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Abstract: Some sufficient conditions are established on the oscillation of all solutions of a class of neutral pantograph

equations with impulsive perturbations of the form

Llz(t) — Ct)a(vt)] + Ll a(at) — La(Bt) =0, t >t0 >0, t#t,

() = bea(te), k=1,2,....
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1. Introduction
Functional differential equations with proportional delays are usually referred to as pantograph equations. The
name pantograph originated from the work of Ockendon and Taylor [9] on the collection of current by the
pantograph head of an electric locomotive. These equations arise in a variety of applications, such as number
theory, electrodynamics, astrophysics, nonlinear dynamical systems, quantum mechanics and cell growth [2, 9,
10]. Therefore, the problems have attracted a great deal of attention [7, 8, 11]. There are also many papers on
qualitative properties of solutions of neutral pantograph equations. (See, for example, [4-6] and the references
therein.) However, to the best of our knowledge, there is very little in the way of results for the qualitative
behavior of solutions of neutral pantograph equations with impulsive perturbations except for [3].

In this paper, we consider the oscillatory behavior of all solutions of the following impulsive neutral

pantograph equation with positive and negative coefficients

d P(t t
Zla(t) = CWz()] + #x(at) - @x(ﬁt) =0, t>ty>0, t+1ts, (1.1)
z(t)) =bpa(ty), k=1,2,..., (1.2)
where
(HH)0<vy<1l,0<a<f<land 0 <ty <ty <- <t <-- are fixed real numbers with

limy o0 tr = 003
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(Hs) {br} is a constant sequence satisfying 0 < b, <1, k=1,2,..;

(Hs) C € PC([to,50), RY), P,Q € C([to,00),(0,+00)), H(t) = P(t) = Q (5t) = 0 and H(t) # 0
on (tg—1,tg](k > 1), where RT = [0,00), PC([to,o0),RT) = {f : [to,00) — RT|f is continuous for
to <t <ty tp <t <ty and f(t]) and f(t;) = lim, , f(t) exist with f(t;) = f(tx)(k = 1,2,..)}.

When all b, =1 for k =1,2,..., (1.1) and (1.2) reduce to the neutral pantograph equation with positive

and negative coeflicients

Q)

d @x(at) — £ (B) =0, t=1>0. (1.3)

Sa(t) - C(t)x()] +

For Eq. (1.3), Guan and Shen [4] established Hille type oscillation criteria by considering the three cases
W) =1, W(t) <1 and W(t) > 1, where

W(t)=C(t)+ /f @du. (1.4)

The main purpose of this paper is to establish sufficient conditions for the oscillation of all solutions of
(1.1) and (1.2) by introducing the function

W(t) = C(¢t) + /t @dw /ESt Mdu, (1.5)

u

where s € [a/f,1]. Obviously, W, s(t) = W(t). Our results improve the known results in the literature and

show that the oscillatory properties of all solutions of impulsive neutral pantograph equations may be caused
by the impulsive perturbations though the corresponding neutral pantograph equations without impulses admit

a nonoscillatory solution.

With Egs. (1.1) and (1.2), one associates an initial condition of the form
Tty = ¢(S)7 EAS [pt07t0]7 (16)

where p = min{a, 8,7}, x, = x(s + to) for pto < s < to and ¢ € PC([pto,to], R) = {¢ : [pto,to] — R|¢ is
continuous everywhere except at a finite number of points 5, and ¢(57) and ¢(57) = lim,_ - ¢(s) exist with
$(57) = 6(5)}.

A function x(¢) is said to be a solution of (1.1) and (1.2) satisfying the initial value condition (1.6) if

(i) z(t) = ¢(¢t) for pto <t <tg, z(t) is continuous for ¢ >ty and t £y, k=1,2,...;

(ii) x(t) — C(t)x(yt) is continuously differentiable for ¢ > to,t # ty, k = 1,2,..., so that x(t) satisfies
(L.1);

(iii) «(t)) and z(t;) exist with (¢, ) = 2(t;) and satisfy (1.2).

As is customary, a solution of (1.1) and (1.2) is said to be nonoscillatory if it is eventually positive or

eventually negative. Otherwise, the solution is said to be oscillatory.
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2. Main results

Throughout all of this paper, we always assume that (H;) — (Hs) hold and let

w(t) =z(t) — C(t)x(yt) — /: @x(ﬁu)du - /152815 #x(au)du, (2.1)
where s € [a/3,1].
Lemma 2.1 Assume that by =1, 0 <by <1 for k=1,2,..., and
Cth)>C(ty), for ke Eyg={k>1:9t, #t;, i<k} (2.2)
bpC(t) > C(tr), for k€ Eopy={k>1:7tp, =t;, i<k}, (2.3)

where by, = b; when yty =t;( i < k). Let x(t) be a solution of (1.1) and (1.2) such that z(pt) >0 for t > t,.
Then for any fired s € [a/B3,1], w(t) is nonincreasing in [to,00) and w(t{) < byw(ty) for k=1,2,....
Proof From (1.1) and (2.1), we have

