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Abstract: In this paper, we discuss the half inverse problem for the Sturm-Liouville operator with boundary conditions
dependent on the spectral parameter and show that if ¢(z) is prescribed on [%777}7 then one spectrum is sufficient to

determine the potential g(z) on the whole interval [0, 7] and coefficient function le/{\isi of the boundary condition.
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1. Introduction

Consider the following Sturm-Liouville operator L defined by
Ly =—y" +q(x)y = My, (x € [0, 7]) (1.1)

with boundary conditions dependent on the spectral parameter

y'(0,\) — hy(0,\) =0 (1.2)
(al)\ + bl)y(O, )\) — (Cl)\ + dl)y'(O, )\) =0, (1.2’)
and
y' (m,A) + Hy(m, ) =0 (1.3)
(ag)\ + bg)y(ﬂ, )\) - (02)\ + dg)yl(ﬂ, )\) =0, (1.3’)

where h, H, ak, by, ck, dx€ R, c1co # 0 such that
(—1)k§k = ardp — brcp, > O(k = 1,2)

and ¢ is a real-valued function and q € L'[0, 7].
Let B(q,h,H), B(q,h) and B(q) be the Sturm-Liouville problem (1.1)—(1.3), the Sturm-Liouville
problem (1.1), (1.2), (1.3") and the Sturm-Liouville problem (1.1), (1.2'), (1.3"), respectively.
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445



WANG et al./Turk J Math

Sturm-Liouville operators with boundary conditions dependent on the spectral parameter were originated
from engineering, physics and mathematics and have received substantial attention (see [1-3, 6, 8, 9, 11]). Fulton
[8] discussed the Sturm-Liouville problem B(g,h) and obtained the eigenfunction expansion and asymptotic

estimates of eigenvalues. Binding, Browne and Seddighi [2] considered the Sturm-Liouville operator I satisfying

ly=—(y) +qy=Ary

and boundary conditions (1.2") and (1.3"). They got oscillation and comparison results as well as the asymptotic
estimates of eigenvalues, which can be considered as extension of Fulton’s results. Browne and Sleeman [3]
discussed the inverse nodal problem for the Sturm-Liouville problem B(g,h) and showed that a dense set of
nodal points of eigenfunctions for the Sturm-Liouville problem B(g, h) is sufficient to determine the potential
g and coefficient h of the boundary condition. Guliyev [11] considered the regularized trace problem for the
Sturm-Liouville equation with spectral parameter in the boundary conditions and obtained the trace formula.

Inverse problem for Sturm-Liouville operators consists of reconstruction of the operator by its spectral
data (see [3, 4, 10, 12-14, 17-23]). Half inverse problem for Sturm-Liouville operators is to determine a
differential operator by one spectrum and half of its potential (see [4, 10, 13, 14, 17-19]). Hochstadt and
Lieberman [13] firstly considered the half inverse problem for the Sturm-Liouville problem B(q, h, H) and showed

m
2

that if g(z) is prescribed on [Z, 7], then the potential ¢(z) on the interval [0, 7] can be uniquely determined by
one spectrum. Castillo [4] also discussed the half inverse problem for the Sturm-Liouville problem B(q, h, H).
By an example, Castillo showed that the necessity of the boundary condition (1.3) is given. Koyunbakan
and Panakhov [14] considered the half inverse problem for diffusion operators on the finite interval [0, 7] and
showed that if p(x) is known on the [0, 7], and g(x) is prescribed on [Z, 7], then only one spectrum is sufficient
to determine the potential g(x) on the interval [0, %) for the diffusion operator on the finite interval [0, 7].
Hryniv and Mykytyuk [17] studied the half inverse spectral problems for Sturm-Liouville operators with singular
potentials. Sakhnovich [18] proved the existence of the solution for the half inverse problem of Sturm-Liouville
problems and gave a method of reconstructing this solution under some conditions. Using Weyl m-function
techniques, Gesztesy and Simon [10] established a uniqueness theorem (see [10, Theorem 1.3]) by partial spectra
and information on the potential, which is a generalization of Hochstadt and Lieberman’s theorem [13]. In 2009,
Wei and Xu [19] considered the half inverse problem missing one eigenvalue and obtained a uniqueness theorem
on the potential q.

