and

only if f has a bounded analytic extension to G1 . It is worth noting that this theorem is extended from
domains to arbitrary bounded open sets by Rubel and Shields (see page 151 of [8]). With these terminologies,
a consequence of Theorem 1 runs as follows.

Corollary 1 If ϕ is a univalent map in H∞(Ω) such that ϕ(Ω) is a Carathéodory region then {Mϕ}
′
= {Mψ :

ψ ∈ H∞(Ω)} .

Observe that if G is a simply connected region equal to the interior points of G , and if C\G is connected, then

G is a Carathéodory region. Polynomials are in H∞(D), and it can be easily seen that their images under D

satisfy the above conditions and so are Carathéodory regions. Thus, we get the following corollary.

Corollary 2 If p(z) is a univalent polynomial on the unit disk D then {Mp}
′
= {Mψ : ψ ∈ H∞} . In particular,

if n ≥ 2 then {M(z−a)n}′
= {Mψ : ψ ∈ H∞} for every |a| ≥ (sin π

n )−1 .

Now, assume that G is a finitely connected domain. It is well known that G is conformally equivalent
to a circular domain [3]. Recall that by a circular domain we mean any domain obtained by removing a

finite number of disjoint closed subdisks from the open unit disk. So let G = D\(D1 ∪ D2 ∪ · · · ∪ DN) where

Di = {z : |z − zi| ≤ ri}, (i = 1, · · · , N) are disjoint closed subdisks of the open unit disk D . We can choose

circles γi = {z : |z − zi| = ri + εi} (i = 1, · · · , N), γ0 = {z : |z| = 1 − ε0} , and γ = {z : |z| = r} in which
r < 1 − ε0 , all lying in G and concentric with the boundary circles of G so that they do not meet each other.

We denote Gi = C\Di (i = 1, · · · , N).

It is known that
H∞(G) = H∞(D) + H∞

0 (G1) + · · ·+ H∞
0 (GN), (1)

where the subscript zero means that the corresponding functions vanish at ∞ (see [3]).

With the above notations, we prove the following result.
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Theorem 2 Let ϕ be a univalent map in H∞(Ω) such that G = ϕ(Ω) is a finitely connected domain. If∫
γ0

wnϕ−1(w)dw = 0 for every non-negative integer n , then

{Mϕ}
′
= {Mψ : ψ ∈ H∞(Ω)}.

Proof Considering (1), we observe that ϕ−1 = φ+ψ for some φ in H∞(D) and ψ in H∞
0 (G1)+. . .+H∞

0 (GN).

Suppose that the Laurent series of ψ around zero in the annulus {z : r < |z| < ∞} is ψ(z) = Σ∞
n=−∞cnzn ,

where the coefficients cn are given by

cn =
1

2πi

∫
γ0

ψ(z)
zn+1

dz (n ∈ Z).

Let D(0, 1−ε0) denote the open disk of radius 1−ε0 centered at zero. Define the function f on D(0, 1−ε0)\{0}
by f(z) = ψ(1

z ). Since ψ is a bounded analytic function outside D(0, 1 − ε0), zero is a removable singularity

of f , and so cn = 0 for n > 1. Furthermore, c0 = limz−→0 f(z) = 0. On the other hand, since φ is analytic
on D , we see that ∫

γ0

φ(z)zndz = 0 (n = 0, 1, 2, · · ·),

which, in turn, implies that

cn =
1

2πi

∫
γ0

ϕ−1(z)z−n−1dz = 0 (n < 0).

Consequently, ϕ−1 = φ ∈ H∞(D). Now, applying Theorem 1, we conclude that {Mϕ}
′
= {Mψ : ψ ∈ H∞(Ω)} .

�

A consequence of the above theorem runs as follows.

Corollary 3 Let ϕ be a univalent map in H∞(Ω) and G = ϕ(Ω) be a finitely connected domain. Suppose that

ϕ−1 is in the closure of polynomials in the Banach space X of analytic functions defined on G . Then

{Mϕ}
′
= {Mψ : ψ ∈ H∞(Ω)}.

Proof Suppose that (qn)n is a sequence of polynomials converging to ϕ−1 in X and p is an arbitrary

polynomial. Since ‖pqn − pϕ−1‖ = ‖Mp(qn − ϕ−1)‖ ≤ c‖p‖∞‖qn − ϕ−1‖ , we see that

‖pqn − pϕ−1‖ −→ 0 as n −→ ∞. (2)

An application of the principle of the uniform boundedness shows that for every compact subset K of G ,
supλ∈K ‖eλ‖ < ∞ and so

sup
λ∈K

|p(λ)qn(λ) − p(λ)ϕ−1(λ)| ≤ ‖pqn − pϕ−1‖ sup
λ∈K

‖eλ‖.