W'(t) = —%H (gﬁ) x(Bst) <0, tr <t <tgy1,k>0. (2.4)
By (2.1), we obtain
th B sty,
w(th) =zt)) —CtHz(vtf) - /t @x(ﬁu)du - /t #x(au)du. (2.5)

If £k € Fq, then

gStk
Mgc(au)du
u

wty)

brax(ty) — C(th)x(vty) — ) Mx(ﬁu)du - /t

st U k

IN

bra(ty) — Ctg)x(vtr) — ) Mw(ﬁu)du - /tas ) Mgc(au)du

sty u % u

IN

w(t) — Ctarte) — [ L a(Guydu - / P ) du

st (A % (A
= w(tg).

If k£ € FEsj, then

w(tg) = brx(ty) — C(tg)bix('ytk) - / ' Q(u)x(ﬁu)du - /as ' P(u)x(au)du

stp U tr U

IN

o) ~ Clanelot) — [ Q) Buydu - / "R e

st u % u

= w(tg).
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Since E1xJ Ear ={1,2,...}, we have
w(tl) < w(ty).

This together with (2.4) implies that w(t) is nonincreasing on [tg, 00).
Finally, if k € E1j, then
C(t5) > C(tr) > biC(tk). (2.6)
Hence

gstk
Mgc(au)du
u

W) = bralty) — C()a(rt) - kgﬂmmm—l

st U k

bra(ty) — C(tr)x(ytg) — ) Mw(ﬁu)du - /as ) Mgc(au)du

<
o st U tr U
tr gStk
< bra(ty) — bpC(te)z(vtr) — by Mx(ﬁu)du - bk/ Mgc(au)du
st U tr U
= bkw(tk).
If k € FEsj, then
C(tH)bi = bC(t) > C(tg) > bCl(ty). (2.7)
It follows from (2.7) that
; ; " Qu) 5t P(u)
w(ty) = bra(ty) — CE))bix(ytr) — Tx(ﬁu)du —/ Tx(au)du
sty tr
1tk gStk
< bra(ty) — bpC(tg)z(vtr) — bk/ Q(u)x(ﬁu)du - bk/ P(u)x(au)du
st U tr U
= bkw(tk).
Therefore, w(t;) < brw(t;) and so the proof is complete. O

Lemma 2.2 Let the hypotheses of Lemma 2.1 hold and w(t) be defined by (2.1). In addition, assume that

there exists a real number s € [a/B,1] such that

WL(t) = C(t) + /t @dw /aSt #du <1, t>t (2.8)

Let z(t) be a solution of (1.1) and (1.2) such that z(pt) > 0 for t > to. Then w(t) >0 for t > to.

Proof By Lemma 2.1, w(t) is nonincreasing on [tg, 00). We first claim that w(ty) > 0 for k = 1,2,.... If
this is not the case, then there exists some m > 1 such that w(t,,) = —p < 0. Therefore, w(t) < —p < 0 for
t > ty,. From (2.1), we have

x(t) < —p + C(t)x(yt) +/ Qiu)gg(ﬁu)du—l—/as #x(au)du. (2.9)

st t
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We consider the following two possible cases.

Case 1. If limsupz(t) = 400, then there exists a sequence of points {a,}52, such that a, > %,
t—o0

lim x(a,) = 400 and x(a,) = max{z(t) : t,, <t < a,}. From (2.8) and (2.9), we obtain

n—oo

x(an) < —p+C(an)x(yan) + " Qiu)x(ﬁu)du + /asan Piu)x(au)du
< —pt (C(an) + : @dw/jm #dz& z(an)
S —K +w(an),

which is a contradiction.

Case 2. limsupz(t) = h < +00. Choose a sequence of points {a,}5>; such that lim z(a,) = h and

t—o00 n—oo

x(&,) = max{z(t) : pa, <t <ap,}. Then &, — 0o as n — oo and limsupz(&,) < h. Thus, we have

n—oo

" Q) ()

x(an) < —p+C(an)x(yan) + Tm(ﬁu)du—i—/

San Qn

x(au)du

< —u+t <C(an>+ T / o #m) 2(60)

San n

S —H +w(§n)

Taking the superior limit as n — oo, we get h < —u + h, which is also a contradiction.
Combining cases 1 and 2, we see that w(tx) > 0 for k > 1. From (2.4), w(tg) > 0.