In this paper, we discuss the half inverse problem for the Sturm-Liouville problem B(q) and show that if

a1 A +bq
ci A +d1

q(x) is prescribed on [F, 7], then the potential g(x) on the whole interval [0, 7] and coefficient function

of the boundary condition can be uniquely determined by one spectrum. Although the technique is based on
the Hochstadt and Lieberman’s methods, our model is different from that in the reference [13].

The following two Lemmas are important to prove our results.

Lemma 1.1 ([2, Theorem 4.2]) Let o(L) = {\,}22, be the spectrum of the Sturm-Liouville problem B(q),
then Ap(n=0,1,2,---) is real and simple and satisfies the relations
M <A <A< - — 400

and
vV, =n[l4+0(=)]. (1.4)

1
n
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Suppose (x), 8(x) are the two fundamental solutions of the equation (1.1) and satisfy

e(0) =1, ¢'(0)=0

and
6(0) =0, 6'(0) =1,

respectively, then the solution of the equation (1.1) with boundary condition (1.2) is
y(x,A) = (a A + d1)e(x) + (a1 A + b1)0(z). (1.5)
By the transformations (see [15, p. 144-145 or 7, p. 20-22]), we have

@(x) = cos vV Az + [ A(w,t)cos VAtdt

O(x) = % + % Jy B(z, t)sin vV Atdt, (1.6)

where the kernels A(z,t) and B(z,t) satisfy

O?K(x,t)
Ox?

O?K(x,t)

—q(CL')K(.’L',t) = or2 )

where ¢(z) = 2L A(z,2) =24 B(x, 7), %h:o = B(z,0) = 0.

By virtue of (1.5) and (1.6), this yields the following lemma.
Lemma 1.2 ([7, 15]) The solution of the equation (1.1) with boundary condition (1.2') can be written as

y(x,N) = (1A +di)cosVAz + [ A(, t) cos v/ Atdt] (L)
+(ar A + bl)[% + \/LX Jy B(z,t)sin VAtdt]. '

2. Main results and Proofs

Consider another Sturm-Liouville operator L satisfying

Ly =—y" +q(x)y = \y (2.1)
with boundary conditions dependent on the spectral parameter
(a1 X+ b1)y(0,X) — (G1A 4+ d1)y'(0,X) =0 (2.2)

and
(ag)\ + bg)y(ﬂ, )\) - (02)\ + dg)yl(ﬂ, )\) =0, (23)

where aq, 61, c1, dl, a2, ba, co, do€ R, C1Co 7’5 0 such that
51 = dlCzl — 6161 <0, (52 = aody — bacy > 0

and ¢ is a real-valued function and ¢ € L]0, 7].

Denote the Sturm-Liouville problem (2.1)-(2.3) by B(g). We have the following main results.
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Theorem 2.1 Let {\,}22, be real and simple spectrum of the Sturm-Liowville problem B(q) and Let {\,}52,

be real and simple spectrum of the Sturm-Liouville problem B(q), respectively. If A\, =

q(x) = ¢(x) on [, 7] and q,G € W0, ], then

and
a1+ 51 . a A+ by
61)\-1-621 ciA+dy

, YA e C,

where q, ¢ are real-valued functions.

Remark 2.2 We use the condition q,q € W3[0, 7] in the proof of Theorem 2.1 (see below).