This fact along with (2) shows that pqn −→ pϕ−1 as n −→ ∞ uniformly on compact subsets of G , and
especially on γ0 . Consequently,

∫
γ0

p(w)ϕ−1(w)dw = lim
n−→∞

∫
γ0

p(w)qn(w)dw = 0.
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Thus, the result holds by applying Theorem 2. �

Next, we focus on the commutant of Mzn , n ≥ 1.

Theorem 3 Suppose that n ≥ 1 and Ω lies in an open sector with the angle 2π
n , centered at zero. Then

{Mzn}′
= {Mψ : ψ ∈ H∞(Ω)} .

Proof Put ϕ(z) = zn . Since ϕ is univalent on a neighborhood of Ω, ϕ−1 is also univalent on a neighborhood

of ϕ(Ω) . By Runge’s Theorem [4] there is a sequence of rational functions rk = pk

qk
with poles off ϕ(Ω) converg-

ing to ϕ−1 uniformly on ϕ(Ω). It follows that sup{|(rk ◦ ϕ)(z) − z| : z ∈ Ω} −→ 0 as k −→ ∞ . Thus, Mrk◦ϕ

converges to Mz . But Mq−1
k ◦ϕ = (Mqkoϕ)−1 and {Mϕ}

′ ⊆ {Mp◦ϕ}
′

for every polynomial p ; consequently,

{Mϕ}
′ ⊆ {Mrk◦ϕ}

′
which implies that {Mϕ}

′ ⊆ {Mz}
′
= {Mψ : ψ ∈ H∞(Ω)} . �

Corollary 4 If Ω does not intersect the real line, then {Mz2}′
= {Mψ : ψ ∈ H∞(Ω)} .

3. The hyper-reflexivity of multiplication operators

In this section, we discuss and introduce some hyper-reflexive multiplication operators.

Theorem 4 If ϕ ∈ H∞(Ω) and the commutant of Mϕ ∈ B(X ) is {Mψ : ψ ∈ H∞(Ω)} , then Mϕ is a
hyper-reflexive operator.

Proof Suppose that an operator T leaves invariant every hyper-invariant subspace of Mϕ on X . For z ∈ Ω,

let ez be the linear functional of evaluation at z on X . Suppose that M is the one-dimensional span of {ez} .

For every ψ ∈ H∞(Ω), since Mψ
∗ez = ψ(z)ez , we conclude that ⊥M ∈ LatMψ which, in turn, shows that

⊥M is a hyper-invariant subspace of Mϕ . Consequently, ⊥M ∈ LatT and so M ∈ LatT ∗ . It follows that

there exists a function w so that T ∗ez = w(z)ez for all z ∈ Ω. Now, if f ∈ X then

(Tf)(z) = ez(Tf) = (T ∗ez)(f) = w(z)f(z),

for all z ∈ Ω. Hence, T = Mw and w ∈ H∞(Ω). �

In light of the above theorem, we see that if ϕ satisfies the conditions of Theorems 1, 2, or 3, then Mϕ

is hyper-reflexive.

In the rest of this paper, let Ω = D be the open unit disk. To prove the hyper-reflexivity of Mzk , first
we bring a lemma which is needed.

Lemma 1 Every function f in X can be represented as f = f0 + f1 + . . . + fk−1, (k ≥ 1) , in which

fj(z) =
1
k

k−1∑
m=0

e
−2jmπ

k if(e
2mπ

k iz) (j = 0, 1, . . . , k − 1). (3)

Proof Suppose that f(z) =
∑∞

n=0 anzn is in X . It is easy to see that f(z) can be written as

f(z) = f0(z) + f1(z) + . . . + fk−1(z),
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where

fj(z) =
∞∑

m=1

akm+jz
km+j (j = 0, 1, . . . , k − 1).

Thus, a straightforward computation shows that (3) holds. �

Suppose that the set of all analytic polynomials are dense in X ; furthermore, if f(z) is a polynomial
having a representation as in Lemma 1, then there are constants ck and dk so that

||fi|| ≤ ck||f || ≤ dk max{||fj|| : j = 0, 1, . . . , k − 1}, i = 0, 1, . . . , k − 1.