Now we prove w(t) > 0 for t > ¢y. For this purpose, we first prove that w(tx) > 0 (k > 0); if it is not

true, then there exists some m > 0 such that w(t,,) = 0. Thus, from (2.4), we obtain

Wtmt1) = w(th) —/ttMH MH <é8u> du

m (A «
tm+1

< w(tm) —/ :c(su)H (ésu> du < 0.
. u e

m

This contradiction shows that w(tx) > 0 (k > 0). Therefore, from (2.4) it follows that

w(t) > w(tk-i-l) >0,1te (tk,tk+1](/€ >0).

And thus, w(t) > 0 for ¢ > tg. The proof is complete. O

Lemma 2.3 Let all the assumptions of Lemma 2.1 hold. Suppose that there exists a real number s € [a/(3,1]
such that
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W, (t) :C(t)—i—/t@du—i—/aﬁ #duz 1, t>t. (2.10)

Further assume that the impulsive differential inequality

-1
V() + (m %) LH (gst) y(t) <0, t>1tg>0, t+t,
y(tH) = y(ts), k=1,2,..., (2.11)
Y <oy (te), k=1,2,...,

has no eventually positive solution. If x(t) is a solution of (1.1) and (1.2) such that x(pt) > 0 for t > to, then
w(t) is eventually negative.

Proof By Lemma 2.1, w(t) is nonincreasing for ¢ > tg. If w(t) < 0 does not hold eventually, then w(t) is
eventually positive. Let [ > min{k > 1 :t; > %0} such that w(t) >0 for t > ¢;. Set M =2 1 min{z(¢) : pt; <
t <t;}, then M >0 and z(¢t) > M for pt; <t <t;. We claim that

x(t) > M, t € (ti, ti1]- (2.12)

If (2.12) does not hold, then there exists a t* € (¢;,t;41] such that z(t*) = M and x(t) > M for pt; <t < t*.
From (2.1) and (2.10), we have

M=z{") = wlt")+CEt)z(t")+ . @x(ﬁu)du—i—/ﬁas #x(au)du
> (C(t*) + } @dw/aw #m) M > M,

which is a contradiction and so (2.12) holds. Noting that w(t; ;) > 0 and using (2.6), (2.7) and (2.10), we have

Bgtyiq
e Mgc(au)du

" Qu)

sti41

z(Pu)du +/

tit1

x(t[:_l) = w(t[:_l) + C(tl—:1)w(’7tl—:1) +

tig1 gstul
> Cltig1)z(Yti1) + Q(U)x(ﬁu)du—i—/ #x(au)du

stipr U ti41
ti41 gst1+1 P
(et [ s [ )
sty U tit1 u

Repeating the above argument, by induction, we obtain
x(t) > M, t>pt. (2.13)

Because w(t) > 0 and w(t) is nonincreasing, tlim w(t) exists. Let lim w(t) = a. There are two possible cases.
—00

t—o0

Case 1. a=0. Let Ty > t; be such that w(t) < M/2 for t > Ty. Then for any ¢ > T}, we have

<1n1>_1/j W) 4o < M < 2(t), € [/,

p s
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Case 2. a > 0. Then w(t) > a for t > ¢;. From (2.1) and (2.13), we get

Y

a+ C(t)x(yt) + /t @x(ﬁu)du + /tas #x(au)du

a+ (C(t)-i-/;@du—i—/tgﬁ Mdu>M

x(t)

Y

u
> a4+ M, t>t.

By induction, it is easy to see that x(t) > na + M for ¢t > pf—il(n =1,2,...), and so tlim x(t) = oo, which

— 00

implies that there exists a T' > T; such that

Cases 1 and 2 show that

(1) > (m%)_l/j @dv, te[T,T/p)

Let I* = min{k >1: t, > T/p}; we claim that

N b
2(t) > <1n —) /p YO g, ¢ e [T/p,t]. (2.14)
p T v
Otherwise, there exists a t* € (T'/p, ti+] such that
1\t w(v) 1\ 7 w)
x(t*) = <ln—> / —~dv and z(t) > <1n —) / dv, te (T/p,t").
p) Jr v p) Jr v

Then, from (2.1) and (2.10), we have

(02) " [ gy e

=)+ 0@t + [ s [T Y

* u

() (7 v [0

Y Q) (7" w(v) P (7 w()

x(au)du

[
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() ([ o [,

+ } ﬂ /t* ﬂalvalu—i— /g&f* @/t Malvalu)

st* (A T v * (A T v

S

£*

“ () [,
F(nd) " (e [ Sy [7 ) [y,

*

> <1n %) _I/T% wg}”) .