)\n(n = 071727"');

Proof According to Lemma 1.2, the solutions of the equation (1.1) with boundary condition (1.2") and the

equation (2.1) with boundary condition (2.2) can be expressed in the integral forms

y(x,\) = (c1A+ di)[cos VAz + [ Az, t) cos vV Atdt]
+(arh +b1)[E22 + Lo [ B(x, ¢) sin V/Atd]

and
J(x,A) = (G1A +di)[cos Vax + [ A, ) cos VAtdt]
+(a1 A —i—bl)[s‘“\/\[$ + \/—fo (x,t) sin v/ Atdt],

respectively. Let A = s?, from (2.4) and (2.5), we have

yg = (c18%+ dl)(éls + dy)(cos sz + Jy Az, t) cos stdt)
(cos sz + [y A(z,t) cos stdt) + (‘“S'H”ZM
(sm sz + [y B(x,t)sin stdt)(sin sz + [ B(x, t) sin stdt)
+i(as? + dl)(als +b1) - (cos sz + Iy A(z,t) cos stdt)
(sm sz+ [y B 3(, t) sin stdt) + 1(ers? + dl)(als +b1)

(cos sz + [, A(, t) cos stdt)(sm sz + [y B(w,t)sinstdt).

(2.4)

(2.5)

Using the trigonometric addition formulae, extending the range of A(x,t), A(z,t), B(z,t) and B(z,t) with

respect to the second argument, respectively. i.e., A(z, —t) = A(x,t), A(z, —t) = A(x, 1),

and B(x,—t) = —B(z,t), we can find that

(Cos sz + [y A(z,t)cos stdt)(cos st + fo (x,t) cos stdt)
= 1[1+ cos 25z + [ k(x,T)cos2s7dr],

(sm sz + [y B(x,t)sin stdt)(sm sz + [ B(x,t)sin stdt)
211 — cos2sz + [ h(z,T)cos2sTdr],

(cos sz + [ Az t) cos stdt)(sinsz + [ B(x, t) sin stdt)
slsin2sz + [ l(x,7)sin2s7dr]

and

(cos sz+ [ Az t) cos stdt)(sin sz + [ B(x,t) sin stdt)
lsin2sz + [ m(z, 7) sin 2s7dr],
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where
k(z,7) = A(z,x—27)+ A(z,z — 27) + Az, 2 + 27) + A(z, 2 + 27)
+2[ff$+2T Az, v)A(z,v — 27)ds + ff;2T Az, v)A(z, v + 27)dv)],
h(z,7) = B(z,z+27)+ B(x,z+ 27) — B(x,x — 27) — B(z, 2 — 27)
+2[ff$+2T B(z,v)B(x,v — 27)dv + ff;2T B(z,v)B(x,v + 27)dv],
Wz, 7) =2[A(z,x —27)+ B(x,z — 27)]
+2[ff$+2T A(z,v)B(z,v — 27)ds + ff;2T A(z,v)B(z, v + 27)dv)
and

m(z,7) =2[B(x,z—27)+ %(w,x —27)]
v)A

+2[ff$+2T B(z,v)A(z,v — 27)ds + ff;2T B(z,v)A(z,v + 27)dv].

From (2.7), (2.8), (2.9) and (2.10), we obtain

yj = w(l + cos2sx + [ k(z,T)cos2stdr)
2 ~ 2,7
+%(1 — cos 25z + [ h(x,7)cos2s7dr)

- 2.11

(18 + dy) (@18 + bi)(sin 2sz + Jy Uz, 7)sin2s7dr) (211)

+o-(a1s? 4 b1)(é15% + di)(sin 2sz + [, m(x, 7) sin 2s7d7),
Define the function w(\) by

w(A) = (azA + b2)y(m, A) — (c2A + da)y/ (7, ).
From (2.4), we have the following asymptotic forms
y(m, A) = (1A + dy) cos VAT + O(|\/X|e|1mﬁ|”)]

and

o (1, A) = —(c1 A + di)VAsin VAT + O(|Alel VAT
Hence,

w(A) = (1A + di)(ea) + do)VAsin VAT + O(|A2el VAT, (2.12)

Zeros of w()) are the eigenvalues of the Sturm-Liouville problem B(q). w()) is an entire function of order 3

of A. Multiplying (2.1) by y, (1.1) by ¢ and subtracting and integrating from 0 to 7, we obtain
@y —yi)l5 +/ (@ — q)ygdz = 0.
0