An instance of such spaces is the Bergman space L2
a(D). Under these additional conditions on X , the main

theorem of this section runs as follows:

Theorem 5 The multiplication operators Mzk , k = 1, 2, 3, . . . are hyper-reflexive on X .

Proof Fix a positive integer k . Suppose that T is an operator which leaves invariant every hyper-invariant

subspace of Mzk . Take S ∈ {Mzk}′
. By Lemma 2.2 of [11], for every f ∈ X ,

Sf = f0ϕ0 + f1(
ϕ1

z
+ ϕ0) + f2(

ϕ2

z2
+ ϕ0) + · · ·+ fk−1(

ϕk−1

zk−1
+ ϕ0) (4)

where fj s are as in the preceding lemma, ϕ0 = S(1), and ϕj = (SMzj − Mzj S)(1) for j = 1, 2, . . . , k − 1. Let

ez be the linear functional of evaluation at z on X . For every nonzero scalar z and every S in {Mzk}′
, using

(4) we get

(S∗ez)(f) = (Sf)(z)

= f(z)ϕ0(z) +
k−1∑
j=1

ϕj(z)
zj

fj(z)

= f(z)ϕ0(z) +
k−1∑
j=1

ϕj(z)
kzj

k−1∑
m=0

e
−2mπj

k if(e
2mπ

k iz)

= ez(f)ϕ0(z) +
k−1∑
m=0

(
k−1∑
j=1

ϕj(z)
kzj

e
−2mπj

k i)ezm(f),

where zm = e
2mπ

k iz , for m = 0, 1, . . . , k − 1. Therefore, if M =
∨{ez, ez1 , . . . , ezk−1} , then S∗ez ∈ M .

Substituting z with z1, . . . , zk−1 in the above computations, we observe that S∗ezm ∈ M , for m = 0, 1, . . . , k−
1. This implies that M ∈ LatS∗ and so M ∈ LatT ∗ . Thus,

T ∗ez = w0(z)ez + w1(z)ez1 + · · ·+ wk−1(z)ezk−1 ,

for some scalars w0(z), w1(z), . . . , wk−1(z).

Now, for every f ∈ X ,

(Tf)(z) = (T ∗ez)(f) = w0(z)f(z) + w1(z)f(z1) + · · ·+ wk−1(z)f(zk−1),

and it can be easily verified that TMzk = Mzk T . Hence, Mzk is hyper-reflexive. �

488



FAGHIH-AHMADI and HEDAYATIAN/Turk J Math

Acknowledgments

This research was in part supported by a grant from the Shiraz University Research Council. The authors would
like to thank the referee for a number of helpful comments and suggestions.

References

[1] Axler, S., Cuckovic, Z. and Rao, N. V.: Commutant of analytic Toeplitz operators on the Bergman space, Proc.

Amer. Math. Soc. 128, 1951–1953 (2000).

[2] Cao, G.: On a problem of Axler, Cuckovic and Rao, Proc. Amer. Math. Soc. 136, 931–935 (2008).

[3] Chevereau, B., Pearcy, C. and Shields, A.: Finitely connected domains G , representations of H∞(G) , and invariant

subspaces, J. Operator Theory, 6, 375–405 (1981).

[4] Conway, J. B.: A Course in Functional Analysis, Springer-Verlag, 1990.

[5] Conway, J. B.: The Theory of Subnormal Operators, Amer. Math. Soc. Surveys and Monographs, 36, 1991.

[6] Cuckovic, Z.: Commutant of Toeplitz operators on the Bergman spaces, Pacific J. Math. 162, 277–285 (1994).

[7] Eschmeier, J.: Multiplication operators on Bergman spaces are reflexive, Operator Theory: Advances and Applica-

tions, 43, 165–184 (1990).

[8] Gamelin, T.: Uniform Algebras, New York, 1984.

[9] Khani Robati, B., Vaezpour, S. M.: On the commutant of operators of multiplication by univalent functions, Proc.

Amer. Math. Soc. 129, 2379–2383 (2001).

[10] Khani Robati, B., Vaezpour, S. M.: On the commutant of multiplication operators with analytic symbols, Rocky

Mountain J. Math. 33, 1049–1056 (2003).

[11] Khani Robati, B.: On the structure of certain operators on spaces of analytic function, Ital. J. Pure Appl. Math.

18, 175–180 (2005).

[12] Sarason, D.: Weak star generator of H∞ , Pacific J. Math. 17, 519–528 (1966).

[13] Shields, A. L., Wallen, L.: The commutant of certain Hilbert space operators, Indiana Univ. Math. J. 20, 777–788

(1971).

489