This is a contradiction and so (2.14) holds. Similarly, it follows from (2.1)—(2.3) and (2.14) that

otf) = witt)+Ctett) + [ L aaudu+ / Y

sty* U Ty

ty B st
> w(th) 4+ Oty )z(vt) + @x(au)du—i—/ #x(ﬁu)du
sty* Ty
-1 Hp_ —1 ptgs
> <lnl> / w(v)dv—i—(lnl) / Malv
p by v p T v

-1 Ll
<lnl> / ! Malv.
P T v

Repeating the above procedure, by induction, we can see that

2(t) > <1n1>_1/: ) gt (2.15)

p v

Thus, by (2.4) and (2.15), we have

w'(t) = —%H(—st)w(ﬁst)

1 Bs
< - <lnl> lH <é8t> / ptwdv
p t «o T v
-1
< - <1nl> lH <é5t> /t w(v) dv,
p t o T
1\""1 ¢
< —<1n;> t_2H (gst>/Tw(v)dv,

-1 —1
where t > T/p and t # ti,. Let y(t) = (ln %) f:ﬁw(v)dv, then y(t) = y(ty), ¥' () = (ln %) w(tf) <

-1
(ln %) brw(ty) = by (tx) for k =1,1+1,---. Thus y(t) > 0 for ¢ > T/p and y(¢t) satisfies (2.11), which
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contradicts the assumption that (2.11) has no eventually positive solution. So w(t) is eventually negative. The

proof is complete. O

The following lemma follows from the similar arguments to that of Theorem 1 in [1] by letting ¢(z) = z.
We omit the details.

Lemma 2.4 Consider the impulsive differential inequality
y'() + Gy(t) <0, t>to, t#t,
y(t) > y(te),  k=1.2,..., (2.16)
vt <Cwy(ty), k=1,2,...,

where 0 <ty <ty <...<tg < ... are fived points with lim;_, tx, = 0o, G(t) € PC([ty,0), RT) and Cy > 0.

If
0 tit1 1
_G(bdt = oo,
3Y (U
where Cy =1, then inequality (2.16) has no solution y(t) such that y(t) >0 for t > ty.

Theorem 2.5 Assume that all the conditions of Lemma 2.1 hold and there exists a number s € [a/3,1] such
that

Ws(t):C(t)—i—/t @du—i—/aﬁ #duzl, t > 1. (2.17)

Further assume that (2.11) has no eventually positive solution, then every solution of (1.1) and (1.2) oscillates.

Proof Suppose that (1.1) and (1.2) has a nonoscillatory solution x(¢). Without loss of generality, we assume
that x(pt) > 0,t > tp. Then the conditions of Lemma 2.2 imply eventually w(t) > 0, while Lemma 2.3 implies

eventually w(t) < 0. This is a contradiction and so the proof is complete. O

From Lemma 2.4 and Theorem 2.1, one can easily establish the following theorem.

Theorem 2.6 Let all the conditions of Lemma 2.1 and (2.17) hold. If

[e%S) tit1 1 . 6
et gst)dt=
;/ti boby - - - b; t2 <a8> 0,
where by = 1, then every solution of (1.1) and (1.2) oscillates.

3. An example

In this section, we give an example to illustrate the usefulness of our main results.

Example 3.1 Consider the impulsive neutral pantograph equation

P()

[w(t) - gw(t/2)] + =Pty - @x(t

) =0, t>to=4, t+#t, (3.1)
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2
z(tf) = (%) x(ty), k=1,2..., (3.2)

where ty =4k +1, P(t) = g5 and Q(t) = (sn?é;r(iﬂ) + 2t+1 - ggfﬁ)l"?

Clearly, the conditions (Hy) — (H3z) and (2.2), (2.3) hold. It is easy to see that

t2—-2t—5 1
T (122 (@Am2)i+2)

(07

D 1
3 ) T (4In2)(t+2)

H(t) = P(t) - Q ( i

We also have

3 S|
Wi(t) =2 . du=1,t>4.
1®) 4+/t @Am2u ="

Computing yields

e 1 1 Jé] 1 o [t 1 1
= i (Zst)at > dt
;/t boby -+ by 2 <a8> = 82 ;Am boby -~ b; £2(st + 1)

1 o0 4145 1 1
P — —— —dt
(161n2)s z:zl Ai.ﬂrl boby - - - b; 13
B = (4i+3)(i+1)?
B 41][125121 (45 +1)2(44 + 5)2

Hence, all the conditions of Theorem 2.2 are satisfied and so every solution of (3.1) and (3.2) is oscillatory
by Theorem 2.2.

Remark 3.2 We can verify that Eq. (3.1) has a nonoscillatory solution, x(t) = 55 +1 Therefore, the oscillatory

properties of all solutions of (3.1) and (3.2) are caused by the presence of the impulses. That is, the impulses

given by (3.2) play an essential role in the oscillatory behavior of solutions of (3.1) and (3.2).
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