Using y(0,\) = e A+dq, (0, A) = GN+dy, ¥ (0,\) = a1 A+b1,7(0,\) = a1 A+ by and q(x) = q(x),z € [§, 7],

we get

[g(ﬂ, )‘)yl (Wv )‘) - y(jT, )‘)gl (er )‘)] + (al)\ + bl)(él)‘ + CZ1) (2 13)
—(aXA +di)(aA +b1) + [i7 (§(z) — q(x))ygdz = 0. '

Let
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and
K(\) = (a1¢1 — a1c1)\? + (alczl +bich —ardy — 5101))\
+(b1d1 - bldl) + fof Q(l’)y(l’, )\)g(l', )\)dl’

(2.14)

Obviously, the function K(\) is an entire function. Since the first term of equation (2.13) for A = A, is zero,

then
K(\,) =0.

In addition, using (2.4) and (2.5) for 0 < 2 < 7, we have

IK(\)] < M[A[PelTmAIm,

where M is constant. Let

Then, () is an entire function. Using (2.12) and (2.16), we obtain

1
[N =O0(—=)-
VIAl

By the Liouville theorem, we get
P(A) =0, VA e C.

Hence
K(\) =0, VAeC.

ie.,

(alél — &101))\2 + (aldl +b1¢61 —aidy — 5101))\
+(brdy — bidy) + [ Q(z)y(x, \)j(z, N)dz = 0.

Substituting (2.11) into (2.17), we have

2(&161 — &101)86 + 2(&1&1 +b1¢1 — a1dq — 6101)84 + 2(b1d~1 — 51d1)82
+IO% Q(w){[clélsﬁ + (01621 + 61d1)84 + d1J182]

(14 cos 25z + [ k(x, 7) cos 2s7dT)

+[arais* + (arby + a1b1)s® + bib1](1 — cos 2sw + IOI h(xz,7)cos2s7dT)
+s5[(arer + a1¢1) sin2sx + 16 Jy ks(z,7)sin2srdr)]

+s3 [£d1d1 + aldl + bycy + b1é1) sin2sx + ¢1é1 f(f ks(z, ) sin 2s7d7)]
+s[(b1dy + bidy) sin 2sz + ¢164 f(f k1(z,7)sin2s7d7]}dx = 0,

where
1 - -
kl(l',T) = —,,(bldll(l'ﬂ') + bldlm(l'ﬂ')),
Cc1C1
ks(z,7) = — (a1c1l(z, 7) + aréim(x, 7))
Cc1C1
and

1 ~ -
k3(£L’,T> = E(dldll(l'ﬂ') + aldlm(gc,T) + blcll(l'ﬂ') + blélm(l'ﬂ')).
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Changing the integral variables, it can be written as

2(&161 — &101)8 + 2(&1&1 +b1¢1 — &1d1 — 6101)84 + 2(b1d~1 — 51d1)82

+[c1618% + (cldl + é1dp)st + dldls fo 7){(1 4 cos 2st
+ cos 287'f Q(z)k(z, T)dx) [aais* + (a1b1 + a@1b1)s? + b151]
[(1 — cos 2sT + cos 2sT f Q(x)h(z, 7)dz] (2.19)
+s5[(arer + alcl) sin 2s7 4 ¢16; sin 287 fo (2)ks(x, T)dx)]
+s3[(ardy + ajdy + bycy + b1¢1) sin2sT 4+ 0101 sin 2s7 fo (2)ks(z, 7)dx)]
[(b1d1 + bldl) sin 287 4 ¢1¢; sin 2s7 fo )k (2, 7)]dz}dT = 0.

Divided by s in (2.19) and letting s = v/A — +oo(\ € R), from the Riemann-Lebesgue lemma, we obtain

3
2(&161 — &101) + 0161/ Q(l’)dl’ =0, (220)
0

and

cllcl {12(ardy + b1é1 — ardy — b1C1 + ao4 fo r)dz]s*
+[2 (b1d1 - b1d1 ) + ao2 fO d:c] 2}

+ fo {s%[Q(7) cos 2sT + cos 287’ f Q Vk(z, T)dx]dT

+5%[ars sin 2s7 + sin 2s7 fo )k5 (x, T)dx]

+s4 a4 €08 28T + cos 28T f Q Vka(x, 7)dx] (2.21)

QT )
Q(7)

a13Q(7) sin 287 + sin 2s7 fo (x)ks(z, 7)dx]
(1)

Cn

s’
+52[a12Q(T) cos 2s7 + cos 287'f Q Vko(x, T)dx]
+5[a11Q(7) sin 287 + sin 2s7 fo (2)k1(x, T)dx]
+[—a10Q(7) cos 28T + a1 cos 28T fT% Q(z)h(x, 7)dx]}dr =0,

where

aig = ﬁblgl, a1 = 61151 (Eldl + blle)v

ag2 = a6 (dldl +aiby + aldl) aia = 61151 (dlczl —aby — ayds),
a3 = a (ardy + ardy +bier + b1é1),

aps = 611&1 (01d1 + é1dy + a1a1), a1q = oa (01d1 + é&1dy — a1aq),
ais = 611,51( 1C1 +a1é1),

kg(l’ T) = 6151 [dlczlk(l'ﬂ') + (a151 + &1b1)h($,7’)],

k4(£L’ T) 161 [(Cldl + éldl)k(x, T) + aldlh(x, T)]

By integration by parts, letting s = v/A — 400, from the Riemann-Lebesgue lemma we get
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and

——{[2 (ardy + b1é1 — ardy — blc1 + apa fo x)dz]s?
+[2(b1dy — bidy) + ao2 [F Q(x)dx] 2}+f {-1 1 s

Q' (7) — Q(7)k(7, 7)) sin 287’ + sin 287'f Q(x ak@ T)d ]

+55[a15Q(7) sin 257 + sin 2s7 fo )k5($,7’)d$]

+54[a14Q(7) cos 2s7 + cos 287'f Q Vka(x, T)d)
53[a13Q(T) sin 257 + sin 2s7 foﬂ x)ks(z, 7)dx]

+5%[a12Q(7) cos 25T + cos 257 [Z Q(x)ka(x, T)dx]

+5[a11Q(7) sin 287 + sin 2s7 fO% )kl(x 7)dzx]

+[—a10Q(7) cos 2sT + a1 cos 287'f Q(z)h(z, 7)dz]}dr = 0.

AA/.\/.\

Repeating the above arguments five times, we obtain

- - 3
2(a1d1 + b1¢61 — a1d1 — blcl) + a04/ Q(l’)dl’ =0,
0

o 3
2(b1d1 — bldl) + a02/ Q(.’L’)dl’ =
0

Q<>( )=0,(i=0,1,2,3,4,5)

and

JoF 003 257{QO(7) = krr(1)Q®) (7 ) ( JQW(7) — krs (1)Q"(7)
—kza(T)Q"(7) — krs(T)Q'(7) — kra(T +f Q(x)k7(x, T)dx}dr = 0,

where
k77(7’) = k(T T) + 2as,
kro(r) = (LT 4 OMED| ) — 2ks(7,7) + dana,
Bk(a: )
k75(7’) _ (10d k:('r T) +4d( d |o=7) + 9? Igs—;vz T)|$:T)
_2(4dk75(7' T) + aks(LE T) |;E 7—) 4k4(7 7_) 8@13,

3 28k(a:7') 8k(ﬂﬁ*)gﬁT 3y
kna(7) = (10 dk(-r,-r)+6d( ar lo= T)+3( BTZ [ )+8§(Ts’)|m:r)
dk:('r'r) d(
—2(6Lkelrn) 4 3

aks(m ) 8% ks(x,7)
( dk4(T T) + 8k4($ T)| —7—) + 8]€3(T T) — 16@12,

lo=r
) + 572 |w:'r)

" 3 ak(m Ok(x,7) 42 2%k(z,7) o 3 k(x,7) o
brs(r) = (5LEC >+4d< ooy gBEGE R ) | o d0 dTI )
Bks(a: ) (8 ks (x, T)lx 7')

2
+8 gs_i‘r)lw:r) _2(4d k§£;7T) +3d ( |o=7) +2 aq—ZT

8k3(a: 1')

|lo=r) + 82 k:3($,7')|$:7_)

2
R e (Gl P

+BQEYET + PRI + 16k (r, T) + 321,

44 Bk(a: 7—) _ 43 9%k (x, O%k(x,T) | 42 33 k(x, 1) [
k72(7’) _ (d k(7,7) + (=2 |w=r) + (%= 81—23 w=7) (—81— 5 x=T)
d'r d dr dr
%k
d( —zl_ai.m =) lz=r) 8° k(z,T) 2 d* k:5(7' T) dS(Bksa(:'T) |o=r)
dt + 87'53 |$:T) - ( + dr3
9%k 9k s
d*( 851—(; ) lo=r) d( 851—(; > lo=r) a* krs(;v T)
+ dr? dr + or% |‘E T)

(x,7) 8%kg(x,7) 3
d®ky(7,7) d2(8k4 lz=7) d(—3o le=r) 8 ka(z,7)
4( dr3 + + 7—d'r oT3 |$:T)

+8(d k:3(7"r) + d( |o=7) + 82 kg,ﬁ;ﬂ T)|m:'r)

+16(dk2(-r ) 4 e, r§|I:T) — 32k (7, 7) — 64ayo,

8k3(a: 1')
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ks 7) = 56 g@ ) 28 ks_? ) 48 k4(w ) + 88 ks(w )
+162ka(en) 39 Oa(wr) 64a10h(5€77—)‘

On the other hand, by the completeness of the functions {cos 2s7}(s = VA € R), we see that Q(z) satisfies

QUO(7) = krr(1)Q®) (1) — ke (T )Q(4)( ) = ks (T)Q" () — ka(T)Q" (7)

2.27
—k73(T)Q' (1) — kz2(1)Q(7 +f Q(x)kr1(w, 7)dr =0,V7 € [0, 5] (2.27)
From (2.25), we have the identities
QY (1) / QU (z)dz =0,(i=0,1,2,3,4,5). (2.28)
Using (2.28), (2.27) can be written as
Q) + [Z [hre(1)Q® () + kr(T)Q® () + hrs (1)QW (2) + kra(7)Q" () (2.29)
+has(T )Q"( ) + kr2(1)Q' () + k71 (2, T)Q(2)]dx = 0,7 € [0, F].
Let
Q) = (Q@), Q@)+, QW (@))".
From (2.28) and (2.29), we get a vectorial integral equation
/ R (e, 1)Qw)de = 0,97 € 0,7, (2.30)
where K(x,7) = (kij(z,7))7x7 is a 7 x 7 matrix-value function, where k;j(z,7) = 1(i = 1,2,---,6,j =

i+1),kij(x,7)=00=1,2,---,6,j #i+1), krj(x,7)(j =1,2,---,7) are described above.
Since the equation (2.30) is a vectorial Volterra integral equation, it has only trivial solution (see [5,
Theorem, p.1281, 16, Theorem 1.1.1, p.1]). Hence

Q(.’L’) = (Q(l’),QI(LL'), T 7Q(6)($))T =0a.e.on [O,W].
Q(z) = q(x) — q(x) = 0 a.e. on [0, 7]. (2.31)
From (2.20), (2.23) and (2.24), we have

alél - dlcl = 0, (232)

ardy + bi1é1 — aydi — byey =0 (2.33)
and

bidy — bydy = 0. (2.34)

By virtue of (2.32)-(2.34), this yields

al)\‘i‘lil _ al)\‘i‘bl?v)\e C
A+ di A +dy

Therefore, this completes the proof of Theorem 2.1. O
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